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news & views

Since the first report of its successful 
operation in the mid-1990s1, the 
quantum cascade laser (QCL) has 

evolved to become an important source 
of mid-infrared and terahertz radiation. 
However, it has historically been labelled 
as a device with a relatively poor efficiency 
of operation. This view may finally be 
about to change, thanks to the report in 
Nature Photonics2,3 of two mid-infrared 
QCLs that both provide wall-plug 
efficiencies reaching 50% for the first time.

Unlike conventional semiconductor 
lasers, which are driven by electronic 
transitions between the conduction and 
valance bands, QCLs have a unique 
principle of operation4 that instead relies 
on intersubband electronic transitions 
within the conduction band of a carefully 
engineered quantum well, which provides 
quantum confined states. However, because 
the confinement is only in the direction 
of the quantum well potential (the crystal 
growth direction), the electrons move 
freely in the other two dimensions; that 
is, they have an in-plane momentum and 
(ideally) infinite degrees of freedom, hence 
the term ‘subband’.

This in-plane freedom causes serious 
issues. It means that between two subbands, 
a rapid non-radiative transition — in which 
a longitudinal optical phonon is emitted or 

absorbed — is always allowed. The problem 
is that this transition strongly competes 
with the optical emission of a photon as a 
mechanism for an excited electron to lose 
its energy. Usually, for the quantum wells 
used in mid-infrared QCLs and made 
of compound semiconductors (such as 
InGaAs and AlInAs), this non-radiative 
lifetime is of the order of a picosecond. 
However, the radiative intersubband 
transition spontaneous lifetime is about 
a microsecond. Consequently, there is 
a difference of the order of 106 in the 
lifetimes and transition rates, and hence 
there is only a one-in-a-million chance 
that an electron will emit a photon rather 
than a phonon when making the transition 
from an upper subband to a lower one. 
As a result, the very first observation of 
intersubband optical emission in quantum 
wells was viewed as a major milestone5 
when it occurred at the end of the 1980s.

However, it was not clear at that 
time whether an electrical injection 
intersubband laser could be realized. 
It took several years of visionary, 
dedicated and systematic work before the 
breakthrough that realized the first QCL1 
was made in 1994, beating the one-in-a-
million odds.

Of course, above the lasing threshold, 
the stimulated radiative transition rate is 
the important factor for laser operation 
and substantially increases because it is 
proportional to the laser cavity photon 
density (which is high when lasing). 
Nevertheless, in the early days of QCL 
development, the feasibility of making a 
highly efficient QCL was greatly doubted.

For this reason, the mid-infrared 
QCLs reported in Nature Photonics by 
Claire Gmachl’s group from Princeton 
University (in collaboration with Johns 
Hopkins University and AdTech Optics)2 
and by Manijeh Razeghi’s group from 
Northwestern University3 — which both 
operate with wall-plug efficiencies reaching 
50% — represent an important milestone, 
even though operation is in pulsed mode at 
cryogenic temperatures.

A high wall-plug efficiency has a 
number of practical implications, such as a 
reduced heat-sinking requirement. Perhaps 
equally important is the overcoming of 
a psychological barrier. We now have a 
justifiably optimistic outlook; the glass is 
finally half full. The long-held opinion that 
QCLs are devices with intrinsically high 
power consumption and low efficiency 
is over.

The achievement of the Gmachl group2 
is made possible by the recently recognized 
physical insight of Khurgin et al.6, who re-
evaluated the effect of interface roughness 
on QCL performance using a density 
matrix model that treats transport, leakage 
and radiative transitions on equal footing. 
The main conclusion was that, due to the 
substantial interface roughness scattering, 
ultrastrong coupling between the electron 
injector and upper lasing states is favoured 
for better injection efficiency and higher 
optical gain. Figure 1 illustrates the device 
operation and coupling between the 
injector and the upper lasing states.

In contrast, the approach taken by 
the Razeghi group3 to improve the 
efficiency of QCLs operating at low 
temperatures is to minimize the ‘voltage 

Quantum caScade laSerS

a glass half full
Researchers from Princeton and Northwestern Universities have independently demonstrated, through different 
design strategies, mid-infrared quantum cascade lasers with wall-plug efficiencies reaching 50%. The result is a 
quantum cascade laser so efficient that it generates more light than heat, albeit at low temperatures of operation.

Hui chun liu
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Figure 1 | Key physical process in the Gmachl 
study2. The active region includes an upper lasing 
state (UL) and a lower lasing state (LL). The 
injector state couples with the upper lasing state 
by tunnelling. The ultrastrong coupling regime 
corresponds to a narrow tunnel barrier.
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Figure 2 | Key physical process in the Razeghi 
study3. When the separation between the lower 
lasing state and the collector region chemical 
potential is small, thermal back-filling is 
negligible at low temperatures. Moreover, at such 
temperatures, thermal forward-filling is possible 
from the injector state to the upper lasing state. 
Both mechanisms favour a lower voltage defect 
and therefore a higher wall-plug efficiency.
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defect’ Vdef = Vappl − hv/e, where Vappl 
is the applied voltage per cascade, hv 
is the emission photon energy and e is 
the elementary charge. Because Vappl is 
proportional to the power consumption 
and hv is the useful output, minimizing 
Vdef is obviously advantageous. Specifically, 
this study uses a single-well injector 
design, in which the energy difference 
between the lower lasing state and the 
collector state is made small (note that 
the collector is simply the injector for 
the next cascade). This injector design 
also favours thermal forward-filling 
at finite temperatures, which further 
reduces Vdef. The drawback is that 
this design is inherently confined to 
operation at cryogenic temperatures. 
When the temperature is increased, 

thermal back-filling from the collector 
populates the lower lasing state and 
decreases the population inversion (Fig. 2).

The research reported in these two 
papers2,3 not only represents an important 
milestone but also shows that there 
is still plenty of room to improve the 
design of QCLs. This should stimulate 
research to further improve QCL 
efficiency and, more importantly, to 
obtain better QCL performance at room 
temperature. Ultimately, the success of 
any semiconductor device is measured by 
its applications. Having a high wall-plug 
efficiency will undoubtedly attract interest 
from those in application areas such as 
chemical and environmental sensing 
and biomedical diagnostics. Equally 
importantly, high-performance QCLs may 

have new applications that we have not 
yet envisioned. ❐

Hui Chun Liu is at the Institute for Microstructural 
Sciences, National Research Council, Ottawa 
K1A 0R6, Canada, and is also associated with the 
Department of Physics, Shanghai Jiao Tong University, 
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the advent of the new administration in 
Japan in September 2009 was initially 
considered good news for the local 

science community, as Yukio Hatoyama 
became Japan’s first prime minister with 
a scientific background — a specialist of 
operations research, a discipline in which 
various complex problems are tackled 
through a mathematical approach. Indeed, 
many researchers had high expectations that 
Hatoyama’s Democratic Party of Japan (DPJ), 
which took office from the long-ruling Liberal 
Democratic Party, would step-up government 
support for basic scientific research. However, 
one of Hatoyama’s main promises — to 
scrutinize public spending — has come as a 
big disappointment to researchers over the 
past few months, with discussions about how 
to allocate research money more effectively 
reaching an impasse.

It seems that photonics researchers are 
not immune to these recent political twists 
and turns. For example, the budget for 
the Funding Program for World-Leading 
Innovative R&D on Science and Technology 
(FIRST), Japan’s newly established initiative 
to support 30 chosen researchers, has been 
nearly halved. Four photonics researchers in 
the FIRST programme — Chihaya Adachi, 
Yasuhiro Koike, Yasuhiko Arakawa and 
Hiroshi Segawa — were set to start research 
on organic electroluminescence, plastic 

optical fibres, large-scale chip integration 
and photovoltaic power, respectively, but 
were asked to revise research proposals. The 
initiative had been scheduled for launch by 
autumn 2009, but is now set for early 2010.

“In Japan, no-one takes responsibility 
for decision-making. After the programme 
was approved, the rules can change,” says 
one researcher in the FIRST programme. 
For many years, the public research budget 
in Japan has been considered ‘sacred’ as a 
growth engine for a rapidly ageing country 
that faces a falling birth rate and scarce 
natural resources. Even though the sluggish 
economy has prompted the government 
to cut regular subsidies to universities and 
other funding surrounding the research 
environment, the Budget for the Promotion 
of Science and Technology, a fundamental 
research budget that accounts for a third 
of the Japanese government’s Science and 
Technology Budget, had been on the rise 
every year until fiscal 2009. Moreover, many 
universities and research institutes also 
benefited from slices of the 15-trillion-yen 
supplementary budget, which was set aside 
in May 2009 by former prime minister 
Taro Aso as a stimulus package.

On taking office, Hatoyama pledged to 
take a different approach by shifting the 
government money “from unnecessary 
public works to people,” but his plan appears 

to have backfired in many respects. Major 
disputes broke out in November when the 
working groups of the newly established 
Government Revitalization Unit, which 
is chaired by Hatoyama, reviewed around 
220 large-scale government projects 
and proposed drastic cutbacks or even 
suspension of scientific grants for fiscal 
2010. According to a preliminary report 
released on 7 January 2010 by the Council 
for Science and Technology Policy, the 
overall Science and Technology Budget 
increased by 0.8% from the previous year 
to 3.57 trillion yen for fiscal 2010, but the 
fundamental research funding saw the first 
decline in 27 years — a drop of 3.3%.

The recent controversy has initiated 
active public debate over the pros and cons 
of research spending, and many prominent 
scientists have rallied against the budget 
cutbacks — the first research budget cuts in 
modern Japanese history. As a result of the 
protests, funding for a new 220-million-yen 
grant to ‘create regional innovation’ was 
revived after being ruled to be abolished. 
One of two projects selected to benefit from 
this grant is the organic electroluminescence 
research headed by Junji Kido, a professor at 
Yamagata University. In contrast, funding for 
the Global Center of Excellence Program, 
which includes the Photonics Integration-
Core Electronics project run by the Tokyo 

PoliticS

Budget cuts impact photonics 
Japan’s new government has reversed its decision for research funding and angered many scientists in the process 
as budgets — including those for photonics research — get cut.

ichiko Fuyuno
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1. INTRODUCTION
Nanostructured materials have unusual physical and chemical properties different from
those of bulk materials and are promising for the fabrication of nanodevices [1–3].
Many kinds of basic nanostructural units, such as nanoparticles, nanorods, nanowires,
nanobelts, and nanotubes, have been synthesized under various methods. This chap-
ter addresses the design, controllable growth, and optical characterization of five novel
zinc and/or indium oxide nanostructures: nanodot arrays, nanopore arrays, hierarchical
nanostructures, hollow spheres, and core/shell structures, to improve performances and
broaden applications of the metal oxide semiconductor nanostructures.
Nanodot arrays fabricated on semiconductor substrates with high density are of great

interest for technological applications due to their unique size dependent properties and
easy integration into functional quantum devices [4]. The placement of nanodots on sub-
strates in a controlled manner has been achievable with the advent of e-beam lithography.
Current e-beam writing machines can readily write thousands of nanodots with great
accuracy and without extraneous efforts. However, the process would take an extraor-
dinary amount of time to write hundreds of millions of nanodots [5]. The developed
dip-pen nanolithography has the same shortcomings although highly-ordered nanodot
arrays can also be obtained using atomic force microscope (AFM) cantilevers dipped in
certain solutions as pens [6, 7].
The assembly or integration of nanostructural units into desired well-ordered archi-

tectures is crucial for the realization of functional nanodevices and has been the focus
of current nanotechnology [8]. Existing physical and chemical approaches have the abil-
ity to assemble nanostructures, but it is still a challenge to arrange basic nanostructures
into highly-ordered designed pattern. The physical methods include electric/magnetic
field alignment [9], precisely epitaxial growth [10, 11], multi-step vapor–liquid–solid
growth mode [12, 13], and nanolithographic technique [14], etc. Generally, the physical
approaches are time-consuming and complex although large-scale samples with spe-
cific patterns can be obtained. On the other hand, the chemical methods mainly rely on
the electrostatic attraction between opposite charges in chemical solution, e.g., polyelec-
trolytes’ adsorption of ions [15], strong coordination interactions of biomolecules with
other charged basic nanostructures [16–18], and colloidal aggregation [19, 20]. Most of
the chemical approaches are based on suspensions, incurring all the contamination prob-
lems of wet processing. Extra steps are needed to integrate the chemically assembled
nanostructures onto solid substrates by employing, e.g., the Langmuir–Blodgett [21] and
surface chemistry modification [22] techniques.
In addition to the assembly of semiconductor nanopore arrays, integration of one-

dimensional (1D) semiconductor nanostructures is also a key step to realize multifunc-
tional nanodevices. Hierarchical ZnO nanostructures have received great attention due
to their high surface area, integration degree, and structural integrity [23–27]. So far, hier-
archical ZnO nanostructures with different symmetries have been prepared by the vapor
transport processes [23, 28, 29] and hydrothermal methods [25], where either the syn-
thetic procedures are complicated or the introduction of impurities is inevitable, and in
general, it is difficult to realize the controlled integration of nanostructures. The potential
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application of nanomaterials depends on the shape and size of the assembled nanostruc-
tures, and controlled morphology can modulate the properties of nanomaterials. There-
fore, realizing an easy and controllable growth of hierarchical nanostructures is strongly
urged in order to prompt the application in novel nanodevices.
Furthermore, core/shell structured materials, together with their hollow structures,

have attracted much attention in physics, chemistry, and material science communities
due to their specific structures and unique properties [30–36]. The core/shell structured
materials usually show improved physical and chemical properties for electronics, mag-
netism, optics, catalysis, mechanics, and electrochemistry [30–34]. And the hollow struc-
tures are expected to have potential applications in catalysts, sensors, photonic crystals,
artificial cells, nanoscale chemical reactors, energy-storage media, solar cells, and drug-
delivery carriers due to the special hollow geometrical shapes and high surface areas
[35–42]. Considerable effort has been devoted to prepare ZnO hollow spheres and ZnO-
based core/shell structures. Several methods have been demonstrated to successfully
realize the synthesis of these novel structures [36–47].
However, the traditional techniques to realize core/shell structures usually face sev-

eral disadvantages: firstly, most of the previous reports were concentrated on limited
compositions of ZnO/CdS, ZnO/ZnS, ZnO/SnO2, and ZnO/ZnSe core/shell structures
[43–47]. Secondly, the reported synthetic methods are only suitable for a certain spe-
cific semiconductor materials [43–46]. Third, the traditional preparation methods usually
require special equipment and/or high temperatures, which results in a high-cost and
energy-consuming synthesis process [43–46]. Similar shortcomings also found in the tra-
ditional methods for preparing ZnO hollow spheres: either requiring special equipment,
high temperatures (typically >500�C), and vacuum conditions or demanding spherical
templates [36–42]. The template method is usually time-consuming, high-cost and low
product yield [48, 49].
In this chapter, we present three simple but effective ways to synthesize novel metal-

oxide semiconductor nanostructures. We first report the one-step physical approach of
fabricating highly-ordered ZnO nanodots and nanopore arrays and assembling In2O3
nanocolumns into well-designed “rods in nanodots” and “rods in nanopores” pat-
terns through free-standing ultrathin porous alumina membranes (PAMs). Secondly, we
demonstrate the successful integration of hierarchical ZnO nanostructures with con-
trollable morphology by a two-step oxygen-controlled thermal evaporation process at
the low temperature of 500�C without any catalysts. Finally, we propose and realize a
template-free method to prepare ZnO hollow spheres and a general chemical conver-
sion route to synthesize various high-quality ZnO-based core/shell (such as ZnO/ZnS,
ZnO/Ag2S, ZnO/CuS, and ZnO/PbS) spheres using inexpensive and commercially avail-
able reagents.

2. ZnO and In2O3 NANODOTS AND NANOPORE ARRAYS BY
POROUS ALUMINA MEMBRANES

2.1. Controllable Free-Standing Ultrathin Porous Alumina Membranes

Self-organized PAMs, fabricated through a typical two-step anodization of Al, is a highly-
ordered and ideal template for the fabrication of several types of functional nanodot
arrays, such as metals of Fe [4], Au [50], Ni [51], and Co [52], and semiconductors of
GaAs [53] and Si [51, 54]. One important advantage of the PAM is that the geometri-
cal structure can be controlled easily by the anodizing conditions with pore sizes from
20 to 250 nm, interpore spacing ranging from 50 to 500 nm, and membrane thickness
from 0.1 to 200 �m [55, 56]. The thickness of the PAMs plays an important role in fabri-
cating nanostructure materials. For example, hardly any growth of GaAs nanodots was
observed when the PAM thickness exceeded 500 nm because the Ga atoms could not
migrate to the substrate through the deep nanopores [57]. Due to the Van der Waals
bonding of the templates with the substrates and deposition limitation of the thicker tem-
plates, the template thickness generally should be less than 350 nm for plasma-enhanced
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4 Controllable Synthesis of Complex ZnO Nanostructures: Growth and Properties

chemical vapor deposition [54]. Therefore, the ability to fabricate ultrathin and through-
out PAMs and transfer them onto various substrates is the key issue in the fabrication of
semiconductor nanodots and nanopores.
The PAMs can be formed through a typical two-step anodization electrochemical pro-

cedure [58] with high-purity (99.999%) aluminum foil degreased in acetone as the anode
in 0.3-M oxalic acid (H2C2O4� electrolyte. The first anodization lasted for 2 h under the
constant anodization voltage of 40 V and electrolyte temperature of 10�C. The specimens
were then immersed in a mixture of 6.0-wt% H3PO4 and 1.8-wt% H2CrO4 at 60�C for
4 h to remove the alumina layers. The well-ordered concave patterns on the aluminum
foil act as self-assembled masks for the second anodization. The ultrathin PAMs with
different thicknesses were realized under different second anodization times and cur-
rent densities. Figure 1(a) illustrates typical field-emission scanning electron microscope
(FE-SEM) morphology of the PAM under anodizing time of 2 min on Si substrate with
the barrier layer on the top. Figure 1(b) shows the experimental thickness (filled circles)
of the ultrathin PAMs with different anodization times from 4 sec to 10 min from the
FE-SEM observation [59].
For thick PAMs (>100 �m), the theoretical thickness was suggested to be proportional

to the product of the current density (i� and anodization time (t� [60]. However, for
the ultrathin PAMs (<1 �m), the theoretical thickness (hox� of the ultrathin PAMs is
expected to follow the integrated form of hox = k

∫
t
0idt with k a constant. The solid

curve in Figure 1(b) is the theoretical thickness on the basis of the measured current–time
characteristics and k of (5
91 ± 0
02� × 10−8 cm−3 mA−1 s−1. It is clear that hox can well
explain the yielded thickness of the ultrathin PAMs from the FE-SEM images throughout
the experimental anodization time. As a result, controllable ultrathin (<1500 nm) PAMs
can be fabricated through changing the anodization time. The slightly large theoretical
thickness, as compared with the experimental one, ∼10 nm, is due to the fact that the
dissolution of the alumina in the electrolyte during the second anodization process has
not been taken into account in the theoretical estimation.
A nontoxic mixture solution of saturated CuSO4 and HCl has been demonstrated to

remove the Al substrates for free-standing ultrathin PAMs by the aid of a plastic strainer
with the height of 1.0 mm, pore diameter of 1.5 mm, and pore distance of 1.0 mm [59].
The PAMs with the unoxided aluminum at the bottom were laid on the plastic strainer,
which was fixed in a glass vessel with the surface of the erosive solution just surpassing
the upside of the strainer. The aluminum reacted drastically with the erosive solution
and the aluminum of 0.2 mm in thickness was removed clearly within 2 min while the
PAM was intact. The free-standing ultrathin PAMs were obtained by taking out gently
and washing in deionized water. Figure 1(c) presents the reaction time to totally remove
the 0.2 mm unoxided aluminum layer in the erosive solution of different CuSO4/HCl

(a) (b) (c)

Figure 1. (a) FE-SEM image of the PAM prepared under 2 min on Si substrate with the barrier layer on the
top. (b) Dependence of the PAM thickness on the anodization time under the second anodization conditions
of 10�C, 40 V, and 0.3-M H2C2O4. The filled circles are the experimental data from the FE-SEM observation,
and the solid curve is the theoretical result. (c) Dependence of reaction time for 0.2-mm unoxided aluminum
removal on HCl content at 0�C. Reprinted with permission from [59], G. Q. Ding et al., Nanotechnology 16, 1285
(2005). © 2005, Institute of Physics.
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contents at 0�C. The saturated CuSO4 solution itself cannot remove the Al completely,
and the reaction accelerates when a little HCl is mixed into the saturated CuSO4 solution.
When the content of HCl increases from 9% to 20%, the total reaction time deceases from
60 to 5 min. The reaction will be so fast that the reaction time is only less than 2 min
with the HCl content between 25% and 65%. Further increase of the HCl, however, will
slow down the reaction obviously. Generally, pure CuSO4 or HCl will produce resultants
apt to hydrolyze into Al(OH)3 which adheres to the Al foil and blocks the reaction. Only
proper CuSO4/HCl contents can restrain the hydrolyzation and speed up the etching
process. Furthermore, it is also noted the reaction accelerates slightly with the increase
of solution temperature. Nevertheless, the reaction will produce a lot of heat energy in
the surface of unoxided aluminum foils, resulting in the negligible temperature effect, as
compared with that of HCl (CuSO4� contents.
The free-standing ultrathin PAMs can be transferred onto various substrates, such as Si,

GaAs, glass, and SiO2, with the barrier layer on the top [54]. After drying, the specimen
was immersed into the 6% H3PO4 for 30 to 60 min at 30�C to remove the top barrier layer.
After washing several times in deionized water, the specimen was then dried for the
nanodot and nanopore array growth. It should be noted that, during the chemical etching
and washing process, the PAM mask would not get way from the substrate because of
the Van der Waals bonding between the substrate and the membrane.

2.2. ZnO Nanodots and In2O3 “Rods in Nanodots” Arrays

The general fabrication process of nanodot arrays by the aid of PAMs is Schemaally
shown in Figures 2(a–c). The nanodots are deposited on the substrate through the PAM
nanochannels with one nanodot in a singe PAM nanochannel. The nanodot arrays can be
realized after the PAM is removed in chemical solution of 1-M NaOH at 20�C for 30 min.
Large-scale (>1 cm2� highly-ordered ZnO nanodot arrays have been successfully fabri-
cated. Figure 3(a) displays the typical morphology of the ZnO nanodot arrays through
a convenient and low-cost technique combining the PAMs with reactive electron-beam
evaporation (REBE), without the necessity of catalysts [61]. It is clear that the ZnO nano-
dot arrays replicate the highly-ordered nanopore pattern of the PAM mask, and retain
circular shape and good size uniformity. The average diameter of the ZnO nanodots is
57 nm, and the dots are distributed in a small size range (±3 nm) with a standard devi-
ation of 5.3%. The ZnO nanodot arrays are found to be ∼100 nm in spacing, which is

(a) (c)(b)

(d) (e) (f)

Figure 2. Schema diagrams of (a) one nanodot deposited in a single PAM nanochannel, together with (b) cross-
sectional and (c) top view of the nanodot arrays after the removal of the PAM. (d) Many nanorods deposited
through a single PAM nanochannel, together with (e) cross-sectional and (f) top view of the “rods in nanodots”
arrays after the removal of the PAM. Reprinted with permission from [67], G. Q. Ding et al., Appl. Phys. Lett.
89, 063113 (2006). © 2006, American Institute of Physics.
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6 Controllable Synthesis of Complex ZnO Nanostructures: Growth and Properties

(a) (b)

Figure 3. (a) FE-SEM image of the ZnO nanodots (∼57 nm) arrays, together with the HR-TEM image and SAED
pattern of a single ZnO nanodot shown in the inset. (b) PL spectra of the highly-ordered ZnO nanodot arrays
grown on Si substrates at the temperature between 83 and 308 K under a 325-nm laser excitation. Reprinted
with permission from [61], W. L. Xu et al., Chem. Phys. Lett. 411, 37 (2005). © 2005, Elsevier.

also in good agreement with the PAM interpore spacing. Hence, the ZnO nanodot size,
along with the narrow size distribution, well maintains that of the PAM mask (65± 3 nm)
through the lift-off process. The inset of Figure 3(a) shows the high-resolution transmis-
sion electron microscopy (HR-TEM) and selected-area electron diffraction (SAED) pattern
within a single dot. The clear lattice fringes and bright spots demonstrate good crys-
tallinity of the hexagonal ZnO.
The successful realization of highly-ordered ZnO nanodot arrays was attributed to

the ultrathin (∼300 nm) PAM templates and the oxygen-full atmosphere in REBE. In
the initial stage of the REBE fabrication, ZnO is evaporated by the electron beam and
nucleated on Si substrates as well as on the sidewalls of ordered alumina nanoholes. The
thicker the PAMs are, the more ZnO adheres to PAM sidewalls, which would result in
the clogging of nanopores in PAMs. Therefore, it is necessary for the PAMs to be thin
enough to grow smoothly the ZnO nanodot arrays. On the other hand, nanopore size of
the PAMs is also a crucial factor to the deposition of ZnO nanodot arrays. In the PAMs
with small nanopore size, the nanopores are much more easily to be plugged up by ZnO
adhered on the PAM sidewalls, which would prevent ZnO from migrating through the
nanoholes. Under this circumstance, the PAMs should be much thinner to fabricate small
nanodot arrays.
Figure 3(b) presents the temperature-dependent photoluminescence (PL) spectra of the

highly-ordered ZnO nanodot arrays under a 325-nm He–Cd laser excitation. At room
temperature, the dominant near-band-edge emission peak at 3.302 eV is observed due
to the recombination and emission of free excitons (FE) through an exciton–exciton col-
lision process. This emission energy is almost identical to what is typically observed in
high-quality n-type ZnO nanowires [62]. The full-width-at-half-maximum (FWHM) of the
FE emission is found to be ∼0.13 eV, which is comparable to that of well-ordered ZnO
nanowires (∼0.12 eV) [63]. There is a secondary broad PL band as a deep level emission
centered at ∼2.54 eV in the visible green region, which usually presents in ZnO films
synthesized by traditional methods and is attributed to the recombination of photogen-
erated holes with the singly ionized oxygen vacancies [64]. It is clear that the PL band in
UV region is much stronger than that in visible region, with an intensity ratio of ∼400,
while the typical PL intensity ratios for the ZnO films grown by molecular-beam epitaxy
(MBE) and metal-oxide chemical vapor deposition (MOCVD) are about 20–40 [65]. The
low oxygen vacancies in the current ZnO nanodot arrays can be attributed to the oxygen-
full atmosphere under which the REBE is processed. The much larger surface-to-volume
ratio in ZnO nanodot arrays than that of ZnO films also greatly decreases the oxygen
vacancies in ZnO nanodot arrays by more sufficient interaction of ZnO nanodots with
oxygen. As temperature is decreased, additional acceptor-bound exciton (BE) (A0X) emis-
sion can be distinguished at ∼3.35 eV. The intensity of the BE emission decreases rapidly
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with increasing temperature and eventually vanishes at temperatures above 108 K, which
is lower than that in bulk ZnO of 150 K [66]. It can also be related with the larger surface-
to-volume ratio in ZnO nanodots, which increases the interacting surface between ZnO
and ambient atmosphere and hence accelerates the decomposition of bound excitons.
It should be noted that the density of the above-yielded nanodot arrays is the same

as that of PAM nanopores and limited to ∼1011 pores cm−2. One way to improve the
nanodot sheet density is to increase the nanopore density of PAMs, which is restricted
by the PAM fabrication. Another way is to deposit multiple nanounits in a single PAM
nanochannel. Masuda et al. [50] have demonstrated two or three metal nanoparticles in a
single PAM nanochannel through twice-shadowed evaporation of various materials. For
quantum device application, it is expected to deposit more nanounits in a single PAM
nanochannel for further increase of the sheet density. Controllable indium oxide (In2O3�
nanorods have been deposited within every single nanodot under a magnetron sputtering
to form nanodot arrays in conjunction with the PAM technique [67], as shown Schemaally
in Figures 2(d–f). The fact that many kinds of nanoscale In2O3 microstructures, such as
nanoparticles [68, 69], nanowires [70], nanochains [71], nanofibers [72], nanobelts [73],
nanotubes [74], and nanopyramids [75], have been synthesized under different growth
methods forms the base for the realization of In2O3 nanostructures with “nanounits in
nanodots” by the aid of the PAMs.
Figure 4(a) displays the FE-SEM morphology of the prepared In2O3 nanodot arrays

using the In2O3 sputtering target (90 wt% In2O3 and 10 wt% SnO2�, demonstrating that
every nanodot is composed of ∼30 individual nanorods with the average diameter of
∼13 nm [67]. This fabricated “rods in nanodots” nanostructure remarkably improves the
sheet density to reach over 1012 cm2 in nanomaterials fabricated through the PAM tem-
plates. Furthermore, profited from the large-scale fabrication of the PAMs, the area of the
synthesized In2O3 “rods in dots” nanostructure can be over several square centimeters.
The low-magnification FE-SEM image in Figure 4(b) shows an area over 4 �m × 5 �m
with partially unremoved PAM. Figure 4(c) presents the HR-TEM image of two individ-
ual In2O3 nanorods with average diameter ∼13 nm and height ∼50 nm. The lattice fringes
in nanorods confirm that every In2O3 nanorod is single crystalline. The energy-dispersive

(a) (c)

(b) (d)

Figure 4. FE-SEM images of (a) enlarged In2O3 nanodot arrays with ∼30 nanorods in every nanodot, and
(b) large-area In2O3 nanodot arrays after partial PAM was removed. (c, d) HR-TEM images of the In2O3

nanorods. Reprinted with permission from [67], G. Q. Ding et al., Appl. Phys. Lett. 89, 063113 (2006). © 2006,
American Institute of Physics.
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8 Controllable Synthesis of Complex ZnO Nanostructures: Growth and Properties

X-ray (EDX) spectroscopy during HR-TEM observation confirms that there are three ele-
ments in the nanopores: indium, tin, and oxygen, with an approximate atomic indium-to-
tin ratio of ∼14:1. Figure 4(d) reveals the 0.506-nm lattice spacing of the cubic In2O3 plane
(200) and the [100] nanorod growth orientation, and this kind of preferable growth is con-
sistent with the synthesis mechanism of other In2O3 nanostructures, such as nanowires
[70], nanofibers [72], and nanobelts [73]. The unique benefit is to present a practical and
easy handling approach to realize nanounits with one magnitude higher sheet density
(over 1012 pores cm−2� under the PAM templates, and this method further provides a
general way to fabricate similar nanostructures of various materials, such as oxides and
metals.
It should be noted that PL of In2O3 normally originates from the near-band-edge

(∼3.7 eV) [68, 69] and defect-related (3.27, 2.64, 2.39, and 1.95 eV) emissions [74, 75].
However, it is difficult to detect the weak near-band-edge emissions of pure and good-
quality In2O3, since bulk In2O3 cannot emit light at room temperature [76]. There are
very few papers in the literature [68, 69] reporting the near-band-edge emissions in syn-
thesized In2O3 nanoparticles with small sizes, where a mass of such nanoparticles can be
used during the PL measurement. In contrast, the present ultrathin (∼50 nm) samples
have only fixed and limited nanorods. The small amount of the In2O3 nanorods leads
to the difficulty in observing the weak near-band-edge emissions. Strong defect-related
emissions are always related to the amorphous In2O3 or oxygen vacancies, and have
been widely observed in not-so-good In2O3 samples [74, 75]. The experimental fact that
there is not any defect-related emission confirms the good quality of the present In2O3
nanorods, consistent with the HR-TEM observations.

2.3. Existence and Functionality of Anion Impurities in
Porous Alumina Membranes

It is well known that, during the preparation of PAMs, there are oxalic impurities in PAMs
due to the competition between the water-splitting reaction (3/2H2O→ 3H+ + 3/2O2−�
and dissociation of acids (HC2O−

4 →C2O2−
4 +H+� to form conjugate base anions, which

can replace O2− in the oxide as substitution or contamination impurities [77, 78].
Mardilovich et al. [79] have confirmed that oxalic impurities of PAMs during the calci-
nations could decompose and form other impurities. A limited investigation has demon-
strated that the anion impurities play an important role not only in the optoelectronic
properties of the PAM itself, but also in the deposition of nanomaterials. Yamamoto et al.
[80] proposed, as early as in 1981, that the oxalic impurities incorporated in PAMs can
be transformed into luminescent centers, showing a blue PL band around 470 nm. Xu
et al. [81] have identified that the blue PL band originates from the coactions of the
singly ionized oxygen vacancies and the luminescent centers transformed from oxalic
impurities. Choi et al. [82] have observed the relationship between the anion content and
the dielectric constant of PAMs: the more anions are incorporated in the alumina, the
lower the dielectric constant. Ding et al. [83] have reported that, during the sputtering of
ZnO, these localized negative charges will attract Zn2+ ions, resulting in the formation
of well-ordered semiconducting ZnO nanopore arrays on top of the PAMs, as discussed
in Section 2.4.
An experimental base for the overall understanding the role of the C2O2−

4 anions has
been established [84]. The existence of the C2O2−

4 anions has been clearly revealed by the
structural and optical measurements. The HR-TEM image in Figure 5(a) clearly exhibits
the duplex layer structures for the PAM sidewalls, with the dark inner layer and rela-
tively bright outer layer. The different contrast is the result of more anion-contaminated
outer layer and the inner layer of high alumina density. Figure 5(b) displays the room-
temperature infrared absorption spectra of the ultrathin PAMs annealed at different tem-
peratures. The infrared vibrational measurements have the ability to reveal the existence
of C2O2−

4 impurity in the PAMs, and the variation of the absorption peak intensity can
reflect the corresponding impurity concentration. During the anodization, C2O2−

4 ions

migrating into PAMs can form impurity groups related to C C OO
OO

[77]. In those groups,
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(a)
(b)

(c) (d)

Figure 5. (a) HR-TEM image of the as-deposited PAM. (b) Room-temperature infrared absorption spectra of the
as-prepared and annealed PAMs at different temperatures for 3 h. (c) Experimental (filled circles) and calculated
(solid curves) transmission spectra of the as-deposited and annealed PAMs in the visible wavelength range.
(d) Yielded wavelength-dependent refractive index of the host alumina. Reprinted with permission from [84],
D. H. Fan et al., Micro. Meso. Mater. 100, 154 (2007). © 2007, Elsevier.

C O and C–O bonds with the same C atom will average into two equivalent carbon–

oxygen bonds (
C

O

O
––
). The strong coupling between the two equal bonds results in the

COO− asymmetrical stretching vibration (asym. str.) from 1558 to 1593 cm−1 and rela-
tively weak COO− symmetrical stretching vibration (sym. str.) from 1403 to 1455 cm−1

[85, 86].
With the increase of annealing temperature, there is gradual decrease of the COO−

absorption band intensity, which indicates that annealing can lead to the decrease of the
C2O2−

4 content due to the decomposition of the impurity groups related to C2O2−
4 . Espe-

cially, when the annealing temperature increases from 600 to 800�C, the integrated inten-
sity decreases rapidly, revealing the large decomposition of the C2O2−

4 impurity groups
and therefore sharp decrease of the C2O2−

4 anion content in the PAMs. The above argu-
ments can also be testified by the shift of the COO− sym. str. absorption peak. The COO−

sym. str. redshifts with increasing annealing temperatures below 800�C, whereas it keeps
almost unchanged under annealing at or above 800�C, since stable impurities, such as
aluminum–carboxylate complex [80], have gradually been formed in the PAMs due to
the decomposition of the impurity groups related to C2O2−

4 . For the 2342 cm−1 absorption
peak in Figure 5(b), it had been reported that this peak is attributed to the formation
of CO2 inside the PAMs rather than the CO2 from the air [87]. The increase of the CO2
absorption peak intensity further confirms that annealing can lead to the decrease of the
C2O2−

4 concentration due to the decomposition of impurity groups related to the C2O2−
4

in PAMs [81]. However, the CO2 gasification in PAMs at high annealing temperatures
will decrease its intensity.
In addition to the vibrational bands, the change of refractive index of the host alu-

mina also reflects the existence and variety of C2O2−
4 concentrations in the as-deposited
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10 Controllable Synthesis of Complex ZnO Nanostructures: Growth and Properties

and annealed PAMs [84]. The wavelength-dependent refractive index of the host alu-
mina in the PAMs below the band gap can be determined from the observed interference
fringes in the optical transmission spectra by the aid of the modified four-layer-medium
transmission model (i.e., air/PAM/substrate/air) and the fitting procedure described in
Chen et al. [88]. The real thickness of the PAMs is measured by SEM, the PAM’s poros-
ity is considered since PAMs are composed of alumina and air. Figure 5(c) shows the
experimental transmission spectra (filled circles) of the PAMs annealed at different tem-
peratures, together with the corresponding calculated spectra (solid curves). Figure 5(d)
presents the yielded wavelength-dependent refractive index of the host alumina in the
PAMs annealed at different temperatures. The refractive index in the as-deposited PAMs
is ∼1.65 at 546 nm, in good agreement with the reported value of ∼1
64± 0
01 obtained
by the optical waveguide method [89]. It can be observed clearly that at a certain wave-
length, the refractive index of the host alumina is found to increase with the annealing
temperature. Choi et al. [82] have reported that the anion-incorporated alumina had
lower dielectric constant compared to that of the pure alumina. The dielectric constant
of alumina in the visible and infrared ranges is approximately equivalent to the square
of the refractive index due to the low absorption coefficient. Therefore, the decrease of
the C2O2−

4 anion concentration with the increase of annealing temperature results in the
observed increase of the refractive index of the host alumina.

2.4. ZnO Nanopores and In2O3 “Rods in Nanopores” Arrays

As we know, the variety of ZnO nanostructures benefits from the facts that ZnO has two
polar surfaces (positively charged (0001)-Zn and negatively charged (0001̄)-O) and three
fast growth directions ([0001], [101̄0], and [21̄1̄0]) [73, 90]. The basic idea for the realiza-
tion of large-scale ZnO nanopore arrays comes from the unique properties of both ZnO
and PAMs: charged surfaces and controllable sizes in hexagonal morphologies. A num-
ber of planes, which are composed of tetrahedrally coordinated Zn2+ and O2− ions, stack
alternately along the c-axis to form the hexagonal ZnO grain. As Figure 6(a) shows,
the oppositely charged ions produce negatively charged (0001̄)-O and positively charged
(0001)-Zn polar surfaces on either the top or the bottom of the ZnO grain [90]. The width
and height of the ZnO grain are determined by the growth along the six equivalent
side faces {101̄0} and the c-axis, respectively, and can be well controlled by the growth

(a)

(b)

(f)

(c) (d)
(e)

(g)
(h)

Figure 6. Schema diagrams of growth mechanism for the ordered ZnO nanopore arrays (a–e) and (f–h) In2O3

“rods in nanopores” arrays by the aid of PAMs. Reprinted with permission from [83], G. Q. Ding et al.,
Appl. Phys. Lett. 88, 103106 (2006). © 2006, American Institute of Physics; and from [96], G. Q. Ding et al.,
Nanotechnology 17, 2590 (2006). © 2006, Institute of Physics.
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conditions during the magnetron sputtering [91]. On the other hand, as discussed in
Section 2.1, PAMs are versatile templates, which have hexagonal nanopore arrays with
controllable pore diameter, interpore spacing, and thickness. Each hexagonal nanopore
is formed by six hexagonal amorphous alumina nanorods (Fig. 6(b)), where negative
charges localize at the intermediate part of the PAM top surfaces [84] due to the inho-
mogeneous distribution of anion species (C2O2−

4 � discussed in Section 2.3.
During the deposition of ZnO grains on PAMs with Si substrates, these localized neg-

ative charges will attract Zn2+ ions, resulting in the first ZnO nucleation and growth
along the preferable directions at the PAM top surfaces, rather than onto the Si substrates
through PAM nanochannels. Under certain growth conditions, the width of the grown
ZnO grains on the PAM top surfaces can be very close to the size of the hexagonal amor-
phous alumina nanorods, and such six grains will form a hexagonal nanopore pattern
identical to that of the PAMs, as shown Schemaally in Figure 6(c). Therefore, well-ordered
large-scale ZnO nanopore arrays can be fabricated on the top surfaces of the PAMs. With
further deposition of ZnO grains, the O2− ions on the surfaces will play the same role
as the localized negative charges in PAMs, leading to the formation of next round of
ZnO nanopore array layer, i.e., multilayer growth of ZnO nanopore arrays (Fig. 6(d)).
Figure 6(e) shows the cross-sectional view of multilayer ZnO nanopore arrays on top of
a PAM on Si (100) substrate.
Figure 7(a) presents the top view FE-SEM image of the realized ZnO nanopore arrays

on top of the PAM with the alumina nanorod size of ∼30 nm [83]. During the mag-
netron sputtering deposition, the growth temperature was kept at 200�C to yield suitable
ZnO grain width of ∼30 nm, i.e., close to the alumina nanorod size. It is clear that the
morphology of the ZnO nanopore arrays basically copies the highly-ordered hexagonal
pattern of the PAM, with the ZnO pore size, interpore distance and thickness of ∼70,
100 and 30 nm, respectively. HR-TEM at the interface between the ZnO nanopore arrays
and PAMs (Fig. 7(b)) shows clean and perfect microstructure of the crystalline ZnO at
the top surface of amorphous alumina with a very thin ZnO transitional layer (3–4 nm
in thickness), confirming that high-quality ZnO nanopore arrays can be grown by the
present technique. Both the lattice distance of 0.52 nm and the SAED pattern shown in
the inset demonstrate that the growth orientations of ZnO grains perpendicular and par-
allel to the top surfaces of PAMs are [0002] and [101̄0], respectively. This kind of growth
mechanism for the ZnO nanopore arrays agrees with the fast growth directions of ZnO.
The evidence for the synthesis of the ZnO nanopore arrays can also be observed in the
EDX spectra (Fig. 7(c)) taken on different layers of the specimen in Figure 7(a). The EDX
spectrum for the bottom PAM layer shows three peaks: i.e., the strong Si peak from the Si
substrate, and the Al and O peaks due to the porous alumina layer. The absence of a Zn
peak indicates that there is no ZnO deposited on either the sidewalls of the PAM or the Si
substrate through the PAM nanochannels, consistent with the clean PAM nanochannels
and Si substrate in the FE-SEM images. In contrast, the EDX spectrum for the top porous
arrays does exhibit the Zn peak, verifying the formation of ZnO nanopores on the top
surface of PAM. The EDX compositional line profile in the inset of Figure 7(c) further
supports the above arguments.
Micro-Raman and PL (Fig. 7(d)) measurements have been carried out to characterize

the optical properties of the ordered ZnO nanopore arrays. Under the backscattering
geometry of Z�X, −)Z̄, the Raman spectra display one of the fundamental optical modes
in wurtzite ZnO [92]: A1(LO) (LO = longitudinal optical) at ∼570 cm−1, which redshifts
with the increase of temperature. The absence of E2 mode is associated with the oxygen
deficiency [93]. In the PL spectra, as temperature is increased, the exciton emission in
UV region decreases in intensity, shifts to low energy, and increases in the FWHM. The
absence of oxygen-vacancy-related green (∼500 nm) luminescence band confirms again
the high quality of the fabricated ZnO nanopore arrays. The low-magnification image
displayed in Figure 7(e) indicates the growth of large-scale (>8 �m × 12 �m) ordered
ZnO nanopore arrays.
It should be noted that, during the formation of a ZnO nanopore array layer, the

growth along side faces (
101̄0� directions) is restrained by the adjacent ZnO grains,
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(a)

(c) (d)

(e)

(b)

(f)

Figure 7. (a) Top-view FE-SEM image of the ordered ZnO nanopore arrays on top of PAM, (b) HR-TEM image
of the interface between the PAM and ZnO, with the SAED pattern of the top ZnO layer shown in the inset,
(c) EDX spectra of the bottom PAM layer and the top ZnO layer in (a). The inset is the EDX compositional
line profile along the arrow in (e) cross the interface (position 0 �m). (d) Micro-Raman and PL spectra of the
highly-ordered ZnO nanopore arrays at the temperatures between 83 and 293 K under a 325-nm laser excitation.
(e) Low-magnification FE-SEM image of the ZnO nanopore arrays on top of PAM. (f) FE-SEM image of four
ZnO nanopore array layers with the same morphology and height. Reprinted with permission from [83], G. Q.
Ding et al., Appl. Phys. Lett. 88, 103106 (2006). © 2006, American Institute of Physics.

limiting the growth along the 
0001� orientation with the height of the ZnO grains along
the c-axis to a certain value (∼30 nm from Fig. 7). With the further continuous deposition
of ZnO, the O2− ions on the surface of the ZnO nanopore array layer will attract the Zn2+

ions (i.e., play the same role as the localized negative charges in PAMs), leading to the
next round of ZnO nucleation and preferable direction growth. It is therefore expected a
multilayer growth of ZnO nanopore arrays (Fig. 6(d)) with the polar (0001)-Zn surface at
the bottom to minimize the energy due to the polar surfaces and charges. Figure 7(f) dis-
plays the realized four ZnO nanopore array layers with the same morphology and height
(every layer ∼30 nm), which clearly demonstrate the above expectation. The multilayer
growth in nanostructures may be related to the orientation dependent growth energy.
The variety of C2O2−

4 anion impurity concentration in the PAMs also affects the depo-
sition and crystallization of nanomaterials. Figures 8(a–c) display the FE-SEM images
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of the fabricated ZnO nanopore arrays on both the as-deposited and annealed PAMs
to demonstrate the role of the C2O2−

4 anion concentration [84]. It is clear that ordered
ZnO nanopore arrays have been formed on the top surface of the as-deposited PAMs
(Fig. 8(a)) with the pattern identical to that of PAMs, and every hexagonal ZnO nanopore
is composed of six ZnO grains. When the PAMs were annealed below 400�C, the mor-
phology of the sputtered ZnO nanopores was basically unchanged. With the annealing
temperature increased to 600�C, the yielded ZnO nanopores were no more circular and
the cells of ZnO nanopores were not hexagonal any more, as shown in Figure 8(b). Many
ZnO grains (much more than six) were irregularly deposited on the surface of a single
PAM cell, and the regularity of the ZnO nanopore arrays decreases obviously. Especially,
under the PAMs annealed at 900�C, the regularity of ZnO nanopore arrays becomes very
poor and even parts of nanopores are jammed by ZnO particles (Fig. 8(c)).
X-ray diffraction (XRD) measurements can further testify to the effect of the anion

impurity in PAMs on the crystallization of these ZnO nanopore arrays. Figure 8(d) shows
the XRD spectra of the ZnO nanopore arrays deposited on top of the PAMs annealed
at different temperatures. The XRD spectrum of the ZnO nanopore arrays deposited
on the as-prepared PAM exhibits a strong (002) orientation peak and two weak (100)
and (101) peaks [94] without any other diffraction peaks. As we know, the higher the
relative intensity of the strongest (002) diffraction peak is, the better the ZnO crystal
quality is. It is found that the ZnO (002) peak intensity gradually decreases with the
increase of the annealing temperature, which clearly indicates that lower anion impurity
concentration leads to lower crystal quality. In the PAMs annealed at 900�C, besides the
weak ZnO diffraction peaks, two �-Al2O3 diffraction peaks appear at 2� = 45
92� and
67.06� [95], confirming that high-temperature annealing can lead to the crystallization of
the PAMs [81].

(a)
(d)

(b)

(c)

Figure 8. FE-SEM images of the ZnO nanopore arrays deposited on top of (a) as-deposited PAM, and PAMs
annealed at (b) 600�C and (c) 900�C. (d) XRD spectra of the ZnO nanopore arrays deposited on top of
as-deposited and annealed PAMs at different temperatures. Reprinted with permission from [84], D. H. Fan
et al., Micro. Meso. Mater. 100, 154 (2007). © 2007, Elsevier.
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14 Controllable Synthesis of Complex ZnO Nanostructures: Growth and Properties

The above strategy for the realization of large-scale ZnO nanopore arrays can be
extend to integrate indium oxide single-crystalline nanocolumns into highly-ordered two-
dimensional (2D) nanopores patterns through magnetron sputtering by the aid of PAMs.
As shown in Figures 6(f and g), In2O3 thin films with nanocolumn microstructure can
be grown on different substrates, and during the deposition of sputtered In2O3 on PAMs
with, e.g., Si substrates, the localized negative charges in PAMs will attract ions, resulting
in the In2O3 nucleation and growth along the preferable directions at the PAM top sur-
faces. Due to the easily well-shaped arrangement of columns, In2O3 nanocolumns will be
assembled to form a hexagonal cell pattern identical to that of the PAMs. It is therefore
expected that well-ordered and large-scale In2O3 “rods in nanopores” arrays (Fig. 6(h))
can be fabricated on the top surfaces of the PAMs.
Figure 9(a) displays the top-view FE-SEM morphology of the yielded In2O3 “rods

in nanopores” arrays [96]. The highly-ordered hexagonal pattern with the pore size of
∼50 nm and interpore spacing of ∼100 nm, confirms that the 2D In2O3 nanopores basi-
cally copy the PAM surface morphology. The enlarged image in Figure 9(b) demonstrates
that the sputtered In2O3 has many nanopores surrounded by nanoscale grains with the
size of ∼15 nm on the surface. The cross-section of In2O3 nanopores on top of PAM
reveals that these grains have nanocolumn microstructure with height of ∼50 nm. The
nanocolumn nature of In2O3 grains can be further confirmed by the HR-TEM images of
both the top surface (Fig. 9(c)) and side view (Fig. 9(d)), where well arrangement of the
nanocolumns and interfaces of the In2O3 grains can be obviously observed, and the size,
shape, and arrangement of these sputtered In2O3 nanocolumns are consistent with the
FE-SEM observations.
It is interesting to note that the top surface of a single In2O3 nanocolumn displays a

pyramid-like morphology with the height of triangular facets ∼5 nm (Figs. 9(b and d)).
The small facets can be indexed to the In2O3 (222) planes with clear interplanar spacing
of 0.290 nm through the HR-TEM image of Figure 9(e). The formation of triangular
facets is due to the fact that, during the crystal growth of In2O3, the (222) plane with
slower growth rate tends to appear as the facets over the fast growing plane, which has
been demonstrated in the synthesis of In2O3 nanopyramids [97]. The atomic-resolution
HR-TEM image (Fig. 9(f)) of a single nanocolumn’s side surface clearly reveals both the
lattice distances of 0.506 nm of plane (200) and 0.253 nm of plane (400). These HR-TEM
results confirm that every In2O3 nanocolumn is single-crystalline, and that the growth
orientations perpendicular and parallel to the top surfaces of PAMs are [100] and [010],
respectively, while the top surface of the nanocolumns is indexed to (222) planes. The
growth along [100] direction is much faster than that along [222] direction, resulting in
the columnar microstructure with pyramid-like top morphology.
The microstructure of the obtained 2D nanopores can be characterized by XRD and

EDX. The two diffraction peaks in Figure 9(g) can be attributed to (222) and (400) planes
of the cubic In2O3 structure of Mn2O3 (I) type with a cell constant of 1.012 nm [98]. It
is noted that the strongest diffraction peak of the In2O3 nanopores is (400), while in the
bulk In2O3 the strongest peak is (222) with the relative intensity of the (400) plane of
35 (JCPDF No. 44-1087). The XRD results coincide well with the above-demonstrated
(222) facets and preferable [100] growth orientation of In2O3 nanocolumns through HR-
TEM images. The EDX analysis during HR-TEM observation (Fig. 9(h)) reveals that there
are three elements in the nanopores, i.e., indium, tin, and oxygen, with an approximate
atomic ratio of indium to tin equal to 12:1. Both the XRD and EDX results confirm that
the obtained nanopores are really composed of tin-doped In2O3. The resistivity of the
In2O3 nanopores is only ∼4 × 10−4 � cm, which is beneficial to the application of the
highly-ordered 2D In2O3 nanopores in nanoelectronic devices.
The successful assembly of large-scale and highly-ordered 2D In2O3 “rods in

nanopores” arrays is due to the electronic attraction between the localized charges in
PAMs and the sputtered well-arranged In2O3 nanocolumns. Ding et al. [96] have further
demonstrated that the morphology of the assembled In2O3 nanopore arrays is controllable
by adjusting either the PAM configurations (pore diameter and interpore spacing) or
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 9. (a) FE-SEM image of the In2O3 nanopores; inset is the FE-SEM image of the free-standing In2O3

nanopore arrays directly transferred onto a Si substrate. (b) Top-view FE-SEM images of In2O3“rods in
nanopores” arrays on top of PAM with the cross-sectional view shown in the inset. (c) HR-TEM image of a
single In2O3 nanopore. (d) HR-TEM image shows several well-arranged In2O3 nanocolumns. (e) Top-surface
HR-TEM image from the box in (c) reveals that the (222) fringes are separated by 0.290 nm. (f) Side-surface
HR-TEM image from the box in (d) demonstrates the growth orientation along the nanocolumns of Ref. [100].
(g) XRD and (h) EDX spectra of the In2O3 nanopore arrays. Reprinted with permission from [96], G. Q. Ding
et al., Nanotechnology 17, 2590 (2006). © 2006, Institute of Physics.

sputtering conditions (substrate temperature and argon pressure), revealing that the pre-
sented method provides the possibility of a general approach for nanounit integration.
Finally, it should be noted that apart from the anion concentration, the thickness of PAMs
and growth conditions also play important roles in the yielded nanostructures. The ultra-
thin PAMs generally lead to the formation of nanodot arrays, and the proper growth
conditions in combination with relatively thick PAMs are helpful to improve the order
degree of the nanopore arrays.
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3. INTEGRATION OF ZnO NANOSTRUCTURES THROUGH
TWO-STEP THERMAL EVAPORATION

3.1. ZnO Nanotubes Surrounded by Well-Ordered Nanorods

The performance of semiconductor nanodevices depends significantly on the shape and
size of the nanostructures. Realizing the integration of ZnO nanostructures with mono-
tonic morphology is a key step to broadening the application of the functional nanoma-
terials. A simple two-step thermal evaporation process has been demonstrated to be an
effective approach to the successful realization of hierarchical ZnO nanotubes surrounded
by well-ordered nanorods (ZNSWN) [99]. The basic idea comes from the controllable oxi-
dation rate of Zn at different substrate temperatures below and above the melting point
of Zn (419.5�C), alone with the consideration of polar surfaces and fast growth directions
of hexagonal ZnO.
Figure 10(a) shows the Schema diagram of the designed two-step preparation tech-

nique. At step one, n-type Si wafer was used as the substrate and placed at position A
along the carrier gas. The hexagonal-shaped Zn nanowires with little oxidation had been
synthesized at a low substrate temperature of ∼200�C by evaporating Zn powder. At
step two, the step-one-deposited samples were employed as the substrates and placed at
position B. The integration of monotonic nanostructures can be realized by heating the
step-one samples and Zn powder at high temperature of 500�C. Figure 10(b) displays
Schemaally the formation processes of the controllable hierarchical ZnO nanostructures.
Little oxidized Zn nanowires were prepared in the first step (Schema (b)), and the ZnO
nanostructures with controlled morphologies (Schemas (c)–(f)) can be realized by adjust-
ing the oxygen flow rate at the second step.
Figure 11 (a) displays Schemaally the hexagonally shaped Zn nanowires with little

oxidation prepared at low substrate temperature of ∼200�C. Figure 11(b) shows the FE-
SEM image of the step-one-prepared sample. It exhibits hexagonally shaped nanowires
with widths of 300–600 nm and lengths of up to several tens of micrometers. The EDX

(a)

(b)

Figure 10. (a) Experimental apparatus for the two-step thermal vapor deposition process. (b) Schema diagram
of the growth process for the hierarchical pure ZnO nanostructures with controllable morphology. a: ZnOx

molecules or clusters, b: Zn nanowires with little oxidation, c: ZnO nanotubes, d: ZnO nanotubes surrounded
by well-ordered nanorods, e: ZnO nanowires surrounded by well-ordered nanorods, and f: ZnO nanowires
surrounded by nanorods. Reprinted with permission from [110], D. H. Fan et al., J. Nanosci. Nanotechnol. (2008).
© 2008, American Scientific Publishers.
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(c)(a) (b)

Figure 11. (a) Schema diagrams of Zn nanowire with little oxide prepared in the step-one thermal evaporation.
(b) Low- and (c) high-magnification FE-SEM images of the one-step-prepared hexagonally shaped Zn nanowires
with little oxide. The inset in (b) shows the EDX spectrum. Reprinted with permission from [99], D. H. Fan
et al., J. Phys. Chem. C 111, 9116 (2007). © 2007, American Chemical Society.

spectrum in the inset of Figure 11(b) shows that apart from the Zn and O element, no
other elements are observed, which confirms that there is no existence of other metal
clusters in the Zn/Zn suboxide nanowires, and also excludes the possibility that the
nanowires are realized by the catalysis-assisted growth. The relatively large atomic ratio
of Zn and O (∼19:1) indicates that little Zn is oxidized into Zn suboxide at the first
step, i.e., the nanowire is dominated by Zn with little oxidation. High-magnification
image of Figure 11(c) displays flat and smooth terrace- and step-like structures on the
hexagonal-shaped ends, clearly revealing a layer-by-layer growth mode. This is consistent
with the previous report on the ZnO nanorods prepared by MOCVD [100]. There are
no nanoparticles at the end of nanowires, suggesting that the growth mechanism is not
vapor–liquid–solid (VLS) process because a typical characteristic of VLS is the existence
of nanoclusters capping at the end of a 1D nanostructure [101].
The hexagonal mound-like morphology in Figure 11(c) indicates the existence of an

Ehrlich–Schwoebel barrier (ESB) during the formation of Zn nanowires with little oxi-
dation [102, 103]. During the formation process of 1D nanostructures, if the adspecies
on the nucleated island experience an ESB when diffuse across the island’s edge, the
next atomic layer may nucleate before the previous layer completes, thereby leading to
the multilayer growth and the eventual appearance of the mound structure. Baxter et al.
[104] have shown that the ESB plays an essential role in the formation of ZnO hexagonal
pyramids. However, the ESB decreases with the increase of heating time in the evapora-
tion, resulting in the relatively smoother surface. Similar observation has been reported
by Liu et al. [102] in nanoprisms, where the next atomic layer would not nucleate until
the previous one has completed due to the very small ESB in the layer-by-layer growth
mode.
On the basis of EDX spectra and FE-SEM observation, one can deduce the growth

process as follows. During the course of heating Zn powder, the formed Zn and ZnOx

(x ≤ 1) molecules or clusters are transported to the low-temperature region by the carrier
gas absorbing on the surface of Si substrates. Since Zn belongs to the hexagonal crystal
system with the six-fold symmetry, Zn and ZnOx molecules or clusters on the substrate
could migrate to form the steady hexagonal nanoclusters, and then the nanowires can
grow by the layer-by-layer mode. During the growth process of nanowires, the surface of
nanowires could be oxidized into ZnO due to being exposed to an oxygen atmosphere.
The nanowires, however, could not completely be oxidized into ZnO due to the low
growth temperature.
Novel hierarchical 1D ZnO nanostructures can be realized by evaporating the Zn

powder at 500�C and heating the step-one samples simultaneously at the same tem-
perature, as shown Schemaally for the formed ZNSWN nanostructures in Figure 12(a).
Figure 12(b) displays the high-magnification FE-SEM image of the yielded single ZNSWN
nanostructure after the second step. The high-magnification image of a single nanorod
in Figure 12(c) reveals a columniform structure with a conic tip, which is quite different
from the hexagonal structure formed at the first step in Figure 11(c), indicating that the
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(a)

(c)

(d) (e) (f)

(g) (h) (i)

(b)

Figure 12. (a) Schema diagrams of the ZNSWN nanostructures. High-magnification FE-SEM images of a single
(b) ZNSWN nanostructure and (c) nanorod on the nanotube sidewall. (d) EDX spectrum of the two-step-
prepared sample. (d) FE-SEM image of the prepared ZnO nanotube without Zn source in the second step.
(f) TEM image of a single ZNSWN nanostructure. (g) TEM image of nanorods on the surface of a single
nanotube. The inset shows HR-TEM image of a nanotip indicated by the ellipse in (g). SAED patterns of the
(h) nanorods and (i) tube wall conjoint with nanorods. Reprinted with permission from [99], D. H. Fan et al.,
J. Phys. Chem. C 111, 9116 (2007). © 2007, American Chemical Society.

ZnO nanorods are not synthesized through the layer-by-layer growth mechanism [99].
By comparing the EDX results of the one-step samples (Fig. 11(b), inset) and two-step
ones (Fig. 12(d)), although no other new elements have been introduced except Zn and
O, the atomic ratio of Zn and O decreases to 1.05:1, which demonstrates that Zn has
almost been oxidized at the second stage.
The origins of the nanorods can be further investigated by designed experiments.

Figure 12(e) shows the FE-SEM image of two-step samples synthesized without the Zn
source, which demonstrates clearly the absence of nanorods on the surface of the nano-
tubes. It is clear that the existence of Zn source is responsible for the formation of
nanorods in ZNSWN nanostructures, while the sublimed Zn is not. In addition, com-
pared with the sidewall thickness of nanotubes in Figure 12(e), there is an increasing size
in Figure 12(b), which reveals the diameter increase of the nanotubes prepared in the
case of heating Zn source. As there is a thin layer of ZnO on the surface of the nanowires
(step one), the surface of nanowires will not be sublimed due to the high melting point of
ZnO (1975�C). It also indicates that before the growth of the nanorods on the sidewall in
the beginning of the second step, Zn and Zn suboxide gas will first nucleate and form the
ZnO layer on the surface of nanowires, resulting in the increase of the physical diameter
during the transformation of nanowires to nanotubes structure. Furthermore, it should
be clarified for the motivation of introducing appropriate amount of oxygen in argon
gas flow in step one, which is helpful for the realization of ZNSWN nanostructures. On
the one hand, it will help to form a thin ZnO film on the sidewall of the Zn nanowires,
which is the base for the later growing of ZnO nanorods. On the other hand, if pure
argon is used in the experiment, one will see the forming of pure Zn nanowires, but
when it comes to the next deposition stage, the surface of the pure Zn nanowires will be
oxidized and sublimed simultaneously, so the surface oxidation will be uneven, which is
detrimental for the realization of high-quality ZNSWN nanostructures.
Further morphological and structural analysis of individual ZNSWN nanostructures

can be characterized by the HR-TEM and SAED. Figure 12(f) shows the TEM morphology
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of the ZNSWN nanostructures, which consists of the nanotube with the light inner part
and relatively dark outer one, together with the nanorods on the surface of the outer wall.
The result further confirms that the prepared nanostructures belong to the hierarchical
ZNSWN nanostructures. The high-magnification image of the sidewall in Figure 12(g)
reveals that the lengths of the nanorods are around 250 nm and the widths 30–100 nm, and
no nanocluster or tiny nanocrystal is formed at the growth front. The lattice fringes of ZnO
nanorods in the inset of Figure 12(g) and the corresponding SAED pattern in Figure 12(h)
indicate that the nanorod is single-crystalline, and it grows along [112̄0] direction with a
uniform structure without noticeable defects such as stacking faults. The lattice spacing of
0.26 nm corresponds to the spacing of [0002] crystal planes of wurtzite ZnO. Figure 12(i)
shows the SAED pattern of the tube wall which is conjoint with nanorods, indicating that
the nanotube is also single-crystalline with growth direction along [0001]. In the idealized
ZnO crystal growth, 1D ZnO nanostructures generally grow along [0001] direction due
to the high growth rate along this orientation [105]. However, considering the fact that
the side face on the ZnO nanotube is along the [112̄0] direction, one can expect the [112̄0]
growth of the nanorods due to the restriction of the epitaxial relationship; i.e., the growth
direction of the nanorod is determined by that of the nanotube wall. Similar experimental
observation has been previously reported by Fan et al. [106].
Generally speaking, the oxidation rate varies with the crystal surfaces. In comparison

with other surfaces, the Zn {0001} one has the lowest energy, which trends to be the most
stable to resist oxidation [107]. When the Zn nanowires with little oxidation are heated at
∼500�C, the sidewall of hexagonal nanowires is oxidized into ZnO shells since the {112̄0}
surface has the relatively higher energy compared with the {0001} one. At the same time,
the remaining Zn inside the nanowires can be sublimed through the open ends at the
{0001} surface due to the low melting point of Zn (419.5�C), leading to the formation of
hexagonal ZnO nanotubes.
Apart from the VLS mechanism, the screw dislocation mechanism is also well

acknowledged to explain the growth dynamics of 1D nanomaterials [100]. From Figures
12(c and f), it is clear that no additional metal particles or tiny nanocrystals appear on the
top of the nanorods, ruling out the possibility of the catalytic process during the growth
of well-aligned ZnO nanorods [100, 108]. On the other hand, the growth rate along the
dislocation line in the screw dislocation model is much higher than that along the radius
direction, resulting in the crystal 1D structure morphology [100, 109]. The conic tip with
spiral morphology at the end of 1D structured materials is the evidence that screw dislo-
cation mechanism manifests itself. The FE-SEM and TEM observation of non-hexagonally
shaped nanorods in Figure 12 agrees well with the characteristics of smooth facets and
rough tips in the screw dislocation growth model.
The formation process of the ZNSWN nanostructures can therefore be deduced as

follows. Zn and Zn suboxide gases yielded by heating Zn powder are transported to the
substrate, and nucleate at the Zn/Zn suboxide nanowires. During the second step of the
growing process, the yielded Zn and Zn suboxide gases first nucleate on the surface of
the nanowires and form the ZnO layer. With continuous supplementation of Zn and Zn
suboxide gases, the ZnO nanorods are epitaxially grown on the surface of the nanowires
through the screw dislocation growth mechanism. And at the same time, the hexagonal
ZnO nanotubes are gradually formed since the sublimation of the remaining Zn inside the
nanowires. With the further increase of the evaporation time, the ZNSWN nanostructure
is then realized. In addition, the different nucleation dimensions on the nanotube side
facet may result in the observed nonuniform width (30–100 nm) of the nanorods.

3.2. Hierarchical ZnO Nanostructures with Controllable Morphology

The two-step thermal evaporation process can be used to not only prepare the ZNSWN
nanostructure, but also realize morphology-controllable hierarchical ZnO nanostructures
by changing the growth condition [110]. Figures 13(a) and (a′� show the above-mentioned
ZNSWN nanostructures prepared under Ar flow rate of 260 sccm and O2 flow rate of
60 sccm, where the average diameter and length of nanorods on the sidewall are ∼70 nm
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(a) (b) (c)

(a′) (b′) (c′)

(d) (e) (f)

Figure 13. FE-SEM images of the hierarchical ZnO nanostructures by heating the step-one sample and Zn
powder for 80 min with: (a) and (a′� Ar:O2 = 260:60, (b) and (b′� Ar:O2 = 260:90, (c) and (c′� Ar:O2 = 260:120.
FE-SEM images of ZNSWN samples prepared at Ar:O2 = 260:60 under different heating times: (d) 20 min,
(e) 50 min, and (f) 80 min. The inset in (b′� is a single nanorod on the nanowire sidewall. Reprinted with
permission from [99], D. H. Fan et al., J. Phys. Chem. C 111, 9116 (2007). © 2007, American Chemical Society;
and from [110], D. H. Fan et al., J. Nanosci. Nanotechnol. (2008). © 2008, American Scientific Publishers.

and 250 nm, respectively. When the oxygen flow rate increases to 90 sccm, the morphol-
ogy of ZnO nanostructures has obviously change, as shown in Figures 13(b) and (b′�.
They are composed of central axial nanowires surrounded by well-ordered nanorods
with six-fold structural symmetry, which is different from the ZNSWN nanostructures
in Section 3.1, indicating that the oxygen flow rate can effectively control the forma-
tion of ZnO hierarchical nanostructures. Compared with the hierarchical nanostructure
in Figure 13(a), not only the morphology of nanostructures has an obvious change, but
also the average diameter and length of the nanorods become large up to about 100 nm
and 600 nm, respectively. The inset in Figure 13(b′� reveals that in the nanostructures
of nanowires surrounded by well-ordered nanorods, the nanorod also has columniform
structure with a conic tip similar to the image of nanorods in the ZNSWN nanostructures,
implying the same growth mechanism of nanorods in these two kinds of nanostructures.
With the further increase of oxygen flow rate, new hierarchical ZnO nanostructures

can be achieved. Figure 13(c) presents the FE-SEM image of the sample synthesized at Ar
flow rate of 260 sccm and O2 flow rate of 120 sccm. The high-magnification FE-SEM of a
single nanostructure in Figure 13(c′�, which is quite different from the two kinds of ZnO
nanostructures reported above, further reveals the change of structure and morphology.
The non-ordered ZnO nanorods grow randomly from the sidewall of the central axial
nanowire. The average diameter of nanorods increases to ∼200 nm and the length reduces
to ∼300 nm. In addition, the nanorods in the sidewall display the hexagon-shaped top,
suggesting the preferential growth of ZnO nanorods along [0001] orientation.
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In general, the nucleation rate and availability of ZnOx vapor have the great influence
on the morphology of crystal. At low flow rate of oxygen gas, the relatively low sup-
ply of ZnOx vapor and the decrease of nucleate rate may lead to an epitaxial growth of
columniform nanorods with a conic tip from the surface of nanowires due to the thermo-
dynamical equilibrium process of long time. At high flow rate of oxygen gas, however,
the growth of ZnO nanorods might be kinetically controlled, since the growth rate of
[0001] direction depends on the oxygen partial pressure to a different extent [111]. As
a result, the hexagon-shaped nanorods grow preferentially along [0001] orientation. In
addition, the variety of the oxygen supply has a great effect on the width and length
of ZnO nanorods growing on nanowires or nanotubes. The increasing oxygen flow rate
leads to the enhancement of ZnOx concentration, which can promote the increase of
nanorod width and length. Nevertheless, when the oxygen flow rate is too high, the high
oxygen supplementation quickly oxidizes the surface of Zn powder into ZnO, preventing
the further evaporation of Zn, and consequently, the prepared sample at high oxygen
supply shows the shortest length of nanorods.
The above observations suggest the following formation mechanism of the oxygen-

controlled hierarchical ZnO nanostructures. When Zn nanowires with little oxidation were
evaporated at 500�C without Zn source, the hexagonal ZnO nanotubes will be formed
because of the sublimation of the remaining Zn inside the nanowires, as shown in the
Schema (c) of Figure 10(b) and FE-SEM image in Figure 12(e). At low oxygen concentra-
tion, the yielded Zn and ZnOx (x ≤ 1) molecules or nanoclusters by heating Zn source are
transported to the substrate by the carrier gas, forming ZnOx nucleation on the nanowire’s
surface. With a continuous supply of ZnOx, ZnO nanorods epitaxially grow from the
nanowire surface. In the meantime, Zn inside the nanowires sublimates and forms hexag-
onal ZnO nanotubes. Consequently, the ZNSWN nanostructure of the Schema (d) of
Figure 10(b) and FE-SEM image in Figure 12(b) can be expected. With the further increase
of the oxygen flow rate, the increasing oxygen concentration in the quartz tube will quickly
oxidize the surface of nanowires into ZnO and prevent the formation of nanotubes, result-
ing in the nanostructure of nanowires surrounded by well-ordered nanorods as shown in
the Schema (e) of Figure 10(b) and FE-SEM image in Figure 13(b′�. At high flow rate of
oxygen gas, the high concentration ZnOx can lead to the formation of non-ordered hexag-
onal nucleation at the initial stage. With continuous supplementation of ZnOx gases, the
non-ordered ZnO nanorods with a regular hexagon cross-section grow along the pref-
erential [0001] direction from the surface of nanowires to form the nanostructure of the
Schema f of Figure 10(b) and FE-SEM image in Figure 13(c′).
The morphology of the hierarchical ZnO nanostructures can also be modulated by

changing the evaporation time. Figures 13(d–f) show the FE-SEM images of the ZNSWN
samples experienced 20, 50, and 80 min in the step-two stage, respectively. It is clear
that, with the increase of reaction time, the length of nanorods increases from ∼50 to
250 nm, demonstrating the nucleation, absorption, and growth process, which as a whole
increases the length of the nanorods. The variation of nanorods in Figures 13(d–f) sug-
gests that the length of nanorods can be controlled by adjusting the reaction time (growth
rate of ∼3 nmmin−1�, with the nanotube hexagonal cross sections remaining unchanged.

3.3. Structural and Optical Properties of Hierarchical ZnO Nanostructures

XRD, PL, and Raman measurements could provide different perspectives to gain more
insight into the structural information and optical properties of the fabricated hierarchical
ZnO nanostructures with controllable morphology. Figure 14(a) shows the XRD spectra
of the hierarchical ZnO samples under different flow rate ratios of argon and oxygen
gases (Curves (a): 260:60, (b): 260:90, and (c): 260:120) and heating times (Curves (d):
20 min, (e): 50 min, and (f): 80 min). The observed wurtzite ZnO diffraction peaks indicate
that the step-one samples as the substrates are oxidized into ZnO at the second step
due to the relatively high substrate temperature (∼500�C). However, it is found that the
sample synthesized at the heating time of 20 min (Curve (d)) exhibits not only strong
ZnO diffraction peaks but also weak Zn ones, suggesting that little heating time cannot
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(a) (b) (c)

Figure 14. (a) XRD, (b) PL, and (c) Raman spectra of the prepared hierarchical ZnO nanostructures at step two
under the heating time of 80 min with different ratios of argon flow rate and oxygen one, a: Ar:O2 = 260:60,
b: Ar:O2 = 260:90, and c: Ar:O2 = 260:120; ZNSWN nanostructures prepared at Ar:O2 = 260:60 by different
heating times of d: 20 min, e: 50 min, and f: 80 min. Reprinted with permission from [99], D. H. Fan et al.,
J. Phys. Chem. C 111, 9116 (2007). © 2007, American Chemical Society; and from [110], D. H. Fan et al., J. Nanosci.
Nanotech. (2008). © 2008, American Scientific Publishers.

make it complete oxidization. Furthermore, the intensity of ZnO (002) peak increases
gradually with the oxygen flow ratio and heating time, revealing that the increase of
oxygen supply and evaporating time can improve the crystal quality of the synthesized
ZnO nanostructures [95].
Figure 14(b) displays the room-temperature PL spectra of these hierarchical ZnO nano-

structures. Curves (a), (b), and (c) represent the PL spectra of the samples prepared
at different oxygen flow rates. All spectra consist of UV peak (∼388 nm) and green
emission (∼510 nm). It is well-known that the UV peak originates from the recombination
of FE and the visible emission is associated with structural defects [95]. The abundant
surface/interface in ZnO nanostructures can introduce a high density of defects at the
surface and interface to form defect energy bands, which can trap free carriers from
the bulk, resulting in the stronger visible emission [112]. With the increase of oxygen
supplementation, the increasing nanorod size can lead to a small surface-to-volume ratio,
which is expected to decrease the visible emission intensity. The improvement of crystal
quality may also be a reason for the variation of peak intensity. The increase of intensity
ratio of UV emission to visible peak with oxygen supplementation reveals that the optical
properties can be modulated by the controllable morphology of ZnO nanostructures. The
PL spectra of the prepared ZnO nanostructures under different heating times (Curves
(d), (e), and (f)) also exhibit the similar results. With the increase of evaporation time,
the decreasing intensity ratio of UV to visible emission indicates that the morphology of
nanostructures will have a great effect on the optical properties.
Figure 14(c) shows Raman scattering results of these hierarchical ZnO nanostructures.

All Raman spectra present two apparent ZnO phonon modes at 437 and 581 cm−1, which
has been assigned to the E2(high) and E1(LO), respectively [113]. With the increase of
oxygen gas or heating time, the increase of E2(high) intensity implies the better crystal
quality [114]. This argument is consistent with the XRD and PL observation. It is generally
accepted that E1(LO) mode is associated with the oxygen vacancies [115]. The appearance
of E1(LO) mode reveals the existence of defects in the prepared samples. With increasing
oxygen flow rate, the decrease of E1(LO) intensity (Curves (a), (b), and (c)) indicates that
high oxygen supply can decrease oxygen vacancies in the nanostructure, which leads
to the increase of PL intensity ratio of the UV peak to the visible one in Figure 14(b).
A similar conclusion can also be drawn from the variety of E1(LO) intensity at the samples
prepared under the different heating times (Curves (d), (e), and (f)). These experimental
results clearly demonstrate that the change of oxygen flow rate and evaporating time can
not only realize the controllable hierarchical ZnO nanostructures, but also modulate their
optical properties for nanoscale electronic and optoelectronic device applications.
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4. ZnO HOLLOW SPHERES AND ZnO-BASED CORE/SHELL
STRUCTURES VIA CHEMICAL ROUTES

4.1. Template-Free Synthesis of ZnO Hollow Spheres

As discussed in Section 2.4, ZnO has three fast growth directions ([0001], [101̄0], and
[21̄1̄0]). As a result of different growth rates in various directions, spherical ZnO structure
is not easily fabricated without the help of a spherical template. Fortunately, encapsula-
tion of crystallization additives in solution has been shown to be able to control the nucle-
ation and growth rate of crystals [116]. Tian et al. [117] have reported that a very small
quantity of citrate ions slows crystal growth along the 
001� orientation, providing us a
simple approach to control the aspect ratio (length-to-width) of the ZnO nanorods. On
the basis of this concept, a template-free hydrothermal method has been demonstrated
to synthesize large-scale ZnO hollow spheres [118]. The key points for the successful
realization are that a high concentration of trisodium citrate is employed to control the
nucleation and growth rate of ZnO crystal forming solid spheres with core/shell struc-
tures, and proper pH of an alkaline solution to remove the cores generating ZnO hollow
spheres.
Figures 15(a–d) illustrate the whole processes, and the following reactions may be

involved during these processes if one uses Zn(NO3�2 and C6H12N4 as the Zn2+ and OH−

sources:

C6H12N4 + 6H2O → 6HCHO+ 4NH3 (1)

NH3 +H2O ↔ NH+
4 +OH− (2)

Zn2+ + 2OH− ↔ Zn�OH�2 (3)

Zn�OH�2 ↔ ZnO+H2O (4)

Zn�OH�2 + 4NH3 = �Zn�NH3�4�
2+ + 2OH− (5)

(a) (b) (c) (d)

(e) (f)

(g)

(h)

(i)

Figure 15. Schema diagrams of the formation process of ZnO hollow spheres and ZnO-based core/shell struc-
tures. (a) Synthesis of Zn(OH)2 solid spheres. (b) Formation of Zn(OH)2/ZnO spheres with core/shell structure.
(c) Partial dissolution of the Zn(OH)2 cores in alkaline solution. (d) Formation of ZnO hollow spheres. Synthe-
sis of (e) ZnO solid spheres, (f) ZnO/ZnS, (g) ZnO/Ag2S, (h) ZnO/CuS, and (i) ZnO/PbS core/shell spheres.
Reprinted with permission from [118], Y. F. Zhu et al., J. Phys. Chem. C 111, 18629 (2007). © 2007, American
Chemical Society.
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Since a high concentration of trisodium citrate is used to control the nucleation and
growth rate, Zn(OH)2 solid spheres are expected to be yielded (Fig. 15(a)) (Eqs. (1–3)).
With the increase of reaction time, ZnO nanowires begin to form on the surface of Zn(OH)2
solid spheres via a process that involves dissolution of Zn(OH)2 and formation of ZnO by
precipitation from solution (Eq. (4)) [119]. These ZnO nanowires bend and connect with
each other on the surface of Zn(OH)2 cores forming ZnO shells, leading to the formation
of solid spheres with a core/shell structure (Fig. 15(b)). If one transfers the solid spheres
with core/shell structures into a solution contain a proper amount of ammonia. These
Zn(OH)2 cores in the spheres can be dissolved (Eq. (5)) (Figs. 15(c–d)).
The hydrothermal reaction solution for the synthesis of Zn(OH)2/ZnO core/shell was

prepared from aqueous solution containing 25-mM Zn(NO3�2 · 6H2O, 25-mM C6H12N4,
and 6.8-mM C6H5Na3O7 · 2H2O. After the clear solution was removed into a Pyrex glass
bottle (the total volume of the reaction mixture was 40 mL), silicon substrates were put
into the solution. After being sealed, the bottle was heated at 85�C for about 60 min in
a conventional laboratory oven. In the second step, the silicon substrates with product
on them were transferred into a Pyrex glass bottle containing 10-mM Zn(NO3�2 · 6H2O,
10-mM C6H12N4, and 2.7-mM C6H5Na3O7 · 2H2O. The pH of the solution was adjusted to
about 8 by adding drops of ammonia. After being sealed, the bottle was heated at 85�C
again for another 15 to 60 min. The final product on the Si substrates was washed with
deionized water repeatedly to remove any residual chemical salts and then dried under
air atmosphere for characterization.
Figures 16(a and b) present the FE-SEM images of the as-prepared Zn(OH)2/ZnO

core/shell spheres. From Figure 16(a), it is obvious that large-scale spheres can be
obtained. The broken sphere in Figure 16(b) indicates that the as-prepared sphere has a
core in it forming the core/shell structure. The hollow spheres are obtained subsequently
by removing the cores without affecting the spherical structure of the shells. The strategy
is to transfer the as-prepared sample into a bottle containing a solution at pH= 8 with the
other reactants almost unchanged. Figure 16(c) displays the morphology of the sample
treated in the alkaline solution for 15 min, from which we can see that some of the shells
have a partially opened mouth on them. These broken spheres clearly indicate that the
cores in the spheres have been partially dissolved. When the reaction time is increased
to 60 min, all the cores in the spheres were removed, as shown in Figure 16(d). The hol-
low nature of the spheres is clearly depicted via the partially opened spheres. Although
some of the spheres are still “closed,” further evidence for the hollow structure can be
found from the TEM image. As demonstrated in Figure 16(e), there is a strong contrast
difference in all of the spheres with light inner center and relative dark edge, confirming
that the obtained spheres are hollow. The inset of Figure 16(e) displays the SAED pattern
of a hollow sphere, which reveals that they are in an amorphous state. During the TEM
measurements, EDX analysis has also been performed. The result in Figure 16(f) indicates
that the hollow spheres are mostly composed of Zn and O elements. The signal of Cu
originates from the copper grid, while the C peak should come from carbon film on the
Cu grid and impurity groups in the as-prepared spheres [118].

4.2. A General Chemical Conversion Route to Synthesize ZnO-Based
Core/Shell Structures

The above concept for the realization of ZnO hollow spheres can be further employed
to the synthesis of various semiconductor core/shell structures via chemical conversion
on spherical templates. One can anneal the Zn(OH)2/ZnO solid spheres to form ZnO
solid spheres, and use the ZnO solid spheres to react with thioacetamide (TAA) for
the synthesis of ZnO/ZnS core/shell structures. Compared with the solubility product
constant (Ksp� of other metal sulfides, the Ksp of ZnS is relatively higher (Ksp of ZnS is
2
93 × 10−25, while Ksp of Ag2S is 6
69 × 10−50, Ksp of CuS is 1
27 × 10−36, and Ksp of
PbS is 9
04× 10−29) [120]. Therefore, the obtained ZnO/ZnS core/shell structures can be
used as templates to realize other ZnO-based core/shell structures. A general chemical
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(a) (b)

(c) (d)

(e) (f)

Figure 16. FE-SEM images of (a, b) Zn(OH)2/ZnO core/shell spheres, (c) Zn(OH)2/ZnO core/shell structures
with the Zn(OH)2 cores partially dissolved in alkaline solution, and (d) ZnO hollow spheres. (e) TEM image of
ZnO hollow spheres, with the SAED pattern shown in the inset. (f) EDX spectrum of the ZnO hollow spheres.
Reprinted with permission from [118], Y. F. Zhu et al., J. Phys. Chem. C 111, 18629 (2007). © 2007, American
Chemical Society.

conversion route to synthesize various ZnO-based core/shell structures has been realized
[121], with the whole processes shown schematically in Figures 15(b, e–i).
Two different solutions were used to synthesize spherical structures with different

sizes. One solution was prepared from aqueous solution containing 5-mM Zn(NO3�2 ·
6H2O, 5-mM C6H12N4, and 1.36-mM C6H5Na3O7 · 2H2O. The other solution was prepared
using the same reactant but with higher concentration; i.e., 25-mM Zn(NO3�2 · 6H2O,
25-mM C6H12N4, and 6.8-mM C6H5Na3O7 · 2H2O. With the same procedures as in
Section 4.1, the Zn(OH)2/ZnO solid spheres were obtained by heating the solutions at
90�C for about 50 min. Pure ZnO solid spheres were prepared by further annealing the
yielded Zn(OH)2/ZnO products at 400�C under an air atmosphere for 120 min before
they were used for the next step chemical reaction. Figures 17(a and b) display the FE-
SEM images of the prepared ZnO solid spheres with different sizes. The sizes of the
spheres could be controlled by changing the concentration of precursor solution dur-
ing the fabrication process. The EDX spectrum shown in Figure 17(d) indicates that the
obtained spheres are composed of Zn and O elements. This controllable synthesis of ZnO
spheres provides the possibility of preparing ZnO-based core/shell structures with dif-
ferent sizes, and in the following the ZnO solid spheres with large sizes (Fig. 17(b)) is
employed to realize various ZnO-based core/shell structures.
The key attempt is to synthesize ZnO/ZnS core/shell structures for the further real-

ization of other ZnO-based core/shell spheres. The obtained ZnO solid spheres are
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(a)

(c)
(d)

(e) (f)

(b)

Figure 17. FE-SEM images of (a, b) ZnO solid spheres with different sizes, and (c) ZnO/ZnS core/shell struc-
tured spheres. EDX spectra of (d) ZnO solid spheres and (e) ZnO/ZnS core/shell spheres. (f) XRD patterns of
ZnO solid spheres (Curve (a)) and ZnO/ZnS core/shell spheres (Curve (b)).

transferred into a solution containing 0.2-M TAA to make the conversion of ZnO solid
spheres into ZnO/ZnS core/shell spheres. The TAA solution provides sulfide ions to
react with zinc ions dissolved from the ZnO spheres for forming ZnS. During the reac-
tion process, the solution temperature was kept constant at 90�C. Figure 17(c) displays
the FE-SEM image of the ZnO/ZnS core/shell structured spheres. Although no signifi-
cant changes were observed in comparison with the morphology of the prepared ZnO
solid spheres in Figure 17(b), the compositional information of the EDX spectrum in
Figure 17(e) exhibits the presence of Zn, O, and S elements, providing powerful evidence
for the successful incorporation of S element into the ZnO spheres. XRD characterization
can clearly demonstrate the crystal structure and transformation process of these spheres.
Curves (a) and (b) in Figure 17(f) represent the diffraction patterns of ZnO (shown in
Fig. 17(b)) and ZnO/ZnS (Fig. 17(c)) spheres, respectively. From Curve (a), it can be
clearly observed that only the peaks corresponding to the hexagonal ZnO [JCPDF No.
36-1451] are detected, confirming that the spheres before reacting with TAA solution con-
sist of pure polycrystalline ZnO. The diffraction peaks of cubic ZnS [JCPDF No. 05-0566]
appear after the ZnO solid spheres treated in the TAA solution (Curve (b)), indicating
the formation of a thin layer of ZnS on the ZnO spheres.
The present chemical conversion method suggests that spherical or other suitably

shaped objects composed of reactive material can act as both reactants and templates
to synthesize core/shell structures, i.e., this chemical approach can be extended to the
synthesis of other ZnO-based core/shell spheres. ZnO/Ag2S, ZnO/CuS, and ZnO/PbS
core/shell spheres have been successfully synthesized along with the above proposal by
transferring the prepared ZnO/ZnS core/shell structured sphere templates into aqueous
solutions containing Ag+, Cu2+, and Pb2+, respectively [121]. Figures 18(a–c) show the
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FE-SEM images of the as-prepared ZnO/Ag2S, ZnO/CuS, and ZnO/PbS core/shell
spheres. It is noted that the morphology of the starting material (Fig. 17(c)) is pre-
served during the reaction process. The temperature of the aqueous solutions used in
this procedure was also kept at around 90�C to accelerate the reaction process. A color
change of ZnO/ZnS spheres has been observed right after immersing them into the
above-mentioned solutions, indicating the formation of new products. After the chem-
ical reaction is finished, XRD measurements have also been performed to identify the
microstructural modifications. Figure 18(d) presents the diffraction patterns of the yielded
core/shell spheres, together with that of the pure ZnO solid spheres for comparison. It is
obvious that in addition to the hexagonal ZnO structure [JCPDF No. 36-1451], diffraction
peaks originating from monoclinic Ag2S [JCPDF No. 14-0072], hexagonal CuS [JCPDF No.
06-0464], and cubic PbS [JCPDF No. 05-0592] also clearly appear, confirming that the reac-
tion products are ZnO/Ag2S, ZnO/CuS, and ZnO/PbS core/shell spheres, respectively.

4.3. Optical Properties of ZnO Hollow Spheres and
ZnO/ZnS Core/Shell Structures

During the preparation of ZnO hollow spheres, a high concentration of trisodium citrate
was employed to control the nucleation and growth rate of ZnO crystal for producing
spherical structures. Therefore, the citric acid ions may form impurity groups in the
as-prepared spheres. Fourier transform infrared absorption measurement has been car-
ried out to gain more information about the composition of the as-prepared ZnO hollow
spheres. Figure 19(a) displays the room-temperature infrared absorption spectrum of the
as-prepared ZnO hollow spheres. Such a spectrum can be used to identify the functional

groups presented in the prepared samples. In the citrate (
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(b)

(c)

Figure 18. FE-SEM images of (a) ZnO/Ag2S, (b) ZnO/CuS, and (c) ZnO/PbS core/shell spheres. (d) XRD
patterns of a: ZnO solid spheres, b: ZnO/Ag2S, c: ZnO/CuS, and d: ZnO/PbS core/shell spheres.
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(a) (b)

(c) (d)

Figure 19. Room-temperature (a) infrared absorption spectra of the as-prepared and annealed ZnO hollow
spheres, (b) Raman and (c) PL spectra of the annealed ZnO hollow spheres, (d) PL spectra of the ZnO solid
spheres and ZnO/ZnS core/shell spheres. Reprinted with permission from [118], Y. F. Zhu et al., J. Phys. Chem.
C 111, 18629 (2007). © 2007, American Chemical Society.

C O and C–O bonds with the same C atom will average into two equivalent carbon–

oxygen bonds (
C

O

O
––
). As discussed in Section 2.3, the strong coupling between the two

equal bonds results in the COO− asym. str. vibration from 1558 to 1593 cm−1 and rel-
atively weak COO− sym. str. vibration from 1403 to 1455 cm−1 [85, 86]. Therefore, the
absorption bands at ∼1570 and ∼1420 cm−1 in the as-prepared sample can easily be
attributed to the COO− asym. and sym. str. vibration modes, respectively. In addition,
the band at 1240 cm−1 is due to C–O str. vibration, while another band appearing at
1300 cm−1 can be ascribed to the twisting (twi.) mode of the methylene groups [122].
The infrared absorption spectrum indicates that the as-prepared ZnO hollow spheres do
contain citrate impurities.
Generally speaking, annealing can decompose impurity groups in the sample and

improve the crystal quality. Thermal treatment of the as-prepared ZnO hollow spheres
was performed at 400�C under an air atmosphere for 120 min. Figure 19(a) also shows
the room-temperature infrared absorption spectrum of the annealed ZnO hollow spheres.
Except for the absorption peak at around 1100 cm−1 due to the str. vibrations of Si–O–Si
in the oxidized Si substrates [123], all the absorption bands corresponding to the citrate
impurities disappear, clearly demonstrating that the impurities have been removed after
the annealing process. The room-temperature Raman spectrum in Figure 19(b) exhibits
the remarkable nonpolar optical phonon E2(high) mode of ZnO at 437 cm−1, which is
a typical Raman active branch of wurtzite ZnO. In addition to the 520 cm−1 structure
from the Si substrate, the other two very weak peaks at 332 and 581 cm−1 correspond
well to the ZnO multiple-phonon (Mp) scattering process and E1(LO) mode, respec-
tively [124, 125]. The appearance of the characteristic Raman peaks demonstrates that the
annealed ZnO hollow spheres are of good crystalline wurtzite structure.
PL is a powerful tool to investigate the optical properties of the yielded novel semi-

conductor structures. Figure 19(c) presents the room-temperature PL spectrum of the
annealed ZnO hollow spheres, which has a strong UV peak at 376 nm and a neg-
ligible green band. As discussed in Section 2.2, the UV emission originates from the
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recombination of free excitons in the near-band-edge of the wide bandgap ZnO. Although
the origin of the broad visible luminescence is still under controversy due to its com-
plexity, it is generally believed that the green emission comes from the recombination of
a photogenerated hole with the singly ionized oxygen vacancy [64]. The strong narrow
UV peak and the negligible green band in the PL spectrum also indicate the high optical
quality of the annealed ZnO hollow spheres.
As mentioned in the introduction section, the core/shell structured materials usu-

ally show improved physical and chemical properties. Figure 19(d) shows the room-
temperature PL of the ZnO solid spheres and ZnO/ZnS core/shell spheres to show the
improved optical properties of the prepared ZnO/ZnS core/shell spheres over their sin-
gle components. The PL spectrum of ZnO solid spheres shows a strong UV emission
peak at 377 nm and a negligible green band. The ZnO/ZnS core/shell spheres basically
exhibit the PL behavior of the ZnO cores with a small redshift (∼10 nm) in the UV region
and a distinct enhancement in luminescence intensity. The redshift in the PL spectrum
can be attributed to the strain caused by the lattice mismatch between ZnO and ZnS.
Theoretical work has already predicted that the strain in the ZnO/ZnS interface is strong
enough to reduce the total system bandgap [126]. In addition, a wider bandgap semi-
conductor material (ZnS) coated on the ZnO passivates the surface electronic states of
the ZnO cores, resulting in an obvious enhancement in the PL intensity of UV emission.
Such an enhancement in the emission has also been observed in the coaxial CdS/ZnS
nanowires [127].
Finally, it should be noted that the previous reports reveal that the ZnO hollow and

core/shell spheres prepared through the conventional methods contain a large number
of oxygen vacancies resulting in a weak UV emission and a strong broad green emis-
sion [40–42, 47]. The PL observation in Figure 19(c) demonstrates that the ZnO hollow
spheres obtained through the present method possess high optical quality with low oxy-
gen vacancies. After coating a thin layer of ZnS on ZnO solid spheres, the intensity of UV
emission enhances obviously in Figure 19(d). Therefore, these ZnO hollow and ZnO/ZnS
core/shell spheres are more applicable for the fabrication of optoelectronic devices, such
as UV light-emitting diodes and diode lasers.

5. SUMMARY AND OUTLOOK
In this chapter, we have reviewed our recent development in the fabrication and char-
acterization of ZnO and/or In2O3 semiconductor nanostructures, mainly nanodot arrays,
nanopore arrays, hierarchical nanostructures, and hollow spheres as well as core/shell
structures. We have attempted to present a broad overview on the design, control-
lable synthesis, structural, and optical properties of a wide variety of such metal oxide
nanostructures.

(1) With simple tuning the PAM nanopore size and height through the change in
anodization conditions, an effective approach has been demonstrated for fabricat-
ing ZnO nanodot arrays with controllable dot sizes and special In2O3 “rods in
nanodots” arrays with improved sheet density of In2O3 nanorods over 1012 cm−2.
High-quality ZnO nanopore arrays with ordered hexagonal pattern have been pro-
posed and realized by the aid of unique properties of ZnO (hexagonal structure,
polar surfaces, and preferred growth directions) and PAMs (controllable hexagonal
nanopores and localized negative charges). The versatile PAMs allow us to easily
assemble the single-crystalline In2O3 nanocolumns by the electrostatic attraction of
the localized charges into well-designed In2O3“rods in nanopores” arrays.

(2) Taking advantages of the controllable oxidation rate of Zn at different substrate
temperatures below and above the Zn melting point, we have prepared the hier-
archical pure ZnO nanostructures with controllable morphology by the two-step
oxygen-controlled thermal evaporation method at low temperature without any
catalysts. The Zn nanowires with little oxidation were firstly deposited on the Si
substrate located at the low-temperature area at step one, the hierarchical ZnO
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nanostructures were then synthesized at step two by evaporating the pure Zn
powder and simultaneously heating the one-step-prepared samples. It is shown
that the morphology of the hierarchical ZnO nanostructures can be well-controlled
by changing the oxygen flow rate and evaporation time. PL results indicate that
the optical properties can be modulated through controlling the morphology of
the ZnO nanostructures, which indicates that the prepared hierarchical pure ZnO
nanostructures can be potentially applied in nanoscale electronic and optoelectronic
devices.

(3) A simple, low-temperature, efficient, environmentally benign, template-free
hydrothermal method has been developed to realize the large-scale ZnO hollow
spheres. The successful realization lies in the facts that we use high concentra-
tion of trisodium citrate to control the nucleation and growth rate of ZnO crys-
tal for producing Zn(OH)2/ZnO solid spheres with core/shell structure, and then
remove subsequently the Zn(OH)2 cores by dissolving in a solution with pH = 8.
The concept for the realization of ZnO hollow spheres has been further employed
to the synthesis of various semiconductor core/shell structures via chemical con-
version on spherical templates. ZnO solid spheres obtained through annealing
the Zn(OH)2/ZnO solid spheres react with TAA for the synthesis of ZnO/ZnS
core/shell structures, which can be used as templates to realize other high-quality
ZnO-based core/shell structures, such as ZnO/Ag2S, ZnO/CuS, and ZnO/PbS. PL
measurements have demonstrated that the annealed ZnO hollow spheres are of
good crystalline wurtzite structure with high optical quality. Compared with the
uncoated ZnO solid spheres, the UV emission of ZnO/ZnS core/shell spheres is
dramatically enhanced, showing potential application in UV optoelectronic devices.

For the prospects of these three methods, it should be noted that the as-synthesized
large-scale regular ZnO and In2O3 nanodots and nanopore arrays by the aid of the PAM
templates are yielded at a significant percentage (near 100%) without any other forma-
tion of ZnO and In2O3. These ZnO and In2O3 nanostructures make them possible for the
application of filters and sensors due to the large surface areas with polar charges. The
ZnO and In2O3 nanopore array layers can also be taken away intactly from the PAM
surfaces to produce ZnO and In2O3 templates. The crystalline semiconducting nanopores
templates have great advantages over the amorphous PAMs, especially in the conduc-
tive and optical properties. Through epitaxial growth on the lattice planes, high-quality
heterojunction nanostructures can even be fabricated using ZnO and In2O3 templates.
This approach provides a general way to fabricate similar nanostructures of various other
semiconductor oxides and nitrides with polar surfaces. Therefore, the present PAM-aided
technique might be of great importance for future metal oxide nanodevice applications
with the advantages of technological simplicity, industrialization, robustness, as well as
without the necessity of catalysts.
Furthermore, the idea of employing the controllable oxidation rate of metal at

temperatures below and above the metal melting point in the simple two-step thermal
evaporation approach can not only integrate single ZnO nanostructures into controlled
hierarchical ones, but also realize the assembly of other semiconductor nanostructures. It
is also possible to fabricate hetero-nanostructures by assembling materials such as In2O3
or CdO nanorods on ZnO nanotubes by evaporating In or Cd powder under suitable
temperature at the second stage. The successful preparation of those complicated metal-
oxide nanostructures would greatly broaden the potential applications of nanostructures
in novel nanodevices.
Finally, it is reasonable to assume that more ZnO-based core/shell structures can be

realized through transferring the ZnO/ZnS core/shell structured sphere templates into
aqueous solutions containing other metal cations under the condition that those yielded
metal sulfides have lower Ksp than that of ZnS. Since core/shell structures usually show
improved physical and chemical properties compared with their individual materials,
these ZnO-based core/shell structures may find broader application in optoelectronic,
photocatalytic, and photovoltaic devices than those of pure ZnO structures. We can
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also expect that the concept of chemical conversion can be employed to prepare other
semiconductor core/shell structures with various geometrical shapes. For example, FeS
has even larger Ksp (1
59 × 10−19� compared with ZnS, synthesis of various FeS-based
core/shell structures (including FeS/ZnS, FeS/Ag2S, FeS/CuS, etc.) may be possible by
using different FeS nanostructures (e.g., nanowires, nanorods, nanospheres, etc.) as tem-
plates. Therefore, the present chemical conversion process is a general, facile, and eco-
nomic way to synthesize semiconductor core/shell structures with various compositions
and geometries for novel and unique properties.
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ReviewArticleChineseJournalofNatureV01．32No．3doi：10．3969／j．issn0253-9608．2010．03．003面向下一代光伏产业的硅太阳电池研究新进展沈文忠教授，上海交通大学太阳能研究所，上海200240*科技部国家重大科学研究计划(纳米研究计触)课题(2010CB933702)；上海市优秀学科带头人计划(08XDl4022)关键词硅太阳电池纳米晶纳米线多重激子效应以晶体硅为代表的第一代太阳电池和以非晶硅薄膜为代表的第二代薄膜太阳电池目前是光伏市场主流。第三代纳米结构太阳电池研发目标是在维持现有第二代薄膜电池沉积技术的经济性和环保性基础上显著提高电池性能及稳定性，进一步降低太阳电池的价格至每瓦0．5美元，甚至0．2美元及更低。笔者将简要综述近年来国际上面向下一代光伏产业的硅太阳电池研究新进展，内容集中在纳米硅薄膜叠层太阳电池、硅纳米线(包括轴向、径向和单根)太阳电池和基于多重激子效应的纳米硅热载流子太阳电池等三个方面。l刖罱近年来，以晶体硅为代表的第一代太阳电池(目前光电转换效率16％～18％，占光伏市场份额85％)产量以超过40％的速度高速递增，2007年全球产量已达到4Gw，2009年超过10GW。中国光伏产业发展更加惊人，2007年以1．088Gw的产量一举跃居世界首位，2009年的产量达到4．0Gw，稳居世界第一；无锡尚德在不到五年时间内已经跻身世界前三名，成为中国光伏产业的领跑者。最近三年，数十家光伏企业如雨后春笋般迅速崛起引起了全世界的关注。虽然2008年第四季度起全球金融危机使晶体硅材料的价格大幅降低，但目前晶体硅太阳电池的价格仍然每瓦超过1．5美元，这为第二代薄膜太阳电池的发展提供了良好的机遇。目前以非晶硅薄膜为代表的第二代薄膜太阳电池产业化正如火如荼地进行，电池转换效率一8％，非均匀性优于7％，太阳电池的价格低于每瓦1．0美元。但是非晶硅薄膜太阳电池的最大问题是光电转换效率比较低，而且随着时间的推移(一般十几天)，它的性能会出现光致衰退现象(即所谓的Staebler．Wronski效应[13)，其短路电流、转换效率等也随着下降。随着全球纳米科学的快速发展，纳米技术日渐成熟，降低太阳电池成本，提高光电转换效率和稳定性的一个重要思想是利用纳米技术。纳米结构材料成为新颖的太阳电池材料，它的应用将给蓬勃发展的太阳能光伏产业注入新的活力，形成所谓的第三代纳米薄膜太阳电池的研究热潮[2]，目标是在维持现有第二代薄膜电池沉积技术的经济性和环保性基础上显著提高电池性能及稳定性，迸一步降低太阳电池的价格至每瓦0．5美元，甚至0．2美元及更低(图1)。笔者将简要综述近年来国际上面向下一代光伏产业的硅太阳电池研究新进展，内容集中在纳米硅薄膜叠层太阳电池、硅纳米线太阳电池和基于多重激子效应的纳米硅热载流子太阳电池等三个方面。圈1三代(I、Ⅱ、Ⅲ)太阳电池的光电转换效率与价格间的关系编者按：2010年在中国上海召开的世博会是各国展示先进科技的平台，本刊特设能源、环境等专题予以集中报道。太阳能光伏是世博科技的重要项目之一，本刊邀请上海交通大学太阳能研究所所长沈文忠教授负责组稿，五篇论文全面介绍太阳能光伏技术的最新进展，内容包括光伏产业发展趋势、晶体硅太阳电池产业化技术进步、新一代薄膜电池研发进展、光伏系统与应用及下一代太阳电池技术前沿。·134·
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自然杂志第32卷第3期专题综述2纳米硅薄膜叠层太阳电池硅材料在太阳电池中的主流地位决定了纳米硅薄膜太阳电池在未来第三代太阳电池中的角色和地位。纳米硅薄膜是一种包含有非晶硅相和晶体硅纳米颗粒(量子点)的二相体系。和传统非晶硅薄膜的制备技术相容，纳米硅薄膜可以通过等离子体增强气相沉积(PECVD)在不超过300℃的温度下制备，只需要通过增加反应气体中的氢稀释比，非常有利于降低生产成本，也有利于在柔性衬底上制备太阳电池，而且其耐高温性能优于晶体硅电池。纳米硅材料的载流子迁移率、电导率和光学吸收系数都比多晶硅和非晶硅高，其光学带隙也可由纳米尺度效应调节到高效理想太阳电池所需要的带隙区域。同时在纳米硅中，氢对光照产生的额外悬挂键缺陷起到了有效的钝化作用，晶化作用使纳米硅内部的弱Si．si键或者Si．H键数量大大降低[3]，因此纳米硅太阳电池的性能和稳定性比起非晶硅太阳电池有了明显的提高。美国U-nitedSolarOvonic公司已经在实验室中尝试用纳米硅薄膜代替其中的底部和中间非晶锗硅结电池[4](图2(a，b))，利用长波的红光对纳米硅结电池几乎没有光致衰退现象这一特点，明显改善了电池性能的稳定性(图2(c，d))，并进一步发现小型硅颗粒和有序纳米结构有利于晶界钝化，从而提高电池性能。图2非晶硅／纳米硅三结薄膜太阳电池的性能(a’b)及稳定性(c，d)在探索提高纳米硅结构有序程度的大量实验和理论工作中，人们逐渐认识到氢在硅晶粒的生长过程中起着至关重要的作用。对生长过程中氢原子与硅原子相互作用微观调控的深层次认识，可以通过合理控制生长条件，在优化的衬底材料和衬底温度下生长出均匀有序的镶嵌在氢化非晶硅网络中的纳米硅薄膜结构。上海交通大学太阳能研究所利用改进的PECVD方法，通过控制射频功率和反应气压，在250℃的单晶硅衬底上成功地制备出均匀有序的硅量子点结构，其中硅纳米晶粒之间的非晶硅晶界极薄，厚度仅2～4个原子层。在这样的有序纳米结构中，不仅获得了优异的结构性能、与单晶硅可比的高室温电子迁移率(超过100cm2／Vs)(图3(a))、纳米硅／单晶硅异质结界面上的二维电子气[5]和电子退相干特性．而且还观察到体系中明显的量子共振隧穿现象和纳米结构中周期性负微分电导现象。同时，从体系纳米尺度三维势阱新型能带结构(由非晶硅晶界中缺陷态导致的硅晶粒内部载流子耗尽所形成)出发，成功实现不同浅能级掺杂浓度对能带结构的调控[6]及对量子共振隧穿现象的调控。在光学特性方面，通过生长条件调节晶粒大小或掺杂浓度，借助于纳米尺度效应·135·
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ReviewArticleChineseJournalofNatureV01．32No．3调控纳米硅薄膜材料的光学带隙，已经实现纳米硅的带隙在高效理想太阳电池所需的1．7～1．8eV左右[7]以及体系中较强的室温可见发光。在光电响应方面，揭示出由于纳米晶粒中光吸收截面的增大以及载流子电导率的提高，纳米硅薄膜与晶体硅相比具有更强的光吸收和更大的光电流[8_9](图3(b))。在太阳电池研发方面，研制的小面积渐变带隙纳米硅薄膜太阳电池初始效率达到11．4％(AMl．5(AM：airmass空气量)，1000W／m2，25℃)的国际先进水平，获得第15届PVsEC(国际光伏科学与工程大会)优秀奖。图3(a)纳米硅薄膜优良的电学输运，(b)光电特性以及(c)叠层纳米硅薄膜太阳电池结构目前，纳米硅薄膜太阳电池研发的机遇与挑战主要包括两方面：在薄膜材料制备方面，要求生长出高度有序和高迁移率的纳米硅薄膜，并在产业化需求的快速沉积和大面积均匀生长方面取得突破；在电池研制方面，重点研发已经有较好产业化前景的叠层纳米硅薄膜太阳电池。理论分析发现，在单结太阳电池中入射太阳光能量的20％左右损失在低于材料带隙光子的不吸收上面，而40％左右损失在高于材料带隙的热载流子晶格热离化上面。叠层多结太阳电池设计是一种非常简单而又有效的解决办法，目的是使不同能量的太阳光子被不同带隙的结电池所吸收，从而有效地提高太阳光子的利用效率。可以利用已经实现的均匀有序、高迁移率纳米硅薄膜材料构筑叠层多结纳米硅薄膜太阳电池。典型的双结结构·136·如图3(c)所示：在透明导电薄膜(TCO)上沉积顶层和底层纳米硅薄膜p-i-n结电池，分别吸收2．0eV和1．5eV的太阳光子，其带隙是由硅量子点的尺寸来调节控制的。在这种电池中由于没有非晶硅，电池性能的稳定性会比较好，预计不远的将来会有较好的产业化前景。具体技术路线包括采用PECVD技术来实现硅基薄膜的纳米晶化和可控生长：精确控制每一膜层厚度、掺杂浓度、晶态比及其它相关物性，实现可控晶态比、可控纳米晶粒尺度、可控禁带宽度和可控生长速度，为实现高光电转换效率的光伏电池提供强有力的材料支撑；利用反应等离子体沉积获得高品质TCO和缓冲层材料，包括受光面高陷光效应、高透光率和电导率TCO膜与硅薄膜的界面优化。系统设计的先进性可以实现低成本、高产率和高稳
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自然杂志第32卷第3期专题综述定效率的纳米硅薄膜太阳电池。3硅纳米线太阳电池半导体纳米线因其独特的光学和电学特性近年来引起了科研工作者的广泛关注，在太阳电池方面具有很大的潜在应用价值。由于硅材料和工艺在半导体工艺中占有主流地位，与其它材料相比，硅纳米线太阳电池的制作更容易与当前工艺兼容。目前硅纳米线太阳电池的研究热点是硅纳米线阵列太阳电池和单根硅纳米线太阳电池。结构最简单的硅纳米线电池就是直接在传统的晶体硅电池上制备合适的硅纳米线，以此作为减反层来增加光吸收从而提高电池的效率。人们通过理论分析和数值计算，发现半导体纳米线具有极低的光反射率[103，纳米线的吸收在短波长更高，只是在长波长较低，不过可以通过延长纳米线的长度或陷光技术来弥补；并将这种光学特性归因于光在纳米线结构中的多次散射，同时指出通过优化纳米线的直径和合适的折射率匹配可以增强光的吸收、减少反射⋯]。实验上确实已证明了硅纳米线的反射率明显低于硅薄膜和晶体材料(图4(a))，通过对比硅纳米线与单晶硅、多晶硅等的反射率，发现硅纳米线的确在红外波段吸收显著增强，原因一方面是反射率的显著降低，另一方面是纳米线导致的缺陷等对光子具有更强的捕获能力[12]。最近，美国加州大学Berkeley分校研究组通过光透射和光电流的测量表明：有序纳米线阵列能够增加入射光光程。加强因子高达73，优于其它散射方法[13]。美国加州理工学院研究组设计了新的陷光技术：纳米线首先覆一层Si3N4，随后沉积透明材料A1203纳米颗粒[14]，这些纳米颗粒散射入射光进入纳米线以使吸收最大化。结果表明，用不到5％的纳米线面积可以达到96％的吸收，整天可以吸收85％带隙以上的太阳光。同时，纳米线阵列也加强了近红外吸收，使整体光吸收超过对等的传统平板陷光限制(图4(b))。美国斯坦福大学研究组研究了单根纳米线的漏模共振(LMRs)现象。指出纳米线光吸收不仅与材料的本征吸收有关，还可以通过控制纳米线的尺寸、几何形状和纳米结构的方向改变光吸收【15]。他们又进一步研究了单根纳米线的光学天线效应，指出纳米线能够加强光吸收而几乎不依赖光照角度[163(图4(c))，这说明纳米线可以作为近乎完美的电池元素。圈4(a)硅纳米线吸收与硅薄膜和晶体硅材料的对比，(b)测量的硅纳米线吸收与等厚平面硅的理论吸收的对比，(c)单根硅纳米线不同角度的实验和计算吸收谱·137·
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ReviewArticleChineseJournalofNatureV01．32No．3目前，平板晶体硅太阳电池中单晶硅多采用各向异性碱性溶液织构，工艺成熟，多晶硅则采用酸性腐蚀，工艺还有待完善。硅纳米线的有效减反效应可以在传统的平板多晶硅太阳电池中有很好的应用(图5)。清华大学研究组已经尝试采用无电极化学腐蚀技术制备硅纳米线用于晶体硅太阳电池["]，具体过程是先在P型晶体硅上制作规则排列的纳米线阵列，然后通过磷扩散形成11型区，形成p-n结，最后通过常规的电池工艺制作硅太阳电池(图5(a))。实验结果发现纳米线结构能够显著降低光反射率，但这种平板硅纳米线阵列太阳电池的转换效率仅为9．3％。而多晶硅电池为4．73％(图5(b))。可能的问题在于表面电极接触不够致密，表面缺陷增加了表面电子一空穴复合速率。进一步将纳米线阵列的方向由垂直改成略微倾斜来改善表面电极接触，降低接触电阻，实验上已证明可以将电池转换效率提高到11．37％[倡]。以纳米线作为减反层的硅太阳电池仍有很多问题要解决，如纳米线的制备和改善电极接触等等。此外，法国研究组将rl型硅纳米线用化学气相沉积工艺和VaporLiquidSolid(VLS)方法生长在P型衬底上，制作了硅纳米线阵列电池，效率为1．9％[19](图5(c))。德国Jena光子技术研究所用无电极化学腐蚀法制作了轴向纳米线阵列电池。效率为4．4％L20J(图5(d))。圈5(a，c，d)几种硅纳米线阵列电池结构，(b)硅纳米线阵列太阳电池性能与表面形貌相比上面几种纳米线阵列电池。美国加州理工学院研究组提出的径向p-n结的纳米线阵列太阳电池E21]具有更大的优势(图6(a))：入射光吸收的过程发生在电池轴向，有效增加了光程，提高光的吸收利用；载流子分离的过程发生在电池径向，减小了输运距离，提高光生载流子的收集效率，综合起来将显著提高电池的短路电流、转换效率等指标。此外，由于载流子的短距离输运可以有效减少电子空穴对的体复合，这类电池对硅材料的要求低于传统电池。理论计算表明，对于电子扩散长度为100nm的径向硅纳米线，太阳电池的效率可达11％，远高于平板结构的1．5％。美国加州大学Berke．1ey分校研究组首先利用低温蚀刻和薄膜沉积方法制作了径向硅纳米线电池，只是效率不到0．5％E22]。最近，他们通过降低表面的粗糙程度和对纳米线直径和密度·138·的调控。大大提高了开路电压、影响因子和开路电压的值，光电转换效率达到5％[13]。这将极有可能在低成本材料上实现较高的转换效率，将是未来新型纳米线太阳电池的重要研究方向。除了纳米线阵列电池，单根硅纳米线在光伏和纳电子器件应用方面也受到人们的重视。美国哈佛大学研究组用VLS方法和化学气相沉积工艺制作了径向硅p-i-n纳米线太阳电池，电池效率达到3．4％，单根纳米线太阳电池最大输出功率达到72pWE23](图6(b，c))。而单根硅纳米线也已成功制作成轴向单结甚至多结p-i．11太阳电池结构，4．0pm厚本征区的单结太阳电池的效率为0．5％。输出功率仅4．6pWE24]。很清楚，这种轴向电池的效率和输出功率远低于前述的单根径向p-i．n太阳电池。由此可见，具有径向p-i．11结的纳米线太阳电
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自然杂志第32卷第3期专题综述池在载流子输运和收集方面确实展现出独特的优势。我们相信通过对单根纳米线的基础研究，能够阐释纳米线阵列电池的主要性质，有利于设计新一代高性能纳米线阵列电池。图6(a)径向p-n结的纳米线太阳电池结构示意图，单根径向硅p-i—n纳米线太阳电池(b)结构及(c)性能虽然硅纳米线太阳电池理论上比传统电池具有更优的性能，但传统电池的理论与工艺相对成熟，而硅纳米线太阳电池大多还处在实验室研究阶段。尽管近年来硅纳米线太阳电池在理论和制备上已取得很大的进展，但在真正实用中还会有不少全新的问题出现，无论在基础机理还是工艺实现方面，都值得更深入地探讨与研究。可以预计的是，下一阶段具体技术路线包括：p-Cores硅纳米线的有序可控生长；利用优化的PECVD沉积i-shell和n．shell；优化器件结构参数，包括掺杂、各层厚度、线直径和密度，并实现其有序可控生长；探索合适的欧姆接触和适合大规模生产纳米线阵列电池的工艺等。4基于多重激子效应的纳米硅热载流子太阳电池多重激子效应是指半导体材料吸收一个光子而产生多个电子一空穴对的过程(图7(a))，这种效应具有非常重要的基础研究意义和实际应用价值，涉及领域包括非线性光学、激光及光化学等，但特别相关的是光伏科学与应用方面。多重激子效应实际上早于20世纪50年代就在半导』体块体材料中就被发现，当时被称为载流子倍增效应，其产生机理被认为是碰撞电离机制，但由于其效率很低(不到1％)而被认为没有实际应用价值。2004年，Schaller和Klimov首次报道半导体纳米结构中具有很强的多重激子效应[25]，从而导致了半导体量子点结构中的多重激子效应得到了广泛而深入的研究。到目前为止，已在PbSe，PbS，PbTe，CdSe，Si和In_As等半导体纳米结构中观察到了明显的多重激子效应。发现在0．5～3．5eV的地面太阳光谱区域内，硅纳米晶会发生很强的多重激子效应，光子域值为2．4倍带隙，并在3．4倍带隙处量子产额达260％E26]，远好于晶体硅(图7(b))。在纳米结构多重激子效应产生机理理论研究方面，提出了虚拟激子产生理论、相干多重激子模型及碰撞电离机制等。除了相干多重激子模型所预言的相干现象没有被观察到以外，这些理论在解释多重激子现象上都是比较成功的。因此，多重激子效应已被国际学术界公认为是半导体纳米结构体系中普遍存在的现象。最新的研究进展是2009年报道的有特色PbS纳米结构光电探测器E273和纳米碳管光电二极管[28]直接利用了多重激子效应提高其器件性能。当然，目前对于半导体纳米结构中多重激子效应·139·
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ReviewA．rticleChineseJournalofNatureV01．32No．3的实验结果也出现了很多争议。主要集中在三个方面：①半导体纳米结构中的多重激子效应是否真的高效率存在?如果存在，其真正效率是多少?②半导体纳米结构中的多重激子效率是否一定高于相应块体材料中的多重激子效率?③是什么因素决定了半导体中多重激子效应的阈值能量，这个阈值是多少?圈7(a)一个光子产生单个和多个电子一空穴对的过程示意图，(b)硅纳米结构和体材料中的多重激子效应一般情况下，吸收一个光子只能产生单个激子，高激发能量的光子通过声子发射而浪费掉了。如果能实现一个光子产生多个激子(图8(a))，必将能充分利用高能量光子从而明显提高电池转换效率，因此，纳米材料中的多重激子效应可以进一步提高太阳电池的光电转换效率[29]。理论计算表明：在PbSe纳米晶中，这种新型电池的转换效率有望提高50％。因此，除了叠层薄膜电池设计，基于多重激子效应的新概念热载流子太阳电池方案是最近国际研究的热点。这种新方案的主要目的是充分利用热弛豫到半导体带边前的热载流子，以明显提高电池的转换效率，实现通过碰撞电离产生二个(或更多)电子一空穴对这一途径增加光电流，要求碰撞电离的速率要比热载流子冷却和其他弛豫过程高。现阶段，多重激子效应在硅纳米结构太阳电池上的应用创新研究还刚刚开始，目前还没有在纳米硅薄膜中观察到多重激子效应的报道。要实现这种多重激子效应热载流子太阳电池还有很多技术难题需要克服，最大·140·的困难是要求实现电荷的有效分离，其发生的时间要比多重激子产生的时间(10-13～10叫2s)长，但比双激子寿命(10—10s)要短。毫无疑问，这种基于半导体多重激子效应的新型热载流子硅纳米结构太阳电池，一旦实现必将对现有的光伏科学与技术产生革命性的影响。我们知道，在量子点阵列p-i—n太阳电池中，量子点间电子波函数的耦合所形成的微带(miniband)(图8(b))有利于减慢热载流子的冷却速率，使得热载流子可以在各自的P和n电极处传输并收集[29’30]。值得高兴的是，在已经实现的均匀有序纳米硅薄膜中，由于非晶硅晶界极薄(厚度仅2～4个原子层)，硅量子点间的电子波函数非常容易发生耦合，上海交通大学太阳能研究所在光电流谱实验研究中不仅观察到了非晶硅带尾态的跃迁，而且还清楚地证明纳米硅薄膜中微带的存在[31](图8(c))，这为开展纳米硅热载流子薄膜电池的探索研究提供了机遇。具体技术路线包括：利用优化的PECVD方法制备半导体纳米硅p-i．n薄膜太阳电池结构；通过光电流谱手段来表征器件在不同频率光照下的响应情况；探索
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Abstract
We have carried out a detailed investigation of the effect of water content on the electrochemical
anodization of Ti in electrolytes consisting of ammonium fluoride, water, and ethylene glycol.
We have explored the possible growth of ordered TiO2 nanotubes in the electrolyte with water
concentrations from 1 to 100 vol% and the applied voltage from 10 to 150 V, where large
diameter (∼600 nm) and fast growth rate (∼100 μm h−1) have been successfully realized for
the self-organized TiO2 nanotube arrays. The achievement benefits from the clear
understanding of the effects of both the water content and the anodization voltage on the
formation of TiO2 nanotube arrays. We have further shown crystalline formation of TiO2

nanotubes by simple thermal annealing. The mechanisms of the effect of the water content on
the diameter and growth rate revealed here should establish a basis for further optimization of
the TiO2 nanotube geometries.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

TiO2 nanotubes have attracted tremendous attention due
to the combination of a wide band gap semiconductive
nature with high surface area and high aspect ratio. Their
excellent optical and electrical characteristics make them
suitable for use in water splitting [1], dye-sensitized solar cells
(DSSCs) [2, 3], and photocatalysis [4]. Due to the specific
ion intercalation properties, TiO2 nanotubes can also be used
in electrochromic display devices [5]. Their biocompatibility
further makes them important for biomedicine application [6].
For fabricating TiO2 nanotubes, a great many approaches,
such as template-based, hydrothermal, and sol–gel methods,
have been exploited [7–9]. Recently, self-organized growth
by anodization has drawn much more attention [10–13]; this
has the advantages of simplicity and of vacuum and high
temperature being unnecessary, while retaining quite regular
ordering. In the self-organized growth, each individual TiO2

nanotube is perpendicular to the membrane surface and the
TiO2 layer has a good ohmic contact with the Ti substrate.

1 Author to whom any correspondence should be addressed.

Since the first report on anodic TiO2 nanotubes by
Zwilling et al in 1999 [14], more and more studies have
been followed up. Among those studies, the tube formation,
including the tube morphology and controlling of tube sizes
(diameter and length), has become an interesting topic, and is
the basis for further investigation of the optical and electrical
properties and related applications. The electrochemical
system plays a key role in the optimized growth. Three
generations of fluorine-containing electrolytes have been
employed for anodization of Ti foil to fabricate TiO2 nanotube
arrays. The first-generation electrolyte is based on dilute
hydrofluoride (HF) acid aqueous solution, in which the
maximum thickness of TiO2 nanotube arrays is limited to just
several hundred nanometers due to the high rate of chemical
dissolution of TiO2 by fluorine ions [15, 16]. The second-
generation electrolyte, a fluorine-containing buffer solution,
can achieve arrays of TiO2 nanotubes several micrometers
in length by controlling the PH gradient within the growing
nanotube to reduce the dissolution [11, 17]. At present,
the third-generation electrolyte which consists of fluoride and
a viscous organic electrolyte such as ethylene glycol (EG)

0957-4484/10/035601+07$30.00 © 2010 IOP Publishing Ltd Printed in the UK1
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or glycerol is prevalent applications, and can produce TiO2

nanotube arrays with an ultrahigh aspect ratio [13, 18–21]. Up
to now, the largest tube diameter (in this paper, ‘tube diameter’
stands for the outer diameter), the longest tube length, and
the fastest growth rate have been reported to be 300 nm [22],
1000 μm (in nine days) [23], and 60 μm h−1 [24], respectively,
for the third-generation electrolyte.

In this paper, we report the realization of tunable TiO2

nanotubes with the largest diameter of 600 nm and the fastest
growth rate of about 100 μm h−1 in an electrolyte of water
and EG with a little addition of NH4F. The success lies in
the clear understanding of the effects of both the water content
and the anodization voltage on the formation of TiO2 nanotube
arrays with systematic change of the applied voltage and
water content from 1 to 100 vol%. This work was motivated
by the fact that TiO2 nanotube formation consists of two
major processes: electrochemical oxidization and chemical
dissolution of the oxide by F− ions through Ti + 2H2O →
TiO2 + 4H+ + 4e− and TiO2 + 4H+ + 6F− → TiF2−

6 + 2H2O,
where addition of water will affect both the ionization of
NH4F and the mobility of the F−, O2−, and TiF2−

6 species.
TiO2 tubes with larger tube size can have greater super-
hydrophilic and super-hydrophobic behavior before and after
treatment with octadecylphosphonic acid, respectively, which
may be very useful in various fields, such as cell adhesion or
protein adsorption [25], and a larger tube diameter allows a
larger range of amounts and eluting rates controlled in drug
elution [26].

2. Experimental details

Prior to the anodization, the Ti foils (0.25 mm thick, 99.7%
purity, Sigma-Aldrich) used in this study were cleaned
via ultrasonic baths in acetone, isopropanol, methanol, and
ethanol, respectively, followed by subsequent rinsing in de-
ionized water and drying with nitrogen. Electrochemical
anodization of the Ti foils was performed in a two-electrode
configuration using a direct current power supply (Agilent
5720), in which a Cu sheet was used as the counter electrode,
and a Keithley 2400 sourcemeter was used to measure the
resulted current. Anodizing was undertaken in a quiescent
solution of 0.09 M NH4F in de-ionized water and EG. The
water concentration in the solution was 1, 5, 10, 20, 30, 50, 70,
90, and 100 vol% and the experimental voltage ranged from
10 to 150 V. All electrolytes were prepared from reagent grade
chemicals. NH4F acts as a pore opening reagent and the NH4F
concentration also plays a key role in controlling the surface
morphology, but we fixed it into 0.09 M in order to focus on
the effects of the water concentration and applied voltage. For
the balance of the ordering (which requires low temperature)
and the growth rate (which requires higher temperature), we
have fixed the temperature at a moderate value of 20 ◦C. The
anodization includes an initial voltage ramp before reaching a
certain value, and afterward a constant voltage fixed for 1 h.

The TiO2 nanotube arrays yielded were rinsed with
de-ionized water and dried in air spontaneously after
the experiments. Their morphology and structure were
characterized by a field-emission scanning electron microscope

(FE-SEM; Philips XL30FEG) with an accelerating voltage of
5 kV. In order to produce defined anatase structure, all the
samples were annealed at 500 ◦C for 10 min in air with a
heating rate of 10 ◦C min−1 by using a muffle furnace (Thermo
Scientific F48020). Raman measurements were carried out to
examine the crystalline form of both as-prepared and annealed
TiO2 nanotube arrays at room temperature using a Jobin Yvon
LabRAM HR 800UV micro-Raman system. The Raman
spectra were recorded in a backscattering configuration using
an exciting wavelength of 514.5 nm from an Ar+ laser.

3. Results and discussion

3.1. Tuning of the TiO2 nanotube diameter

In order to investigate the influence of the water content
in the organic electrolyte, we have carried out preliminary
experiments with electrolytes containing 0.09 M NH4F and
a mixture of water and EG with volume ratios from 1:99
to 100:0 vol%. Taking the applied anodization voltage of
30 V as an example, where TiO2 nanotubes can be formed
over almost the whole range of water concentration, our
experiments show that the average diameter increases from 85
to 180 nm as the water content goes from 1 to 50 vol%, and
then decreases back to 120 nm when it goes up to 70 vol%.
Figures 1(a–a′′) present the top-view SEM micrographs of
TiO2 nanotube arrays obtained by Ti anodization at 30 V in
different electrolytes containing 0.09 M NH4F and a mixture
of water and EG with three volume ratios: (a) 10:90, (a′) 30:70,
and (a′′) 50:50 vol%, for which the tube diameter is 110, 140,
and 180 nm, respectively. This is evidence supporting the
above result. Another phenomenon is that the nanostructure
becomes less ordered with water content increasing, i.e., the
standard deviation of the diameters is larger. Considering
the relationship among the diameter, uniformity, and water
content, TiO2 tubes with both larger diameter and higher order,
which may benefit the applications in cell adhesion, protein
adsorption [25], and drug elution [26], should be obtained in
electrolyte containing H2O less than 50 vol%.

We have further studied the dependence of the TiO2

nanotube diameter on the anodization voltage exerted in
0.09 M NH4F in EG with different water contents. We
have found that the greater the water content is, the smaller
the anodization voltage range in which ordered tubes can be
formed is. For instance, we can achieve ordered nanotube
arrays in electrolyte containing 0.09 M NH4F and a mixture
of water and EG with 1:99 vol% between 30 and 150 V, in
which the corresponding diameters are from 85 to 300 nm.
When the applied potential exceeds the range, there are only
disordered porous nanostructures or a compact oxide layer
left. As the ratio of water/EG changes to 90:10 vol%, the
anodization voltage range reduces to just between 10 and 25 V.
Figures 1(b–b′′) show the cross-sectional SEM micrographs of
anodic TiO2 nanotube arrays in electrolyte containing 10 vol%
H2O for 1 h at different applied potentials: (b) 60, (b′) 110, and
(b′′) 140 V. Their average diameters are 200, 300, and 450 nm,
respectively. Moreover, our detailed SEM observations for
a series of applied voltages indicate that the average tube
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Figure 1. SEM images of TiO2 nanotube arrays obtained from Ti anodization in 0.09 M NH4F in EG, with water contents of: (a) 10 vol%,
(a′) 30 vol%, and (a′′) 50 vol% H2O at 30 V; 10 vol% H2O at (b) 60 V, (b′) 110 V, and (b′′) 140 V. SEM (c) top and (c′) cross-sectional views
of the giant TiO2 tubes with diameters of about 600 nm under 10 vol% H2O at 150 V; and (d) an SEM cross-sectional view of the fast growth
rate (∼100 μm h−1) of TiO2 tubes under 1 vol% H2O at 150 V.

diameter is linearly proportional to the anodization voltage in
every fixed water concentration, which is also supported by our
other experiments with two alternative anodization voltages.
Whether the voltage jumped up or down between the two
voltages, an apparent interface can be clearly observed between
the two nanotube layers with different diameters corresponding
to the different voltages.

We have illustrated in figure 2 all the potential ranges
under the different water contents for which ordered TiO2

nanotube arrays can be formed. It is clear that figure 2
presents rich information on the tube diameter which covers
H2O concentration from 1 to 100 vol% and anodization voltage
from 10 to 150 V. As we know, the diameter of the TiO2

nanotube arrays becomes larger and larger along with the water
content going from 1 to 50 vol% and the voltage soaring. As
a result, it is possible to grow self-organized TiO2 nanotube
arrays with large diameters of up to 600 nm just by optimizing
the water content and anodization voltage. On one hand, when
the water content is more than 20 vol%, the maximum diameter
of the tube is less than 300 nm, since the voltage range in
which ordered tubes can be formed is drastically reduced. On
the other hand, when the water content is less than 1 vol%,
the formation of large tubes (>300 nm) is also impossible no
matter what voltage is employed. Therefore, for the fabrication
of large tubes (>300 nm), addition of water content between 1
and 20 vol% is anticipated. We have successfully fabricated
large diameter TiO2 nanotube arrays (∼600 nm) by tuning the
water content and the voltage, as shown in figures 1(c, c′), in
0.09 M NH4F in EG with 10 vol% water at 150 V.

Figure 2. Diameters of different TiO2 nanotube arrays achieved in
0.09 M NH4F in EG, with different water contents (from 1 to
100 vol%) and different voltages (from 10 to 150 V). All of the
samples were fabricated at 20 ◦C for 1 h.

3.2. Mechanism of the effect of water on the tube diameter

The effect of the water content on the tube diameter might be
explained as follows. In the anodizing process, TiO2 nanotube
arrays were self-organized through the delicate dynamic
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balance of electric field induced oxidation of Ti and the
chemical dissolution of TiO2 by H+ and F− under an electric
field [27]. We assume two factors prior to the discussion of the
mechanism: (i) according to the Stokes–Einstein relation, the
diffusion coefficient is inversely proportional to the viscosity
of the solution; the diffusion of H+ and F− is expected to
be enhanced with the water concentration increasing; and
(ii) during the anodization, the oxidation rate is significantly
inhibited by the thickness of the barrier layer, i.e., as the barrier
layer grows, the oxidation rate decreases until it is finally equal
to the dissolution one. When the barrier layer gets thinner,
the oxidation rate increases, until a final balance with the
dissolution rate is established.

As shown in figure 3(a), when the water concentration
increases from 1 to 50 vol%, at the initial anodizing stage, the
dissolution rate at the tip of the tube bottom increases but is still
lower than the oxidation rate, and the barrier layer has enough
time to reach the maximum thickness, rmax, which is directly
proportional to the anodization voltage [27]. With the increase
of the dissolution rate, the diameter of the semicircular tip of
the tube bottom becomes larger and larger, and the thickness
of the barrier layer is still constant, which results in increase of
the tube diameter. Besides, at a fixed anodization voltage, the
voltage drop across the whole Ti foil increases with the water
content also due to the reduced resistance of the electrolyte,
which leads to an additional increase δr from rmax. Therefore,
the tube diameter increases monotonically with the increasing
water content range, from 1 to 50 vol%. However, when the
water concentration goes beyond 50 vol%, the dissolution rate
exceeds that of oxidation and the chemical dissolution becomes
the dominant reaction. As the barrier layer expands to r1

(smaller than the maximum layer thickness in that condition),
the tip has reached full depth and the tube at that position has
no chance to expand further, since the oxidation only takes
place near the bottom of the tube. As a consequence, the tube
diameter decreases even though the voltage drop across the Ti
foil still rises slowly.

Furthermore, the voltage range in which ordered TiO2

tubes can be formed becomes narrow in electrolytes with
increasing water content (see figure 2). On one hand, if the
applied voltage is too low, the electric force has so small an
influence on the F− ion that the dissolution in the vertical
direction into the depth of the bulk Ti can hardly happen—
where the tube formation cannot be initialized and there is
only a compact oxide layer on the surface; the low voltage
limit slowly decreases with increasing water content since the
dissolution in the vertical direction is accelerated because of
more highly concentrated F− ions due to stronger ionization
and higher mobility due to lower viscosity. On the other hand,
when the applied voltage is too high, the distortion of the
field at the top of the tube makes the dissolution in the other
directions greatly accelerated by the component of the electric
field. Soon after the oxide layer is formed, dissolution happens
from many directions, which again encourages distortion of
the electric field. This process results in a very disordered
porous form of TiO2 tubes. With increasing water content,
the upper voltage limit decreases significantly as a result of
the enhancement of the multi-direction dissolution process at

Figure 3. (a) Schematic illustration of the mechanism of TiO2 tube
formation: the diameter changing with the increasing water
concentration. Black and blue arrows indicate dissolution and
oxidation processes, respectively. (b) High speed growth mechanism
for TiO2 nanotube formation by stable high field anodization.

the top of the tube due to the highly concentrated and mobile
F− ions. Compared to the low voltage counterpart, the high
voltage limit drops much faster since the dissolution is more
affected by the increasing H2O content at high field. Therefore,
the voltage range in which ordered TiO2 nanotubes can be
formed shrinks as the water content increases.

3.3. Optimizing the growth rate

Figure 4(a) shows the growth rate of the anodic TiO2 nanotube
arrays at 30 V in 0.09 M NH4F in EG with different water
contents. It is clear that the growth rate decreases significantly
with the increasing water concentration in the electrolyte. With
the increase of the water concentration, the mobility of H+ and
F− is increased, and so is the concentration of F−, as mentioned
in section 3.2, which induces a significant increase in chemical
dissolution at the top of the nanotube. Despite the dissolution
at the tube bottom also being accelerated [10], resulting in a
growth of the tube tip, the dissolution of the top increases much
faster than the tip growth. As a result, the overall growth rate,
which depends on both the dissolution at the top of the tube and
the growth at the bottom [28], decreases with the increasing
water content.

The growth rate is also inseparably linked with the total
transferred charge per unit time [28]. Figure 5 presents the
relationship between the TiO2 tube length for a constant growth
time and the total transferred charge (

∫
I dt) for different

anodization voltages and water concentrations. It should be
noticed that at the same water concentration, the data at the
different voltages fall on the same straight line, i.e., the tube
length is linearly proportional to the total charge transferred
in a given time, where the larger quantity of total transferred
charge is obtained at the higher voltage. Therefore, increasing
the applied voltage is an especially efficient way to achieve
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Figure 4. TiO2 tube growth rates of Ti anodization in 0.09 M NH4F in EG with different (a) water contents at 30 V and (b) applied voltages in
electrolytes containing 1 and 10 vol% H2O.

Figure 5. Tube length versus total charge transfer during 1 h in
0.09 M NH4F in EG with different water contents. Solid lines are the
linear fits of the experimental data.

the larger charge transfer, going on to achieve the higher
growth rate. Furthermore, the current efficiency, normally
defined as the ratio of TiO2 in finally formed nanotubes to total
oxidized Ti (proportional to the total transferred charge) [10],
can be characterized by the slope of the straight line. Under
different water concentrations, the slope of the straight line
varies inversely with the water concentration. The decrease of
the current efficiency can be understood as indicating that the
TiO2 is further etched by the accelerated dissolution due to the
increasing water concentration. Taking into account the effect
of the water concentration on the growth rate in figure 4(a),
we can draw the conclusion that, to obtain TiO2 tubes with
high growth rate, the anodization voltage should be as high
as possible for larger total transferred charge and the water
concentration cannot be too high for higher current efficiency.

Figure 4(b) exhibits the relationship between the growth
rate and anodization voltage in organic electrolyte with a little
water. For the electrolyte containing 1 vol% H2O, the growth
rate increases linearly with the voltage; however, the slope is
much larger when the voltage is beyond 90 V. As we know,
increasing current in the anodization process accelerates the

drift of F− to the tube bottom and enhances the dissolution
rate. The barrier layer can still reach the maximum thickness
since the dissolution rate is not very high when the voltage
is lower than 90 V, resulting in a slow increase of the growth
rate. The drastically increasing growth rate caused by the high
field anodization can be explained by the autocatalysis process
shown in figure 3(b). The higher applied voltage induces a
larger current, making the voltage drop in the electrolyte rise,
leading to faster F− drift velocity to the tube bottom. The
increased amount of F− in the tube bottom accelerates the
dissolution of the barrier layer further, so it has no time to reach
the maximum thickness. The thinning barrier layer brings
about a higher current, which goes back to first step of the cycle
in figure 3(b). As a result, the high field growth rate increases
much faster as the voltage rises. We have achieved the fastest
growth rate of ∼100 μm h−1 (see figure 1(d)) in 0.09 M NH4F
in water and EG with 1:99 vol% at 150 V, which is the highest
applied potential for the ordered nanotube shown in figure 2.
Since the longer the tube is, the lower the F− ion concentration
is in the tube bottom [28], the cycle goes on until a new balance
is built up, which is determined by the F− ion concentration at
the bottom.

For the electrolyte containing 10 vol% H2O, however,
the growth rate declines when the applied voltage is higher
than 125 V, although they retain a linear relationship below
90 V and there is still an increase between 90 and 125 V.
The origin of the decline is the faster dissolution at the top
of the tube under the higher voltage and water concentration
(10 vol%). The higher voltage and the faster dissolution bring
about an increasing electric field contribution at the tip of the
tube bottom and induce increasing horizontal dissolution, i.e.,
a large diameter, as discussed in section 3.2. The increasing
horizontal dissolution consumes the F− ions so the dissolution
in the vertical direction is decelerated. Therefore, the total tube
growth rate goes down due to the fast dissolution at the top and
the slow growth at the bottom.

3.4. Crystalline formation

As we know, the as-prepared TiO2 nanotube arrays were
amorphous. However, they should be converted into anatase
or rutile phase for the application of TiO2 nanotubes in
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Figure 6. Raman spectra of (a) as-prepared and ((b)–(d)) annealed
TiO2 nanotube arrays. The samples in (a) and (b) were obtained at
90 V in electrolyte with 10 vol% H2O, while those in (c) (with the
largest diameter of ∼600 nm) and (d) (with the highest growth rate of
∼100 μm h−1) were fabricated at 150 V in electrolyte with 10 and
1 vol% H2O, respectively. The annealing was carried out in air for
10 min at 500 ◦C. The Raman peaks exhibited at 143, 196–197,
393–395, 517–521, and 636–638 cm−1 demonstrate the formation of
anatase TiO2 after annealing. The inset shows the SEM image taken
from the annealed largest tube whose corresponding Raman
spectrum is shown in (c).

DSSCs [3], biomedicine [6], and so on. Thermal annealing is a
convenient way to obtain crystalline formation of the anodized
TiO2 nanotube arrays with the well-ordered tubular structure
retained [29, 30]. Figure 6 presents the room temperature
Raman spectra of (a) as-prepared TiO2 nanotube arrays and
((b)–(d)) annealed ones, with the annealing carried out in air
for 10 min at 500 ◦C with the heating rate of 10 ◦C min−1.
The thermal stability of the tubes is demonstrated by the
inset SEM image taken from the annealed largest tube whose
Raman spectrum is shown in figure 6(c). A broad Raman
spectrum is shown by in curve (a), indicating that the as-
prepared TiO2 is amorphous. In contrast, the annealed TiO2

nanotubes (curve (b)) exhibit specific Raman peaks at 143,
197, 393, 517, and 636 cm−1. It is well known that the
structure of anatase TiO2 belongs to the space structure group
of D19

4h = I 41/amd . It has six Raman active vibrational modes,
with the corresponding peaks of 144 cm−1 (Eg, v6), 197 cm−1

(Eg, v5), 399 cm−1 (B1g, v3), 514 cm−1 (A1g + B1g, v1 + v2),
and 639 cm−1 (Eg, v4) [31]. We have further annealed the
TiO2 nanotubes with the largest diameter of ∼600 nm and
with the highest growth rate of ∼100 μm h−1, which were
fabricated at 150 V in electrolyte with 10 and 1 vol% H2O,
respectively. The corresponding Raman results, curves (c)
and (d), display similar peaks to curve (b). It is clear that
our Raman observation has unambiguously demonstrated the
successful transformation of amorphous TiO2 into anatase
TiO2 nanotube arrays after thermal annealing, including the
extreme specification ones.

4. Conclusions

In summary, we have developed a simple and efficient way
to tune the diameter (50–600 nm) and optimize the growth
rate (up to ∼100 μm h−1) of the self-organized TiO2 nanotube
arrays in electrolytes consisting of water, ethylene glycol,
and ammonium fluoride. A complete phase diagram of the
nanotube formation at room temperature has been established
through a systematic investigation over a wide range of water
concentration (1–100 vol%) and voltage (10–150 V). We have
found that the nanotube diameter increases with the water
concentration up to 50 vol%, while the growth rate decreases
monotonically with the increasing water content. The diameter
varies directly with the voltage applied in the electrolyte,
and the growth rate soars in the high field. However, the
anodization voltage range in which ordered nanotubes can
be formed shrinks significantly as the water concentration
increases. The success of the present work lies in the clear
understanding of the effects of both the water content and
anodization voltage on the formation of TiO2 nanotube arrays.
In addition, we have converted all the as-prepared amorphous
TiO2 nanotube arrays into anatase phase by annealing at high
temperature in air. The mechanisms of the water content effect
on the diameter and growth rate clarified in this study should
provide tools for further optimization of the TiO2 nanotubes
under different electrolyte compositions and temperatures.
Moreover, the idea advanced in the present work will also
provide a wide range for tuning the geometries of tube or pore
nanostructures of other anodization valve metals, such as Zr
and Hf.
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Abstract
Highly ordered TiO2 nanotubular arrays have been prepared by two-step anodization under high
field. The high anodizing current densities lead to a high-speed film growth
(0.40–1.00 µm min−1), which is nearly 16 times faster than traditional fabrication of TiO2 at
low field. It was found that an annealing process of Ti foil is an effective approach to get a
monodisperse and double-pass TiO2 nanotubular layer with a gradient pore diameter and
ultrathin tube wall (nearly 10 nm). A higher anodic voltage and longer anodization time are
beneficial to the formation of ultrathin tube walls. This approach is simple and cost-effective in
fabricating high-quality ordered TiO2 nanotubular arrays for practical applications.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In recent years, nanotubular materials have attracted increasing
attention due to their unique properties and potential
applications [1–3]. The different chemical and physical
properties of these novel materials have been ascribed to
their characteristic structural features, that is, high surface-
to-volume ratios and size-dependent properties. In particular,
much more recent studies have indicated that ordered
TiO2 nanotube arrays possess outstanding charge transport
properties. So this outstanding properties had enabled a
variety of advanced applications in gas sensing [4], dye-
sensitized solar cells [5–10], catalysis [11–14], doping [15],
biomedicine [16] and photovoltaics [17–19]. In recent years,
there have been many reports on the synthesis strategies of

4 Author to whom any correspondence should be addressed.

nanotubular TiO2 film structures already, such as template-
based methods [20, 21], hydrothermal processes [22, 23], sol–
gel transcription using organo-gelators as templates [24, 25],
electroless deposition methods [26] and anodic oxidation of
titanium [27–31]. However, of all these methods, anodic
oxidation is considered as the most prominent one, in which
the dimensions can be precisely controlled.

Fabrication of TiO2 nanotube arrays via anodic oxidation
was first reported in 2001 by Grimes et al [27] using titanium
foil in a fluoride-based electrolyte. They had reported that
the composition of the electrolyte determined both the rate of
nanotubular array formation, as well as the rate of the resultant
oxides’ dissolution. In the electrolytes, fluoride ions play an
important role in the nanotubular array formation rather than
other components. And in recent years, precise control of the
nanotube morphology [27] and parameters of dimensions, such

0957-4484/10/405302+09$30.00 © 2010 IOP Publishing Ltd Printed in the UK & the USA1
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as length, pore size [28] and wall thickness [32], have been
studied.

For the HF-based electrolyte (0.5 wt% HF aqueous
solution) [27, 33–35], foils were anodized at lower voltages,
varying from 3 to 20 V at room temperature. It was found
that at a lower voltage the porous film is similar to that of
porous Al2O3 [36]. As the voltage increased to 10 V or
even larger, the discrete, hollow, cylindrical tube-like features
gradually appeared. However, these layers showed a limited
thickness that would not exceed 500–600 nm. Later, Macak
et al [30, 37–39] carried out a series of experiments using a
buffered neutral KF-based (or NaF-based) aqueous electrolyte
system with variable pH and got improved nanostructured
arrays. In this strongly acidic solutions (pH < 1), they got
nanotubular structures at anodization voltages larger than 25 V.
As the conditions of this system are strongly determined by
pH, that means longer nanotubes can be formed in lower pH
solutions. They had got nanotubes with layer thicknesses
greater than 2 µm. Meanwhile, another group chose an
organic electrolyte (nonaqueous solution) [40] and they had got
tubes with extremely smooth walls and tube lengths exceeding
7 µm. After that, Grimes and his co-workers reported in
2006 the use of polar organic solvents such as dimethyl
sulfoxide (DMSO), ethylene glycol, formamide and N-methyl
formamide to achieve nanotube arrays with lengths of several
hundred microns [41]. Subsequently they prepared nanotube
arrays up to 1005 µm in length [42]. Paulose et al [43]
used an electrolyte composition of 0.3 wt% NH4F and 2 vol%
H2O in ethylene glycol and the anodization voltage was 60 V.
The inner diameter was about 90 nm, wall thickness was
about 50 nm, the distance between holes could reach up to
150–200 nm and the anodization time lasted for 72 h, which
was considered to be much longer for the optimum anodizing
conditions to achieve optimal arrays.

So far, many more studies on the fabricating technology
of TiO2 nanotube arrays via anodic oxidation were done at
relatively lower fields (5–60 V) [44, 45]. Precise control of
the nanotubes’ wall thickness and the tube-to-tube spacing are
still huge challenges. Here, we report the fabrication of TiO2

nanotube arrays with gradient diameters and ultrathin tube
walls (∼10 nm) by two-step high-field anodization and then
thermal annealing approaches. The distance between holes
could be controlled on a large scale and the growth rate of the
layer could also be enhanced greatly, which means a shortened
time of anodization (4 h).

2. Experimental details

Prior to our anodization, the titanium foils (99.7% purity) or
annealed titanium foils (at 800 ◦C in an argon atmosphere)
with a radius of 1 cm and about 0.25 mm thickness should be
polished. First, the foils were degreased in acetone for 10 min
and then ultrasonically cleaned in distilled water. Then the
foils were dried in air for about 3 h. Finally, a chemical polish
(15 min) was finished in HF (4 vol%). This was the key step
in our pre-experiments, which determined the surface status of
the titanium foils. The polished titanium foils were then put
into a tailor-made holder with a circular area of 2 cm2 exposed
to the electrolyte.

Table 1. Parameters of the two-step anodization at different voltages
and times.

90 V 120 V 150 V 180 V 220 V

Anodization
temperature (◦C)

20 20 0 0 −10

Anodization
time (min)

240 120 120 120 20

Growth rate of the
layer (µm min−1)

0.42 0.97 0.80 0.93 0.94

A two-electrode (a Pb board as cathode, titanium
foils as anode), temperature-controlled (20, 0 and −10 ◦C)
electrochemical anodization bath was used. A stirring
apparatus (800 rpm) was used to make sure that the reaction
occurred in a uniform electrolyte. A regulated DC power
supply (AgilentN5752A) was used to ensure a uniform local
voltage.

For the whole fabrication process, we used an electrolyte
composition of 0.3 wt% ammonium fluoride (NH4F) and
4 vol% water in ethylene glycol (96 vol%). Anodization was
carried out at three temperatures (20, 0 and −10 ◦C), different
voltages and times (shown in table 1).

After the anodization, we dried our resulting samples
(the oxide layer adheres to the titanium foils) in air at room
temperature for 24 h. Then the oxide layer would be isolated
from the titanium foils automatically. Next, we used the
remaining titanium foils as a new anode. The following
operation was the same as before. We called this method two-
step oxidation. Highly ordered TiO2 nanotubular arrays were
fabricated through this two-step anodizing electrochemical
procedure.

The TiO2 nanotubular arrays were further annealed at
different temperatures (400 and 800 ◦C) to get different
crystalline structures (anatase and rutile phases).

The morphologies of our samples made by two-step
oxidation were observed using a field-emission scanning
electron microscope (FESEM, Philips XL30FEG). Energy-
dispersive x-ray (EDX) spectroscopy (INCA Oxford) was
recorded at the surface of the pre-texture titanium foil (made
by removing the TiO2 layer of the first step of anodization).
Crystal structures of two different titanium foils were examined
using x-ray diffraction (Lab XRD-6000, Shimadzu).

3. Results and discussion

Figure 1(a) shows the SEM image of TiO2 nanotubular arrays
through the one-step oxidation. However, there is a thin
layer with irregular holes on the tubular structure and the
TiO2 nanotubes are not dispersed, while it is noticed that
the whole oxide layer can be isolated from the titanium foils
automatically when the anodization time is about 4 h after
drying in air for some time, as shown in figure 1(b). Next we
observed the backside of the oxide layer. Unfortunately, in this
one-step oxidation, the barrier layers with a thickness of about
0.5 µm were not separated from the tube layers completely.

In particular, it was observed that the surface of titanium
foil without an oxide layer has a honeycomb structure
(each cell is actually an etch pit, as shown in figure 1(c)).
Furthermore, EDX spectroscopy of the surface of the
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Figure 1. FESEM images and photo images of anodic TiO2 membranes. (a) One-step anodization at 90 V; (b) the titanium substrate after the
whole oxide layer was isolated automatically, free-standing TiO2 membranes and as-prepared whole sample; (c) the surface of titanium
substrate after TiO2 membrane breaking off; (d) and (e) TiO2 nanotubular array membrane prepared by second anodization at 90 V; (f) TiO2

nanotubular array membrane prepared by second anodization at 180 V.

honeycomb structure indicated that its chemical composition
is only Ti. The honeycomb structure would act as a pre-texture
layer in the later anodization for obtaining high-quality TiO2

nanotubular arrays based on the idea of two-step oxidation
used in fabricating porous anodic alumina [46]. However, the
whole two-step anodization was different from the synthesis
of alumina films using a multi-step anodization process (their
substrate and oxide layer were not separated) [47]. Then the
etch pits on the titanium foils acted as new growth points for
the second step of anodization. As the anodization proceeded
gradually, the radius of each etch pit became larger. We
could see pentagonal, polygonal and hexagonal pores in an
alternating arrangement, and a brand-new tubular structure was
obtained, as shown in figure 1(d). Each etch pit contained
several small pores and the ultrathin layer did not match with
the tube layer very well. However, when we increased the
anodization voltage to 180 V, the pores of the cover layer
matched with the tube layer. Fortunately, the etch pits only
acted as new growth points and there were quite large inner
stresses which would lead to the separation of these two
layers if we dry the membrane in air at room temperature
for some time, as shown in figures 1(e) and (f). All of
our membranes fabricated at different voltages (90–220 V)
via two-step oxidation display the same phenomenon. The
different tube diameters from 200 to 280 nm can be obtained
by changing the anodic voltage.

As we know, a good single tube should possess three
features: ultrathin tube wall, large diameter and the length
as large as possible. Paulose et al reported the fabrication of
nanotube arrays up to 1005 µm in length [42]. At the same
time, they also produced better results for improved tube wall

and diameter [43]. It has been found that the annealing method
is a effective approach for obtaining the single dispersive and
ultrathin tube wall TiO2 nanotube arrays in our experiment.
Figure 2 shows the surface SEM image of a nanotubular
array membrane made from annealed titanium foils. We
observed that the wall thickness, which was determined by
anodization time and voltage, is quite small and nearly 10 nm,
compared to that of the ordinary tubular membrane made
from unannealed titanium foils. For the process at 90 V
(figure 2(a)), the anodization time is much longer than that at
180 V (figure 2(b)), so the thickness of the tube wall is smaller.
However, the thickness also decreases when we increase the
voltage to 220 V, as shown in figure 2(c). Furthermore, cross-
sectional images (figure 3) also indicate that the nanotubes are
uniform and their tube walls are ultrathin and smooth. The
pore diameter reveals obviously a gradient variation along the
tube from the surface to the end (figure 3(c)). We could reach
the conclusion that a higher voltage and longer anodization
time will lead to an ultrathin tube wall. However, the voltage
should not be very large in case of burning out the electrode.
Interestingly, there is a hat-like barrier layer on the backside
of the membrane, as shown in figure 4. Also, the barrier layer
would detach automatically, leaving monodisperse and double-
pass tubes. We can see clearly that the inner diameter of the
tube on the backside does not equal that on the surface. This
also proved that the inner structure of a single tube was V-like.
The schematic representation of the double-pass tubes without
a barrier layer is shown in figure 5. However, the removal
of the barrier layer would lead to different features on the
backside of the membrane. During the anodization, reaction
heat dissipation in the electrolyte was not uniform, which
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Figure 2. FESEM images of TiO2 nanotubular array membrane made from annealed titanium foils at different anodic voltages (the right is at
higher magnification). (a) 90 V, (b) 180 V and (c) 220 V.

led to unsmooth surface conditions. Hence, the thickness of
the barrier layer was variable in different areas and we could
just get various structures on the backside, such as funnel-
formed structures (figure 4(b)) and typical aclinic structures
(figure 4(c)). The formation of these structures was greatly
affected by adhesive forces of the barrier layer. If the adhesive
forces are too large they destroy the typical aclinic structures
at the surface and we get multilayer structures, as shown in
figure 4(d).

The growth mechanism of TiO2 nanotubes can been
explained based on the current–time (I –t) curves (figure 6).
During the experiment, the current–time curves were recorded
during each step of anodization. It was found that the
I –t curves revealed a similar changing trend at different
steps (the first and the second anodization), different anodic
voltages (90–220 V) and different titanium foils (annealed or
unannealed). Hence, I –t curves at the first step (figure 6(a))
can be used to explain the synthesis of the common TiO2

nanotube films. The current decreased sharply initially,
followed by a rapid increase, and then the current stayed
relatively stable, as seen from figure 6. In this I –t curves,
regions I and II are defined as unsteady states, and region III is
steady state. After stage III, the films would grow at a uniform
rate. During the initial period of anodization, a compact

high-resistant oxide film (the barrier layer) was formed on the
titanium substrate and the current decreased rapidly with time.
This initial stage could be described by these two equations,
including the fast dissolution of titanium and a little formation
of oxide [48, 49]:

Ti − 4e � Ti4+ (1)

Ti4+ + 2H2O → TiO2 + 4H
+
. (2)

At 10 s, the current decreased to the minimum. At the
minimum of the current, a propagation of individual paths
through the barrier layer began and an increase in the current
density was observed. As a result of that, pore precursors
were formed. In stage II, the current began to increase and
maintained growth due to the effect of the high electric-field
is assisting the dissolution of titania. Also, this stage could be
described using a chemical reaction equation:

TiO2 + 6F− + 4H+ � TiF2−
6 + 2H2O. (3)

After 40 s or so (stage III), the current did not change
significantly with time since it reached the maximum
dissolution rate of titania at the bottom of the nanotubes and
the porous oxide layer started to grow on titanium. In this
stage, there was a dynamic equilibrium between the formation
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Figure 3. Cross-sectional FESEM images of TiO2 nanotubular array membrane made from annealed titanium foils at different voltages:
(a) 90 V; (b) 180 V; (c) 220 V; (d) the whole cross-sectional image of the film at 180 V; (e) surface FESEM images of TiO2 nanotubular array
membrane made from annealed titanium foils at the first step of anodization; (f) the higher magnification of (e).

and dissolution of titania, that is the growth rate of the oxide
layer equals that of oxide dissolution. But the barrier layer
still adheres to the oxide layer and moves deeper into the metal
without any change and made the pore also deeper at the same
time. A higher-field anodization will lead to a much thicker
oxide layer. Interestingly, these processes were quite similar to
those of alumina [50, 51].

As the time of the unsteady states is too short (10 s)
compared to the steady state (20 min or more), we only use
the time of the steady state as the growth time. The growth
rate (R) can be calculated using the formula R = h/t . Here
h means the thickness of the film, which could be measured
from SEM morphology (figure 3(d)), and t is the growth time.
The growth rates at each voltage were shown in table 1. In our
experiments, growth rate of the membranes varied from 0.40
to 1.00 µm min−1 when the anodization voltages varied from

90 to 220 V. The growth rate in our experiments has improved
greatly and nearly 16 times as much as in traditional fabrication
(0.0625 µm min−1, 360 µm for 96 h) of TiO2 at low field [42].

The formation of a V-like structure with ultrathin tube wall
TiO2 nanotube arrays by using annealed titanium foils should
be due to the change in microstructure of the foil. We examined
two titanium foils by x-ray diffraction, shown in figure 7. The
peak intensity of the annealed titanium is a bit weaker than that
of the unannealed one and there is very little amount of rutile
TiO2 mixed with Ti. Hence, the granulation process occurs
in the whole titanium foils during the annealing, and titanium
atoms could be activated due to high surface area, which will
be beneficial to the fast dissolution of titanium (reaction (1)).
This will result in the generation of a larger current during
anodization, which will lead to the formation of high-quality
ordered pore films [46]. Figures 3(e) and (f) show that the film
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Figure 4. FESEM images of backside of TiO2 nanotubular array membrane made from annealed titanium foils at 220 V. (a) Barrier layer still
adhered to the membrane in some concave areas; (b)–(d) different areas at the backside of this membranes.

Figure 5. Schematic representation of the tube with V-like hollow structure.

(first-step anodization) made from annealed titanium exhibits
a uniform pore size and ordered pore arrangement over a large
area compared to that of the unannealed foil (figure 1(a)) and

the side wall of each pore decreased. Therefore, highly ordered
etch pits with a thin wall on the annealed titanium foil can
be realized when the oxide layer was separated completely.
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(a) (b)

Figure 6. (a) Variation of etching current with time at different voltages at the first stage. Regions I and II are defined as unsteady states and
region III is steady state; (b) variation of etching current with time at the same voltage (220 V) at the second stage for different titanium foils
(curve A: unannealed titanium foils, curve B: annealed titanium foils).

Figure 7. X-ray diffraction patterns of the two different titanium
foils. A is annealed titanium foil and B is unannealed titanium foil.
R and T represent rutile and titanium, respectively.

Hence, this titanium foil will be beneficial in fabricating the
TiO2 nanotubular layer with ultrathin tube walls during the
second step. On the other hand, the current–time (I –t) curves
(figure 6(b), recorded for the second step) also show that the
current is larger when we used annealed titanium foils than
for unannealed ones at the same voltage. This indicates that
the dissolution rate of annealed foils is also larger than that
of unannealed ones in the second-step anodization. Generally,
a high field will lead to non-uniform distribution of hydrogen
ions (reaction (2)) in each tube and these gradient-distributed
electrolytes result in the formation of gradient pore diameter.
Then the V-like tube forms gradually. Interestingly, the V-
like structure could be formed, no matter whether the foil is
annealed or unannealed. However, the V-like structure with
ultrathin tube walls is not obvious enough due to its lower
anodization current when the unannealed foil was used. Hence,
a large current is important for fabricating this V-like structure
layer with ultrathin tube walls, and a annealing process of
titanium is necessary.

An annealing process of the TiO2 membranes was further
carried out for changing the morphologies and microstructures

of the TiO2 membranes. The results indicate that at the
higher annealing temperature (above 800 ◦C) the structure of
the tubes will be destroyed. Figure 8 shows the SEM upper side
and backside images of the annealed TiO2 nanotubular array
membrane anodized at 220 V. It is noted that part of the barrier
layer can break off from the TiO2 membrane after annealing
and the double-pass tube structures can be obtained, as shown
in figures 8(a) and (d). However, membranes fabricated
at a lower anodization voltage (90 V) would not produce
double-pass tube structures after annealing. This indicates that
the change in internal stress in the TiO2 nanotubular array
membrane during annealing at a certain high temperature is the
crucial point for the formation of double-pass tube structures.
This implies that an annealing process of the TiO2 nanotubular
array membranes fabricated by high-field anodization is also
an effective approach to remove the barrier layer and obtain
double-pass TiO2 nanotubes.

4. Conclusion

We have prepared highly ordered TiO2 porous membranes by
two-step electrochemical oxidation under a stable high field,
and the growth rate has improved greatly. A large current
is important for fabricating this V-like structure layer with
ultrathin tube walls. An annealing process will promote the
barrier layer removal from the surface of the TiO2 nanotube
array membranes automatically, and monodisperse tubes with
a double-pass structure can be fabricated. This work provides
an approach to improve the morphologies and microstructures
of TiO2 nanotube arrays.
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Figure 8. FESEM images of TiO2 nanotubular array membrane annealed at 800 ◦C (anodic voltage: 220 V). (a) The surface images of the
membrane; (b)–(d) backside images at different areas of the membranes (figure on lower left side in (c) is a higher magnification of the box).
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ZnO nanorods are fabricated on glass substrate by spin-coating sol–gel process using non-basic
aged solution and annealing. Sample solutions reserved in room temperature for different time (one
day, one month, two months and four months) are prepared for the experiment. The morphology
study indicates that the aging time has direct influence on the final products. This is verified by
the Transmission Electron Microscopy and Photon Correlation Spectroscopy study. Small crystalline
nanoparticles would gradually nucleate and aggregate in the sol during the aging process. They act
as nucleation site for the secondary crystal growth into nanorods during anneal. Both the size of
crystalline particles in the sol and the size of nanorods will grow bigger as the aging time increases.
The products’ structure and optical property are further studied by X-ray diffraction spectroscopy,
Photoluminescence and Raman spectroscopy. This work also helps to further clarify the formation
mechanism of ZnO nanorods by solution-based method.

Keywords: ZnO, Nanorods, Sol–Gel, Formation Mechanism, Crystal Growth.

1. INTRODUCTION

Zinc oxide with the unique properties of wide band
gap (3.3 eV), high exciton energy (60 meV), excel-
lent thermal and mechanical stability is an important
semiconductor material with significant value in both
fundamental research and applications.1 Recently, fabrica-
tion of ZnO nanostructures via solution-based approaches
has drawn increasing research interest. Methods like
sol–gel technique,2–4 chemical bath deposition (CBD),5�6

hydrothermal or solvothermal process,7–12 electrophoretic
deposition etc.13 are promising candidates for industri-
alized preparation of ZnO nanomaterials with merits
of low cost, large scale and high efficiency. Partic-
ularly, the fabrication of one-dimensional (1D) ZnO
nanostructures (nanowires, nanorods and nanotubes) is
paid extra attention due to their high application poten-
tial in solar cells,14�15 lasers,6�16 gas or biosensors,17�18

photodetectors19 and field effect transistors.20

The mechanism of crystal formation in the solution can
be generally described by the Ostwald ripening, which

∗Author to whom correspondence should be addressed.

suggests an ensemble of small crystalline nuclei in a
supersaturated medium would selectively evolve into large
particles at the expense of other small ones by the bene-
fit of lower free energy.21�22 Such theory doesn’t explain
how the anisotropic growth takes place resulting 1D nano-
structures instead of sphere like nanoparticles. Li et al.
modified the conventional Periodic Bond Chain (PBC) the-
ory and proposed an ideal growth mechanism. It considers
the interface structure of oxide crystals as the stacking
order of coordination polyhedrons whose favored orien-
tation during the solution growth shapes the obtained
crystals.23 Their model suggests that the growth rate of
ZnO (0001) face is faster than the (01-10) face which
results in the hexagonal rod shape ZnO with the polar face
(0001) and (000-1) at the two ends. Recently, another route
“oriented attachment” is discovered for 1D ZnO nano-
structure growth. Found by Pacholski et al. quasi spherical
particles with the size of several nanometers can grad-
ually aggregate with each other to form secondary par-
ticles driven by the gain of free lattice energy and free
energy of polycondensation.22 The preferentially growth
along the c-axis is speculated to be related to the wurtzite
structure itself. In order to boost the 1D crystal growth,

426 J. Nanosci. Nanotechnol. 2010, Vol. 10, No. 1 1533-4880/2010/10/426/007 doi:10.1166/jnn.2010.1724
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capping reagents or surfactants such as hexamethylenete-
tramine (HMT), sodium dodecyl sulfate (SDS) are used in
the hydrothermal growth.24–26 The diameters and lengths of
nanorods can be altered by changing the surfactants’ con-
centration. However, their detailed effect during the growth
is still under debate. O’Brien et al. suggested that HMT is
a poor ligand for zinc. The primary role of HMT is to act
as a PH buffer. It’s a slow controlled supply of OH− and
helps the formation of complex zinc(II) intermediates.5�26

Imai et al. studied the growth condition for wurtzite ZnO
in aqueous solution and concluded that a basic condition
is favored by ZnO crystal growth in the aqueous.27 Other
experimental factors such as solvents, sol concentration are
also investigated.28�29

The growth mechanism of 1D ZnO in solution is com-
plex and the obtained nanocrystal morphology is very
sensitive to various experiment parameters. In this paper,
ZnO nanorods were fabricated on glass substrates via
spin-coating aged sol–gel and annealing. The experimen-
tal setting is rather similar to what is used for the growth
of traditional ZnO thin films.3 The sol is absent of HMT
and not in a strong basic condition. The experiment could
thus help to clarify the intrinsic factors that distinguish
anisotropic growth from the uniform crystal growth. Evi-
dence in transmission electron microscope (TEM) and
photon correlation spectroscopy corroborated the nucle-
ation process during sol aging and related the morphology
change of the product with the aging time. In addition,
ZnO nanorods were assembled on glass substrates without
a process of keeping the substrate in the solution, which
avoid the long time contact of sensitive substrates with
solution.

2. EXPERIMENTAL DETAILS

2.1. Preparation of the Sol

Certain amount of zinc acetate dehydrate
(Zn(CH3COOH)2 · 2H2O, Analytic grade) and
Monoethanolamine (MEA, Analytic grade) were added
into 50 ml absolute ethanol to obtain 0.75 M sol, while
the molar ratio of Zn(Ac)2 ·2H2O and MEA are kept at 1.
MEA here served as a stabilizer to promote the dissolution
of Zn(Ac)2 in the ethanol. After stirred for one hour at a
constant temperature of 60 �C, the resultant solution was
clean and transparent.
The solution is then kept in closed flasks at room tem-

perature to age for one day (one day solution, 1DS), one
month (1MS), two months (2MS) and four months (4MS)
before the coating process.

2.2. Synthesis of ZnO Nanostructured Film on
Glass Substrate

The solution aged for certain time was spin coated on
glasses substrates at 4000–5000 r/pm at room tempera-
ture. The sample was annealed in air ambient to obtain a

half-transparent white film on the glass. The anneal tem-
perature was increased from room temperature to 550 �C
at 4 �C/min rate and kept at 550 �C for 3 hours. In order to
study the formation process, special samples are prepared
with only a preheating at 60 �C for 30 min.

2.3. Characterization

The morphologies of the films and nanorods were char-
acterized by scanning electron microscope (SEM) (Philips
XL30FEG) and transmission electron microscope (TEM)
(JEM-2010). To investigate the formation mechanism of
nanorods, photon correlation spectroscopy (Zetasizer Nano
S, Malvern Instruments Ltd.) was used to analyze the
size distribution of small nanoparticles formed in the solu-
tion after aging process. The test was assisted by a cen-
trifuge (8000, Shanghai Surgical instruments Factory) and
details will be described below. The crystalline struc-
tures of the preheated film were characterized via X-ray
diffraction spectroscopy (XRD) (Bruker AXS: D8 Dis-
cover with General Area Detector Diffraction System with
X-ray radiation from Cu-Ka, � = 1�5418 Å). The Raman
spectra and PL measurements were carried out with Jobin
Yvon LabRAM HR 800UV micro-Raman system with the
325 nm He–Cd laser (for PL spectra) and 514 nm laser
(for Raman Spectra) and an Andor DU420 classic CCD
detector.

3. RESULTS AND DISCUSSION

3.1. Morphology Study

Figures 1(a), (b) and (c) show the SEM images of ZnO
products obtained on the glass by spin-coating with 1MS,
2MS and 4MS respectively. Hexagonal nanorods embed-
ded in ZnO films can be clearly seen on each image.
Figure 1(f) gives the TEM image and SAED pattern of
one single nanorod, which confirms the nanorods are
ZnO wurtzite structure with growth direction [0001]. The
nanorods are more productive on the 2MS and 4MS sam-
ples and the sizes of nanorods are bigger on the 4MS sam-
ple. In contrast, the sample spin-coated by 1DS resulted in
a uniform thin film without any nanorods on it (Fig. 1(e)).
Figure 1(d) is the magnified SEM images of selected
ZnO nanorods found on 1MS, 2MS and 4MS samples.
Some of the nanorods have their both ends exposed in
the air (marked by white circles). Such phenomena sug-
gest us that the nanorods embedded in the films are more
likely to grow by a homogeneous nucleation rather than
heterogeneously grow from the glass surface directly.

3.2. Formation Mechanism Investigation

The results above indicated that the sols kept at room
temperature for different time yielded the different results
while other experimental processes remain the same. It is
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(a) (b)

(c) (d)

(f)(e)

1 µm 1 µm

1 µm

1 µm

1 µm

Fig. 1. Morphologies of ZnO nanorods obtained on glass substrates by
sol–gel spin coating using (a) 1MS (one month aged sol), (b) 2MS and
(c) 4MS; (d) the magnified SEM images of selected nanorods showing
their two ends unburied; (e) uniform thin film without rod shape crystals
prepared by fresh sol; (f) TEM image and SAED pattern of one obtained
nanorod.

reasonable to speculate that the compositions of the sol
must have changed during the aging process and it assisted
the anisotropic growth of 1D nanorods. Illuminated by the
results from Figure 1(d), we suspected that small ZnO
crystalline particles might have already formed in the aged
sol through slow homogenous nucleation. Similar phenom-
ena are observed by Cao et al. where they studied ZnO
nanorods growth in room temperature aged solution.30

In order to confirm our speculation, photon correlation
spectroscopy was used to test the size distribution of the
possible ZnO particles. Before the testing, we first cen-
trifugated the sol so that the speculated particles could be
more concentrated. After the centrifuge, the sol observed
by naked eye still remained clean and no clear precipitants
or stratification was observed. This indicated that even if
there are ZnO particles formed, the size of them should
not be large. The sol located at the bottom part of the
centrifuge tube was extracted for our testing. The results
of 1MS and 2MS are shown in Figures 2(a), (b) respec-
tively. The dispersant was set as ethanol with reflection
index (RI) 1.361 and viscosity 1.17. The material RI was
2.008 for ZnO. The obtained polydispersity index (PDI)
is 0.405 for 1MS and 0.842 for 2MS. The size distribu-
tion of each solution both have the peak centered around

(b)

(a)

Fig. 2. Size distribution of nanoparticles formed in the (a) 1MS and (b)
2MS by photon correlation spectroscopy. The peak of 1MS sample is
located at 2.83 nm and two peaks of 2MS sample are located at 2.11 nm
and 464.1 nm.

2–3 nanometers (2.83 nm, 1MS and 2.11 nm, 2MS) with
intensity 94.92% for 1MS and 40.6% for 2MS. This con-
firmed our speculation that small particles were formed
during the aging process. Particularly for the 2MS, another
peak centered at 464.1 nm (58.5% intensity) was detected.
This suggested that large crystalline particles with size of
hundred nanometers have formed and it was likely that
small particles have the tendency to aggregate with each
other and they together formed loosely-packed clusters
which originated the peak. For the 4MS sample, the test
results are found varied greatly each time. It is not able to
give a credible result. This would be explained later with
TEM results.
The solutions were further subjected to TEM analy-

sis. Sample solutions were firstly centrifuged and the bot-
tom part of the sol in the tubes was extracted. They
were diluted by absolute ethanol (in case they dried to
form a thick gel layer that conceal the desired contents
from our observation) and was dropped onto the cop-
per screen in tiny amount. Figures 3(a), (b) and (c) give
the TEM images of the 1MS, 2MS and 4MS samples.
Figures 3(d), (e) and (f) are the corresponding SAED pat-
tern. In Figure 3(a), most part of the sol is clear without big
clusters with only several small black spots to be found.
In contrast, after 2 months aging, many aggregates with
several hundred nanometers diameters began to exist in
the sol (Fig. 3(b)). The results are in accordance with the
particle size distribution diagram. Figures 3(d) and (e) are
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(a) (b) (c)

(d) (e) (f)

(h) (i)(g)

Fig. 3. TEM images showing the condition in (a) 1MS, (b) 2MS and (c) 4MS with the corresponding SAED pattern (d) 1MS, (e) 2MS and (f) 4MS;
TEM images of the contents obtained on glass substrates after a pre-heating process for (g) 1MS, (h) 2MS and (i) 4MS. The inset of Figure 3(i) shows
a hexagonal shape face of one nanoparticle.

the corresponding SAED pattern. They are the evidence of
crystalline particles formed in the sol. Figure 3(e)’s diffrac-
tion rings were interpreted into crystal faces with interpla-
nar distances (from inside to out) of 2.6 Å, 2.3 Å, 1.6 Å,
1.4 Å which can be indexed to (002), (101), (102), (103)
faces from hexagonal wurtzite structure of ZnO. It con-
firmed that the crystalline nanoparticles were zinc oxide.
Figure 3(c) shows the aggregation tendency in the aging
process. The 4MS obviously were denser with many big-
ger clusters (dark spots) formed. Its SAED pattern directly
proved the existence of single crystalline nanocrystals.
Such condition explained why the photon correlation spec-
troscopy of 4MS varied greatly each time. The solution
was actually close to being an unstable solution system.
Though the 4MS was clean by naked eye observation,
there were actually more particles or clusters presenting
in the solution. The viscosity would be higher and the
solution might lose its high mobility, which caused the
uneven distribution of precipitated contents. This would

obscure the photon correlation test and lead to the failure
of the test. All these results coincide with our speculation
and indicate the fact that during the aging process, small
crystalline ZnO particles begin to form by homogenous
nucleation into the size of several nanometers. These small
nanoparticles have the tendency to aggregate with each
other to form larger clusters. It prepares and influences the
further crystalline process during the annealing.

3.3. Anneal Effect

Special samples were then prepared by spin-coating 1MS,
2MS and 4MS on the glass substrate followed by a 60 �C,
30 min heating process. Figures 3(g, h and i) are the TEM
images of the obtained products in the coating layer. The
further aggregation and crystal growth were taking place
during the heating. Figure 3(h) gives bigger particles with
more clear edges and angles. Where there are no nanorods

J. Nanosci. Nanotechnol. 10, 426–432, 2010 42978
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found on the samples prepared by 1MS and 2MS pre-
heating samples, Figure 3(i) was nanorods formed already
on the 4MS sample. The inset of Figure 3(i) clearly
demonstrated a hexagonal end of the nanoparticles. The
difference of aging time gave the different condition in
the sol and caused the next growing step with divergent
results.
The pre-heated 4MS sample was then subjected into

XRD analysis to clarify the substance of the nanocrystal.
Figure 4(a) is the XRD diffraction pattern with peaks
matches with wurtzite ZnO (100), (002), (101) and (102)
faces. The result confirmed that ZnO products had already
formed in pre-heated layer. The broad peak centered at 60
degree didn’t match (110) or (103) faces. According to
PDF#-740094, this peak could be assigned to an imposi-
tion of signals from Zn(OH)2 faces. This is reasonable as
Zinc hydroxyl or Zn(OH)x complexes are found during the
sol–gel process and the sample hadn’t undergone the entire
annealing process.31�32 The more interesting results are the
small angle area diffraction. Figure 4(b) is the detected
diffraction pattern. The spectrum is shown in Figure 4(c).
A series peak with similar interval was observed. Suspect-
ing that they came from the same indexed faces, we fit it
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Fig. 4. (a) X-ray diffraction spectrum of ZnO products by spin-coating with 4MS and preheated at 60 �C for 30 min; (b) photo images of diffraction
signals; (c) small angle range XRD showing 5 peaks with nearly the same intervals; (d) linear fit of the 5 small angel peaks data by the formula:
2d sin���= n���= 1�5418 Å).

with the diffraction formula where � equals to 1.5418 Å:

2d sin���= n� (1)

The experimental data fit well with the linear line. The
interplanar distance d is found to be 2.351 nm. Such small
angel XRD pattern being detected indicated that the prim-
itive nucleated nanoparticles began to stack into ordered
layered Zinc complexes during the pre-heating. The result
could also be linked with the results of the photon cor-
relation spectroscopy where both 1MS and 2MS had size
distribution peaks at 2–3 nm. Though photon correlation
spectroscopy test of 4MS sample failed to give a credi-
ble result, it could be speculated on the tendency of the
1MS and 2MS samples’ result and the 4MS sample’s
XRD spectroscopy that while the aggregation of nanopar-
ticles kept evolving into secondary clusters during the
aging, the primitive nucleated particles held the size of
2–3 nanometers.
Figure 5 shows the Raman and PL spectra for sam-

ples prepared by 1MS, 2MS and 4MS. Figures 5(a and b)
are spin-coated samples treated only with pre-heating pro-
cess. There are broad peaks at 575 cm−1 in Raman spectra

430 J. Nanosci. Nanotechnol. 10, 426–432, 2010
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(a) (b)

(d)(c)

Fig. 5. (a) Raman and (b) PL spectra for ZnO nanorods samples with pre-heating; (c) Raman and (b) PL spectra for ZnO nanorods samples prepared
by the entire annealing process.

(Fig. 5(a)) assigned to ZnO A1(LO) mode and peaks
at 380 nm in PL spectra (Fig. 5(b)) originated by near
band emission.33�34 After annealing, Figure 5(c) shows the
strong Raman peak at 438 cm−1 belong to E2(high) mode
with weak signal at 580 cm−1 (A1(LO)) and 331 cm−1

(second order Raman spectrum) which confirmed high
quality crystalline ZnO were obtained after annealing.33

The PL spectra corroborated this by demonstrating strong
UV emission with weak green emission originated from
impurities.34 The spectra comparison between annealed
and pre-heated samples suggests that the post annealing
process prepare the final formation of ZnO crystals on the
substrates.
Based on all the results above, our proposed forma-

tion mechanism are summarized in Figure 6. Firstly, the
fresh sol is prepared (Fig. 6(a)). After aging, small crys-
talline nanoparticles nucleated and long term aging would
yield big aggregation (Fig. 6(d)) just as the result of TEM
study suggested (Figs. 3(a–c)). When the sol is spin coated
on the glass substrate and undergoes anneal, the solvent
begins to evaporate starting at relative low temperature.
The secondary nucleation and growth of crystals occurs
in the coated layer through competition. The difference
here is that for the fresh sol, the nucleation is evenly dis-
tributed on the substrate. Because zinc complexes formed
would soon lose their mobility during anneal, there is
low chance to form large crystals (Fig. 6(b)). After post

annealing, the sample prepared by fresh sol would then
grow into uniform thin films (Fig. 6(c)). For the aged
sol, the already nucleated nanoparticles would become the
nucleation center attracting other molecules around in a
short time and grow into bigger sizes (Fig. 6(e)). The age
of sol is therefore essential because the primitive nucle-
ation and aggregation takes place in the slow aging process
which provides the nucleation centers as well as guaran-
tees sufficient time for the secondary growth of larger and

(a) (b) (c)

(f)(e)(d)

Fig. 6. Schematic images describe the formation mechanism of ZnO
nanorods in the spin-coating process. (a) The fresh sol is transparent
with no crystalline particles. (b) When fresh sol is spin-coated on the
substrate, the nucleation will evenly occur and (c) form a uniform thin
film. (d) After room temperature aging, small particles formed in the sol
and have the tendency to aggregate with each other. (e) When aged sol
is spin-coated on the substrate, the already existed particle will serv as
the nucleation center and (f) lead to the form of nanorods.
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anisotropic ZnO during the rapid process of solvents evap-
oration and decomposition. The form of nanorods is due
to the nature of wurtzite ZnO itself. The MEA here may
played a similar role as HMT to assist the anisotropic
growth along [0002] direction. We speculated is that MEA
firstly provides OH− and helps to form zinc complexes
Zn(Ac)x(OH)

2−
4−x acting as growth units.5 Affect by the

intrinsic polar of wurtzite ZnO, the growth units prefer to
bonding to the ZnO (002) faces and transform into ZnO by
dehydration and decomposition. This is similar to the for-
mation mechanism proposed by Li et al.23 The MEA might
also coordinate to the existed ZnO nanoparticles, hindering
the growth of lateral faces.29 The reason why large single
crystalline ZnO nanorods didn’t form during aging process
already is that in such room temperature, non-basic solu-
tion, there isn’t a thermodynamically favored condition for
large wurtzite ZnO crystal growth.

4. CONCLUSION

In summary, ZnO nanorods were successfully synthesized
on glass substrate via spin coating aged sol–gel process
with non-basic zinc acetate solution using ethanol as the
solvents. The formation of ZnO nanorods is through two
separated steps: the nucleation and aggregation of small
nanoparticles in the aged sol and the anisotropic growth of
nanorods during annealing. The formation of small crys-
talline particles is corroborated by photon correlation spec-
troscopy, TEM study and SAED pattern. The heating effect
is then investigated by XRD, TEM, PL and Raman Spec-
troscopy with consistence results demonstrating that the
condition in the aged sol would affect next step crystal
growth. This approach is simple and the substrates are not
required to be kept in the stirring solution for a long time.
It provides an alternative way to fabricate ZnO nanorods
based devices.
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A B S T R A C T

ZnO thin films with diverse nanostructures, including nanodot, nanowire and nanoflower, have been

fabricated on zinc foils by a simple and rapid electrochemical anodization method. The ZnO thin

films reveal very strong visible emission that is ascribed to the transition between VOZni and valence

band. Under the dc or ac electric field, the electroinduced surface wettability conversion from the

superhydrophobic to hydrophilic state was observed and the generation of surface defective sites on ZnO

films under electric field was used to explain the transition mechanism. This work provides a simple and

rapid method for synthesizing different ZnO nanostructures in large scale, and electric field can be used

to modulate the wettability of ZnO nanostructures.
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1. Introduction

Zinc oxide (ZnO) is a well recognized semiconducting and
piezoelectric material. Their wide direct bandgap energy of 3.37 eV
with a large excitation binding energy of 60 meV at room
temperature [1] is much larger than those of other semiconductor
materials. Due to its unique properties such as the excellent
thermal and chemical stability, large piezoelectric constant and
easy modified electric conductivity, ZnO nanomaterials have been
considered to have great potential applications in ultraviolet
lasers, solar cells, gas sensors, bio-detectors, UV light-emitting
diodes, photo catalysts, field emitter, transparent conductors [2–
9], etc.

The properties of ZnO are strongly dependent on its structures,
including the morphology, aspect ratio, and size, orientation, and
density of crystal [10–12]. Developments of the controllable
synthesis of ZnO nanomaterials in morphology are important to
explore their potential applications as smart and functional
materials. So far, numerous quasi-one-dimensional nanostruc-
* Corresponding author. Fax: +86 021 54741040.

E-mail address: mjzheng@sjtu.edu.cn (M. Zheng).
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tures of ZnO such as nanowires [13], nanobelts [14] and nanotubes
[15] and various self-organized hierarchical ZnO nanostructures in
the form of nanorings [16], nanopropellers [17], nanobridges [18],
nanonails [19], and nanocombs [20,21] have been successfully
synthesized. Various hydrothermal [22–24], thermal evaporation
[14,25,26,16], molecular beam epitaxy [27], chemical vapor
deposition (CVD) [28], and metal organic chemical vapor deposi-
tion (MOCVD) [29] techniques have been reported for fabricating
above ZnO nanostructures.

The conventional vapor-phase synthesis methods require
expensive systems and rigid environmental conditions, especially
the high temperature (�500–1400 8C) and low pressure. Although
the solution chemical approach can allow the growth at much
lower temperatures (<200 8C) and large-scale production, it
requires long reaction time (from a few hours to several days).
Recently, electrochemical method attracted much attention due to
its short reaction times and low cost. Yang et al. [30] reported the
synthesis of highly ordered ZnO ultrathin nanorod and hierarchical
nanobelt arrays on zinc substrate with an electrochemical route in
the mixed H2O2 and NaOH solution.

In this paper, we report an electrochemical anodization method
to synthesize different ZnO nanostructures in large scale with less
than an hour by using the mixed hydrofluoric acid and methanol

mailto:mjzheng@sjtu.edu.cn
http://www.sciencedirect.com/science/journal/01694332
http://dx.doi.org/10.1016/j.apsusc.2009.10.104
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electrolyte. It reveals that kinds of nanostructures such as ZnO
nanodots, nanowires and nanoflowers can be obtained by
controlling the concentration of the electrolyte and reacting times.
The photoluminescence (PL) further shows that the ZnO nanos-
tructures have a strong visible emission, which originates from the
transition between VOZni and valence band. The droplet stability
and electrowetting behavior of ZnO nanostructure films were also
explored under a dc (ac) voltage by measuring the contact angles
(CAs).

2. Experimental details

The electrochemical anodization of the Zn foil was performed in
a tailor-made holder exposed to the electrolyte. Round Zn foil
(99.99% purity, 0.25 mm thickness) with a radius of 1 cm was
degreased in acetone and ethanol for 2 min of ultrasonic cleaning,
washed with deionized water. Prior to the electrochemical
treatment, the Zn foil was electropolished under constant
condition at the room temperature. The electrolyte composition
was a 1:2 volume mixture of phosphoric acid and ethanol. The
voltage was 4.5 V and the stable electropolishing current density
was �10 mA cm�2. The electropolishing process lasts for about
20 min and a satisfactory mirror finished Zn was obtained.

The cathode was a graphite plate (or Zn foil) and the polishing
Zn foil used as the anode with the distance of them was 50 mm. The
Fig. 1. SEM images of ZnO nanostructures grown on the Zn foil with different reaction tim

sample A, 30 s; (b) sample B, 1 min; (c) sample C, 5 min; (d) sample D, 10 min; (e) sam
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anodization was conducted in mixed electrolyte of water,
hydrofluoric acid (48%) and methanol (99.9%). The HF concentra-
tion is 1 wt.% and the methanol volume fraction is 30% or 50%. The
reaction time ranges from 30 s to 30 min and the applied voltage is
from 9.7 V to 16.7 V. Finally, the white ZnO thin films were
deposited on the Zn foils, thoroughly washed with deionized water
to eliminate remainder, and dried in air at room temperature.

The morphologies of ZnO films were characterized by scanning
electron microscopy (SEM) (Philips XL30FEG). The Raman spectra
and PL were measured by Jobin-Yvon LabRAM HR 800UV micro-
Raman system with a 325 nm, an Andor DU420 classic CCD
detector and Linkam THMS600 temperature stage and the
hydrophobicity of the ZnO films was examined with an OCA 20
CA system (Data Physics Instrument GmbH, Germany).

3. Results and discussion

3.1. Structure and morphology

Fig. 1(a)–(f) shows the corresponding SEM images of samples
A–F prepared under the same voltage of 9.7 V but with different
reaction times in the electrolyte including 50 vol.% methanol. ZnO
nanodots with average diameter of about 62 nm and 115 nm can
be clearly observed at the wall of the Zn trench in Fig. 1(a) and (b),
respectively. It can be seen that the sidewall of the trench in the
es in a mixed solution of methanol and water (50 vol.% methanol, 1 mass% HF): (a)

ple E, 15 min; (f) sample F, 30 min. The length of inserted scale bars is 500 nm.
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sample B is shorter than that in the sample A. With increasing
reaction time, the nanowire structure appears as shown in Fig. 1(c)
and the sidewall of the trenchs in Zn substrate nearly disappears.
Sample D exhibits a flower-like morphology after electrochemical
anodization of the Zn foil for 10 min, seen in Fig. 1(d), each flower
has a size of 1 mm and is composed of hundreds of sheet-like
nanopetals. The thickness of the nanopetal is about 30 nm on
average. The nanoflowers disappear and the nanowires and
nanodots can be seen again when the reaction time is 15 min
and 30 min as shown in Fig. 1(e) and (f).

Fig. 2(a) shows the SEM images of the ZnO naonostructured thin
films synthesized in 30 vol.% methanol under the voltage of 9.7 V
with the reaction time for 15 min. It exhibits a large-scale flower-
like nanostructure with the average size of the nanoflowers about
500 nm. In order to explore the effect of applied voltage to the
morphology, we increase the voltage to 16.7 V without changing
other conditions compared with that of sample D. However, the
morphology of sample H still is flower-like as shown in Fig. 2(b).

The overall reactions for the anodization of Zn can be
represented as follows:

HF ! Hþ þ F� (1)

H2O ! Hþ þOH� (2)

The H+ ion moves to the cathode, meanwhile the F�and OH�

ions move to the anode under the influence of the electric field. The
reaction happens in the experiment process:

2Hþ þ2e� ! H2 " (3)

Zn ! Zn2þ þ2e� (4)

Therefore, that the gas escapes on the cathode was found. The
Zn foil has been etched to a series of parallel trenches at the
beginning of the anodication. The Zn2+ and OH� concentrations in
the electrolyte are getting larger and larger along with the
increasing of anodization time. The ion OH� preferentially loses
the electron because of OH� low electrode potential compared
with F�. The reaction is

4OH� ! 2H2O þ 2O þ 4e� (5)

The combination of the oxygen and the Zn produces the ZnO
nanodots at the wall of the trench because of its low surface
energy:

Zn þ O ! ZnO (6)

With the reaction time increasing, the Zn on the trench
sidewalls dissolves due to the reaction (4) under the electric field.
The trench sidewalls become thinner and shorter but the number
of the nanodots increases and the average diameter gets larger as
shown in Fig. 1(a)–(c). Then ZnO nanodot connects with the other
Fig. 2. SEM images of ZnO nanostructures grown on the Zn foil with reaction time 15 m

1 mass% HF and applied voltage is 9.7 V) and (b) sample H (50 vol.% methanol, 1 mass%
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nanodots and the nanaowire forms presented in Fig. 1(c). After the
reaction of 10 min, the nanowires change into the nanoflowers.
Finally, the OH� concentration in the electrolyte becomes lower
after the reaction time exceeding 10 min and also the concentra-
tion of oxygen atoms in the electrolyte reduces, so the ZnO
nanoflower dissolves. The nanowires and nanodots appear again
when the reaction time increases to 15 min and 30 min,
respectively. The mechanism that how does the nanowires
transform to the nanoflowers is still under discussion. We will
study this research deeply on the subsequent work.

3.2. Optical properties

The optical properties of hierarchical ZnO nanostructure have
been studied by room-temperature Raman and PL measurements.
ZnO has a wurtzite structure with C6v (P63mc) point-group
symmetry. Group theory predicts that the optical phonon modes
at the point of the Brillouin zone (BZ) belong to the following
irreducible representation: Gopt = 1A1 + 2B1 + 1E1 + 2E2. Both A1

and E1 modes are polar and split into transverse (TO) and
longitudinal optical (LO) phonons, all being Raman and infrared
active. The two nonpolar E2 modes (E2 low, E2 high) are Raman
active only. The B1 modes are infrared and Raman inactive (silent
modes). The frequencies of the fundamental optical modes in ZnO
are as follows [31]: E2 (low) = 101 cm�1, E2 (high) = 437 cm�1, A1

(TO) = 380 cm�1, A1 (LO) = 574 cm�1, E1 (TO) = 407 cm�1, and E1

(LO) = 581 cm�1. The E2 (low) is associated with the vibration of
the heavy Zn sublattice, while E2 (high) mode corresponds to band
characteristic of wurtzite phase [31]. The feature at about
573 cm�1 is contrary to the change of the A1 (LO) phonon and is
induced by the defect, which is one of the very outstanding
characteristics of ZnO phonon Raman spectra. Under the back-
scattering geometry of Z(X,�) Z�, only E1 (LO) and E2 (high) modes
can be observed since other modes are forbidden according to the
Raman selection rules [32].

Fig. 3 displays Raman spectra of ZnO nanostructured thin films
under different reaction times and different applied voltages and
they show a similar pattern for all. There is only one apparent ZnO
photon mode appearing at 578 cm�1, which has been assigned to
the E1 (LO) mode. It is generally accepted that E1 (LO) mode is
associated with the oxygen vacancies, zinc interstitial defect states
and free carries [33]. The high intensity of E1 (LO) indicates that the
samples prepared by electrochemical anodization have many
oxygen vacancies or zinc interstitial defect states and the samples
have poor crystal quality. In order to explore which kinds of defect
cause this E1 (LO) mode, the composition of the ZnO nanos-
tructures is investigated using energy dispersive X-ray spectro-
scopy (EDX). Fig. 4 shows the EDX spectrum of samples D and H.
The pattern indicates that the ZnO nanostructures are composed of
only Zn and O. Quantitative analysis shows that the mean atomic
in in different electrolytes and anodic voltages: (a) sample G (30 vol.% methanol,

HF and the applied voltage is 16.7 V). The length of inserted scale bars is 500 nm.



Fig. 5. Room-temperature photoluminescence spectra of samples B, D, E and H.

Fig. 3. The Raman spectra of samples B, D, E and H.
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ratio of Zn/O of the ZnO nanostructrures is about 1.3:1 and 1.1:1,
respectively for samples D and H. From the above data it is obvious
that the number of Zn atoms is more. We can infer that E1 (LO)
mode is associated with zinc interstitial defect. Comparing the
Raman spectrum of samples D and H, the intensity of E1 (LO) mode
of sample D is higher than that of sample H. In other words, the
sample H has better crystal quality than the sample D. This
phenomenon proves that the higher voltage applied, the more
oxygen atoms produced in the unit time and the more chance the
Zn atoms and oxygen atoms collide, the better quality of ZnO
nanostructures synthesized.

The photoluminescence spectrum of the various ZnO nanos-
tructured thin films was shown in Fig. 5. For the samples B, D and E,
there is a near absence ultraviolet (UV) peak at�380 nm and a very
strong green emission at �576.2 nm. It is generally accepted that,
for ZnO film, the UV emission called as the near band edge emission
(NBE) which originates from the recombination of the free excitons
through an exciton–exciton collision process, and the green
emission in visible region generally nominated as deep level
Fig. 4. The EDX spectra of the samples D and H.
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emission (DLE) is probably related to the variation of the intrinsic
defects in ZnO films, such as zinc vacancy (VZn), oxygen vacancy
(VO), interstitial zinc (Zni), interstitial oxygen (Oi), and antisite
oxygen (OZn) [34,35]. In the visible region, different peaks originate
from different transitions. The peak on 525 nm relates to the
transition between VOZni (complex of VO and Zni) and valence
band, and the peak on 574 nm relates to the transition between
VOZni and valence band or between exciton level and antisite
oxygen (OZn). It can be deduced that a very strong green emission
band near 576 nm observed in the PL spectra of samples B, D and E
should originate from the transition between VOZni and valence
band in the ZnO nanostrutures. These results can agree with the
results from the Raman spectrum. In addition, the strong green
peak also indicates that high surface-to-volume ratio is an
important factor to affect the intensity of green emission. The
abundant surface/interface in ZnO nanostructure can introduce a
high density of defects at the surface and interface to form defect
energy bands, which can trap free carriers from the bulk, resulting
in the stronger visible emission. Yao et al. [36] also reported that
the surface-to-volume ratio can influence significantly the PL
emission efficiency. It can be seen a strong peak at the 373 nm
considered as the UV emission peak and a weak peak at 573 nm
considered as the visible emission peak from the PL spectrum of
sample H. Comparing the PL spectrum of the samples D and H, the
intensity of UV emission of sample H is larger than that of sample
D. Meanwhile the intensity of visible emission of sample H is
smaller than that of sample D. It indicates that the sample H has
better quality than the sample D, which also has been obtained
from experimental result from the EDX spectrum and the Raman
spectrum. This work reveals that the strong visible emission from
ZnO nanostructure can be realized by controlling the growth
conditions in electrochemical anodization method.

3.3. Electrowetting behavior

The wettability and capillary transport of water have attracted
much attention due to the fundamental interest for several
applications in nanofluidic and separation technologies [37]. For
water to wet the membranes, work has to be done to overcome the
energy barrier to realize the transition from the hydrophobic to
hydrophilic state. Some theoretical models [38,39] have been built
to explore the electrowetting behaviors. Now, surface wettability
conversion on carbon nanotube membranes and silicon nanowire
thin films has been realized by electrical methods [40–43]. As to



Fig. 6. Photographs of water droplet shape on the sample D: (a) no voltage applied; (b) +50 V bias applied; (c) �50 V bias applied and (d) 50 V ac bias applied.
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ZnO, much investigations focus on CA change with UV illumination
[44]. Our objective here is to study the effect of the application of
external potential on the droplet stability and electrowetting
behavior of ZnO nanostructure films.

Fig. 6(a) shows that the CA of a water droplet on the sample D
film is about 1328, which is larger than that of relatively flat ZnO
films (CA = 1098) [45]. Above results indicate that the as-prepared
ZnO films have hydrophobic property. For a given material, the
surface free energy and the surface roughness are two main factors
governing the surface wettability. Most often micro–nano-binary
structures are required to achieve very high CAs. In the present
case, the ZnO films have special surfaces with nanoflowers. The
hydrophobic behavior of these surfaces is greatly enhanced by the
networks with the combination of the different scales. It is believed
that the near superhydrophobic feature of ZnO films could be
ascribed to the surface with network structures to trap air in the
interspaces [46].

A Pt wire was inserted into the water droplet to establish
electrical contact. The droplet shape and CA is found to remain
unchanged in 2 min when an applied voltage to sample D is low,
which we think that lower voltage cannot break through the
energy barrier. As seen in Fig. 6(b), the CAs change from 1328 to
1198 when a bias of +50 V (Pt wire as the cathode, the substrate as
the anode) is applied to the droplet of sample D for 2 min.
Meanwhile, the CA reduces to 768 with a �50 V bias applied as
shown in Fig. 6(c). Then an ac voltage of 50 V with a frequency of
50 Hz was also applied to the two electrodes. After 2 min the CA
change of electrically driven wetting of the sample D is 438, which
means that it turns into hydrophilic surface, as shown in Fig. 6(d).
For samples B and H, they also reveal similar electrowetting
behavior. We suggest the obvious electrowetting behavior could
result from the generation of surface defective sites on ZnO films
under the effect of electric field. Water molecules may very easily
coordinate into the surface defective sites, leading to the increase
of the water adsorption [45]. The water dropped on the ZnO film
surface dissociates into H3O+ and OH�, because of high electro-
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static fields at the interface between the ZnO film and the Pt wire
[47]. Charge transport occurs by the movement of a proton from a
H3O+ ion to an adjacent water molecule, and so on. Then the
protonic conduction is set up in the water droplet. For the interface
between the ZnO film and Zn, the work function for ZnO and Zn is
5.3 eV and 4.3 eV, respectively. In this situation the electrons in
ZnO transform to the Zn, and the electrons in water transform to
the ZnO if a bias of +50 V is applied to the Zn and Pt wire. The lattice
oxygen loses the electrons and leads to the formation of surface
oxygen vacancies on the surface between the ZnO film and Zn. The
formation process of defective sites is represented as follows [45]:

O2�! 1

2
O2 þ 2e� þ& ðoxygen vacancyÞ (7)

As shown in Fig. 6, the bubbles can be clearly seen in the
experiment process. The water molecules coordinate into the
oxygen vacancy sites (&), which leads to dissociative adsorption of
the water molecules on the surface. This process gives rise to
increased water adsorption and leads to the decrease in CA.
Meanwhile, some of electrons from the water droplet react with
the lattice metal ions (Zn2+) to form Zn+ defective sites (surface
trapped electrons) (Eq. (8)).

Zn2þ þ e� ! Zns
þ (8)

In ambient condition, the Zns
+ tends to react immediately with

oxygen molecules absorbed on the surface between the water
droplet and the ZnO film (Eq. (9)).

Zns
þ þO2 ! Zn2þ þO2

� (9)

The water and oxygen compete to dissociatively adsorb on the
surface defective sites, which leads to desorption of water
molecules on the surface. Thus the CA increases. Therefore it
can be deduced that the water absorption could dominate in the
whole process based on the fact of the CA decrease. If a �50 V bias
applied to the Zn and Pt wire, the potential barrier with the Zn and
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ZnO film decreases and the more electrons in the Zn transport to
the ZnO film comparing with a +50 V bias applied. The process (Eq.
(7)) happens on the surface between the water droplet and the ZnO
film, while the processes (Eqs. (8) and (9)) happen on the surface
between the ZnO film and the Zn. However, the CA change of that a
positive voltage applied is 138, less than the CA change (568) of that
a negative voltage applied. We suggest that the more surface
oxygen vacancies produce in the unit time with a negative voltage
applied. When applying an ac bias voltage, we obtained the
changed CA value between the positive and the negative voltage
that applied, in other words, the influence of ac bias voltage is the
cooperative interaction of them, which demonstrates that the CA
value can be controlled by changing the polarity of the applied bias.

4. Conclusion

ZnO thin films with different nanostructures in the form of
nanodot, nanowire and nanoflower were prepared by a simple and
rapid electrochemical anodization method. The PL property can be
controllable by changing growth conditions. Past studies paid
more attention to the fabrication of ZnO nanostructure with high-
quality UV emission. Here a very strong visible emission and
narrow full-width of half-maximum (FWHM) (30–40 nm) have
been observed in the ZnO nanostructures with abundant surface/
interface and high density of defects. This ZnO films may have
potential applications in visible optoelectronic devices, photo-
anodes of dye-sensitized solar cells and sensors. On the other hand,
much researches focused on CA change with UV illumination and
we demonstrate that the surface wettability can also be governed
by the application of external potential on the ZnO nanostructure
films, which is ascribed to the generation of surface defective sites
on ZnO films under effect of electric field.
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Abstract This work is trying to fabricate nanostructure, for
the first time, on the porous anodic alumina’s (PAA) bar-
rier layer, which has smooth half-sphere structure. The de-
position of indium oxide confirms that the materials can
completely cover the surface area of the barrier layer. Both
chemical dissolving the PAA or mechanical peel-off can
bring free-standing indium oxide thin layer. Morphology
study on both sides of deposited layer verifies that the or-
dered indium oxide nanorods can self-arrange well and form
a half-sphere front surface and nanohole-array rear surface.
This work confirms that we can get some special nanostruc-
tures with the help of the barrier layer of PAAs.

1 Introduction

Porous anodic aluminas (PAAs) have been very important
templates for nanostructured materials [1, 2], especially
for fabricating nanodot, nanorod, nanowire, nanotube and
nanopore arrays. Nanodots and nanorods were deposited
onto various substrates, where free-standing thin (100–
500 nm) PAAs [3] with throughout nanopore arrays were
adhered before deposition as templates [4–7]. Nanowires
and nanotubes were fabricated in thick (>500 nm) PAAs
through electrochemical ways [8, 9]. Polymer materials

G.Q. Ding (�) · J.N. Ding · N.Y. Yuan
Center for Low-Dimensional Materials, Micro-Nano Devices
and System, Jiangsu Polytechnic University, 1 Ge Hu Road,
Changzhou 213164, Jiangsu, China
e-mail: dingguqiao@gmail.com
Fax: +86-519-86330095

W.Z. Shen
Department of Physics, Shanghai Jiao Tong University,
1954 Hua Shan Road, Shanghai 200030, China

melted into liquids and went into the nanopores, and then
PAA templates were removed in acidic solutions to realize
ordered polymer nanowires and nanotubes [10].

These works utilize the nanochannels of PAAs, and we
have done some works to make the benefit from the PAA
surface topology, i.e., to obtain some special nanostructures
on top of PAAs by the aid of surface charges which were in-
troduced into the wall of PAAs during anodizations. Well or-
dered zinc oxide nanopores [11] with hexagonal grain units
and indium oxide nanopores [5] with nanowire units were
realized by carefully controlling the deposition parameters.
Zheng et al. also employed modified PAA surface to fabri-
cate ordered carbon nanodots [12].

Except for the nanochannel-array and porous surface,
PAAs have another microstructure feature for its barrier
layer at the bottom of the nanochannels. Figure 1(a) and (b)
shows typical field emission scanning microscopy (FESEM)
images of periodic half-sphere arrays of the PAAs’ barrier
layer. There were many works on how to remove or open
this barrier layer to get throughout PAAs [13–16], but no
one realize that the half-sphere topology is also useful for
nanotechnology. It is interesting that this half-sphere array
has no outstanding parts, so: what happens if depositing onto
this surface?

We propose three possible deposition behaviors, as
demonstrated in Fig. 1(c), (d) and (e). The deposited materi-
als may prefer to grow at the top of the half-sphere structure,
or at the connecting point of two cells, or prefer to cover the
overall surface area. Here we deposited indium oxide on the
PAAs’ barrier layers to experimentally demonstrate the pre-
ferred deposition behaviors since indium oxide is a versatile
material for broad applications. The experimental result was
that a deposited layer had a nanorod microstructure, and
that these nanorods covered the whole PAA barrier layer
surface and arrange into half-sphere structure. Furthermore,
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Fig. 1 Typical cross-section view (a) and oblique view (b) FESEM
images of the PAAs’ barrier layer. The deposited materials may prefer
to grow at the top of the half-sphere structure (c), or the connecting
point of two cells (d), or cover the overall surface area (e)

the free-standing indium oxide layer with 50 nm thickness
was realized by chemically dissolving PAAs or mechani-
cally peeling off the deposited layer by adhesive tape. These
two ways have different effects on the morphology of free-
standing indium oxide layer.

2 Experimental details

PAAs were fabricated through two-step anodization process
in oxalic acid and phosphoric acid, and detailed fabrication
method can be found in Refs. [2] and [3]. Indium oxide layer
was deposited onto the PAA barrier layer though a paral-
lel plate radio frequency magnetron sputtering system. Hot
pressed indium oxide ceramic with purity of 99.99% was
employed as the sputtering target. The space from the tar-
get to the substrate was fixed at 2.60 cm, and the working
chamber was pumped lower than 1.0×10−3 Pa before sput-
tering. The sputtering power was 60 W with the frequency of
13.56 MHz and sputtering gas of 99.999% argon. The sub-
strate temperature was kept at 170 to 190°C, and the argon
pressure from 0.4–0.6 Pa during the deposition. The average
deposition rate was about 2 to 5 nm/minute. The morphol-
ogy of samples was studied by FESEM (XL30FEG from
Philips).

3 Results and discussion

Figure 2a and b are the top view FESEM images of the de-
posited indium oxide on the PAAs’ barrier layer. There are

many grain-like parts in each hexagonal cell, and the cell
arrangement is similar to that of the PAA barrier layer. By
making some cracks on the sample surface, we can directly
confirm the two layers with similar half-sphere structure, as
shown in the inset of Fig. 2b. Figure 2c further verifies that
there are many indium oxide nanorods with the same height
of about 50 nm and same diameter around 10 nm, and these
nanorods are parallel to each other and self-arranged into or-
dered half-sphere structure by the aid of PAAs’ barrier layer.
These images confirm that the preferred deposition behavior
is to cover the whole PAAs’ surface area, not just a part of
it. As a result, the indium oxide layer is a continuous and
ordered thin layer, as the sketch map Fig. 1(e).

Since it is possible to get free-standing PAAs with ∼100
nm thickness [3], we also try to take away the ultrathin in-
dium oxide layer from PAAs. Considering that alumina, as
PAAs’ main component, is amphoteric oxide, and that in-
dium oxide cannot react with alkali, PAA with the indium
oxide layer was immerged into 1 wt% NaOH solution at
10°C. It is interesting that the indium oxide layer automati-
cally detached from PAAs and floated in the solution when
the main part of PAAs remained undissolved, which may
be caused by that a small amount of NaOH solution went
through the indium oxide layer onto the interface of PAA
and indium oxide. We also tried to dissolve PAAs in the
mixture of phosphoric acid and chrome acid, but the indium
oxide layer breaks into pieces soon.

Figure 2d shows the free-standing indium oxide layer
transferred onto silicon substrate. The half-sphere array re-
mains, but on each half-sphere cell a small hole on the top
area can be found, which indicates that the indium oxide
nanorods have a loose arrangement, and tend to drop when
operating in the NaOH solution and water-washing process.
This result is also consistent with above deduction that liq-
uid can go through the deposited indium oxide layer. To
characterize the cross section of the indium oxide layer on Si
substrate, we just artificially made some damage to this thin
layer to reveal more parts of this film, as shown in Fig. 2e.
It can be seen that the arrangement of the nanorods is not
as good as that in Fig. 2c, and that some nanorods are lost.
Figure 2f is the oblique view FESEM image confirming that
each cell actually is a hollow half-sphere.

There is another simple way to take the whole indium ox-
ide layer away from PAA. Stick the general office adhesive
tape or conductive tape onto the sample surface, then peel
off the tape to take the indium oxide layer away. Since the
thin film was adhered to the tap, its front surface (Fig. 2a
and b) cannot be observed any more. However, its reverse
side morphology can be revealed in its integrity, as shown in
the oblique view FESEM images of Fig. 3(a) and (b). There
are many indium oxide nanorods, and these nanorods have
same size and shape with that in Fig. 2c. These nanorods’
arrangement on PAAs’ barrier layer brings taper-like pore
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Fig. 2 a, b and c are the top
view and cross-section view
FESEM images of the indium
oxide deposited on the PAAs’
barrier layer, d, e and f are
FESEM images of the
free-standing indium oxide layer
obtained through chemical
dissolution

array. Figure 3(c) and (d) show the top view FESEM im-
age with different magnification. There are also hexagonal
cells with one nanohole in each cell, which is similar to the
structure of PAA surface. But the nanoholes have different
shapes due to the arrangement of nanorods, and the defects
during the peel-off process may contribute to these irregular
hole arrays.

We also separately tried higher temperature under 200
and 240°C and higher argon pressure of 1.0 and 2.0 Pa while
other depositing conditions were the same. As the tempera-
ture and argon increased, the indium oxide microstructure
transferred into irregular grains with increased grain size.
The typically cross-sectional view FESEM image can verify
that the large disordered indium oxide grains, deposited un-
der 240°C, cannot be arranged well into a regular nanoscale
pattern on the PAA barrier layer, as shown in the inset

of Fig. 3(d). According to these experimental results, The
nanorods’ formation mainly relies on the depositing tech-
nique. The role of PAAs is to control the arrangement of
indium oxide nanorods. Since PAA’s pore diameter is ad-
justable from 10 to 500 nm, another role of PAA is its capa-
bility to tune the topology of indium oxide nanorods. From
materials science point of view, the anion contaminations
distributed in the barrier layer will attract materials during
the deposition and effect the nucleation and growth of the
indium oxide nanorods.

The present indium oxide nanorods on PAA have a
high sheet density of ∼1 × 1016 per m2, and can be free-
standing and transferred onto various substrates. It can be
used for nanostructured devices, such as gas sensors and
light-absorbing windows. Indium oxide is just an example
for the deposition on PAA barrier layer, and other materials
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Fig. 3 The oblique view,
(a) and (b), and top view,
(c) and (d), FESEM images of
the morphology of the back side
after mechanical peeling off the
indium oxide layer. The inset in
(d) shows pyramid grains and an
irregular arrangement

can also be deposited on this half-sphere surface to form
new nanostructures. For example, zinc oxide nanorod ar-
rays could easily form on PAA barrier layer since zinc oxide
prefers to grow alone the [0001] direction under various fab-
ricating conditions to form high aspect ratio nanostructures.
Based on the current study, we further propose to study how
the nanostructured materials deposit on PAA barrier layer
through electrochemical or hydrothermal approaches in liq-
uids.

4 Conclusions

In summary, PAAs’ half-sphere barrier layers were em-
ployed to fabricate indium oxide nanostructures. The de-
position of indium oxide confirms that the materials can
cover the overall surface area of the barrier layer, so de-
posited layer can copy the nanoscale half-sphere structure.
Both chemical dissolving or mechanically peeling off PAAs
can bring about a free-standing ultrathin indium oxide layer.
Morphology study on both sides of deposited layer verifies
that the ordered indium oxide nanorods can arrange well and
form half-sphere front surface and nanohole-array rear sur-
face. The present indium oxide nanorods on PAA have high
sheet density, and can be free-standing and transferred onto
various substrates. It can be used for nanostructured devices,
such as gas sensors and light-absorbing windows. This work
also indicates that we can get some special nanostructures of

other materials by the aid of the PAA barrier layers through
different deposition techniques.
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a b s t r a c t

In this paper, we firstly present a novel microscale-step structure fabricated by anodizing aluminum
in a mixture of 0.05–0.5 wt% NaCl (HCl), 2 wt% H3PO4 and 20 wt% ethanol under potentials of 1–40 V at
room temperature. Then, we present two micro–nano combined structures by integrating the microsteps
with nanopores through multi-step anodizations. The microstep–nanopore hierarchical structure was
obtained by re-anodizing the sample in oxalic acid, and the regular nanopores can be realized on the
microscale patterned aluminum surface. The two-layer porous structure was one layer of nanoporous
anodic alumina and another layer of micropores by two-step anodization on sample’s both sides. These
two novel structures can be useful for surface engineering and high flux filtration, respectively. The cur-
rent fabrication approach broadens the applications of aluminum anodization, and brings a new method
1.16.Dn

eywords:
icrostep
anopore

for assembling micro–nano structures.
© 2010 Elsevier B.V. All rights reserved.
nodic alumina
ssembly
itting

. Introduction

As a nanoscale template, porous anodic alumina (PAA) mem-
ranes are versatile for fabrication and assembly of nanostructured
aterials since PAAs have 2D nanopores with controllable pore

tructure, interpore distance (Dint) and thickness by adjusting
lectrolyte compositions, temperature, anodizing potentials and
urations [1–3], as shown in the sketch map of Fig. 1(a). The
ore structures and Dint will directly influence all PAAs’ appli-
ations [4–6]. In addition to the general circular pores, new
ore structures, such as triangle, square, diamond, nanotubes and
eriodic porous sheets, have been fabricated to broaden PAAs’
pplications. Diamond and hybrid triangle-diamond pore struc-
ures were realized by coating a polymethylmethacrylate layer
nd pre-patterning diamond structures on aluminum surface with

lectron-beam lithography [7]. Highly ordered square [8] and tri-
ngle [9] nanopore arrays in anodic alumina are obtained by oil
ressing the aluminum surface with a SiC molds which have an
rray of convex features. Well-defined nanoporous alumina mem-
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evices and System, Jiangsu Polytechnic University, 1 Ge Hu Road, Changzhou
13164, Jiangsu, China. Fax: +86 519 86330095.
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93
brane sheets and novel three-dimensional (3D) nanostructures
were obtained through pulse anodizations [10]. Alumina nanotubes
can be realized by similar pulse anodization [11] or chemical
erosion [12]. The ordered alumina nanotips [13], nanowires [14]
and nanowalls [15] were also realized through various technical
approaches. In summary, the well-known two-step anodization
process only brings circular alumina nanopores, and additional
steps, such as pre-texturing and post-treatments, are essential for
other pore structures.

Besides the pore structure, the control on the Dint of PAAs is also
very important. Masuda et al. [16] employed Fe2O3 monodisperse
nanoparticles as a template to leave a concave array on aluminum
surface to obtain PAA with Dint of 13 nm. Li et al. [17] reported
well-ordered PAAs with Dint from 50 to 420 nm in three typical
electrolytes. Perfectly ordered PAA with 490 nm Dint was realized
by imprinting the aluminum foil twice with a straight-line diffrac-
tion gating and anodizing in diluted H3PO4 under 195 V for 1 h at
5 ◦C [18]. The reported largest Dint is 1.2 �m under ultrahigh anodiz-
ing potential of 620 V at −10 ◦C in the mixture of 0.3 M oxalic acid
and ethanol [19]. As we know, the Dint is linearly dependent on the

applied potential with a proportional constant 2.0–2. 5 nm V−1. In
order to get microscale pores, high potential (>500 V) is needed,
and the destructive burning effect easily happens under such high
potential. So very low temperature and ethanol were employed to
dissipate the heat and avoid burning.

http://www.sciencedirect.com/science/journal/01694332
http://www.elsevier.com/locate/apsusc
mailto:gqding@gmail.com
mailto:dingjn@jpu.edu.cn
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Fig. 1. Sketch maps of (a) PAA with nanopores, (b) micropores surrounded

Here, for the first time, we report a brand-new microstep struc-
ure on aluminum surface, which is obtained through a simple
ne-step anodizing process at room temperature and low poten-
ial (1–40 V) in Cl− containing electrolyte. The microsteps can
elf-arrange into micropores, as shown in the 3D sketch map of
ig. 1(b). Furthermore, two novel structures were integrated from
icrosteps and nanopores. One novel hierarchical structure was

btained by further anodizing the sample in oxalic acid to form
anopores, as demonstrated in Fig. 1(c). Another novel two-layer
tructure was fabricated by anodizing the sample from another
ide until the current density decreased significantly, as shown
n Fig. 1(d). The hierarchical structure can be used for surface
ngineering, such as adjusting wettability and friction, and the two-
ayer structure can be applied for high flux filtration.

. Experimental details

Aluminum foil (99.999%) was degreased in acetone, and then
ashed with deionized water. The micropores were fabricated

n a mixture of 0.05–0.5 wt% NaCl (HCl), 2 wt% H3PO4 and
0 wt% ethanol under potentials of 1–40 V and room tempera-
ure. The sample was thoroughly washed and secondly anodized
n 0.3 M oxalic acid under 40 V for 5–30 min at 20–50 ◦C to obtain

icrostep–nanopore hierarchical structure, and the third anodiza-
ion could be conducted to improve the regularity of nanopores.
wo-layer structure was obtained by firstly anodizing in 0.3 M
xalic acid under 40 V at 30 ◦C for 1–30 min and secondly anodizing
n Cl− containing electrolyte for various durations. The anodiza-
ion process is monitored by Keithley 2400 source meter, and the
ample morphology was characterized by field emission scanning
lectric microscope (FESEM, Philips XL30FEG with a spatial resolu-
ion of 2 nm). The Contact angles (CAs) of water were measured by
rüss drop shape analysis system 100 at room temperature with
�L water drip on five independent points.

. Results and discussion

Fig. 2(a) and (b) shows the typical surface morphology of the
abricated microsteps. The average width, length and height of the
teps are 0.5–2, 1–5 and 1–3 �m, respectively. The microsteps are

ot as ordered as the ideal structure as shown in the sketch map

n Fig. 1(b), but they do have some regulations of their arrange-
ent. They are basically perpendicular to each other, and their

patial dimensions are of same order of magnitude. It is these reg-
lations that make this new, interesting and useful microporous

94
rosteps, (c) micropore–nanopore hierarchical and (d) two-layer structures.

structure happen on aluminum surface. The formation mecha-
nism of these microsteps and micropores should be similar to
the pitting process since they are both obtained in Cl− contain-
ing electrolytes [20–26]. But pitting process, which is characterized
by lower anodizing potentials (<1 V) in the electrolytes containing
NaCl, HCl or HClO4, only happens on some spots, and then grows
deeper and deeper into the bulk aluminum to form some random
holes on surface, while our microsteps can cover most of the sam-
ple surface by optimizing the anodizing conditions, especially the
electrolyte composition (phosphoric acid and ethanol) and applied
potentials. The formation mechanism of microsteps may also relate
to the applied external stress since they were found on highly
stressed aluminum under 23 V in 20 wt% sulfuric acid without any
Cl− ions [27].

We have tried various conditions to fabricate these microsteps,
especially the pre-treatment (electrochemical polishing), applied
potentials (1–40 V) and Cl− concentrations (0.05–0.5 M). It is well
known that the electrochemical polishing can remove a thin layer
of surface aluminum, which has microscale rolling patterns, and
bring ultra-flat surface with height fluctuation less than 20 nm
[28,29]. But we found that the anodization on electropolished sam-
ples brought fewer microsteps and tended to be pitting process.
Higher voltage (>10 V) was helpful for forming more microp-
ores, and if the voltage was lower than 1 V, the anodization was
close to the pitting process although the ethanol and phospho-
ric acid were added. More Cl− dramatically increased the current
density under the same potential, but decreased the amounts of
microsteps. The replacement of HCl to NaCl will not affect the
micropores’ morphology. Energy dispersive X-ray spectrum on
these microsteps confirms that the main component is aluminum
with small amount of chloride. It is notable that although the poten-
tial is less than 40 V, the growth rate of the micropores layer can be
as high as 3–20 �m/min while that of the general PAA layer is just
∼0.05 �m/min by mild anodization. Generally, lower Cl− concen-
tration (0.05–0.1 M) and higher potential (10–40 V) are suitable for
microstep fabrication without electropolishing.

Fig. 2(c) shows the surface morphology after re-anodizing
microsteps in 0.3 M oxalic acid under 40 V at 50 ◦C for 5 min. It is
clear that the nanopores form on the surface of microsteps, and that
the straight-line edges of microsteps are remained after nanopores’

formation. In order to improve the regularity of nanopores, the
samples were immersed into a mixture of 6.0 wt% H3PO4 and
1.8 wt% H2CrO4 at 60 ◦C for 60 min to remove the oxide layers,
and then anodized for the third time to get a new PAA layer,
as shown in Fig. 2(d) and (e). It is interesting that most right-
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ig. 2. FESEM images of (a) and (b) micropores with different magnifications obta
emperature for 5 min, and combined microstep–nanopore hierarchical structure a
fter first anodization in a mixture of 0.2 wt% NaCl, 2 wt% H3PO4 and 20 wt% ethano
A test result.

ngled parts and those straight-line edges disappear, and that arcs
ome into being, which can be explained as that during the sec-
nd anodization, the outstanding positions will cause stronger
lectric field distribution and were anodized faster than other
arts. So after removing the PAA layer and anodizing for the third
ime, there were only arc-like parts left, as shown in the larger
rea image of Fig. 2(e). Fig. 2(c)–(e) confirms that the combined
icrostep–nanopore hierarchical structure is successfully realized

y simple two- or three-step electrochemical methods.
It is well known that aluminum surface is critical for the forma-

ion of ordered nanopores of PAAs. That is why electrochemical
olishing is conducted before the anodization [28,29]. Whether

AAs can form on the microscale surface fluctuation was studied
y observing the sample’s cross sections. Fig. 3(a)–(c) shows the
ross-sections of the PAA layers after anodization in 0.3 M oxalic
cid under 40 V and 50 ◦C for 5 min. All of them can verify that the

ig. 3. (a)–(c) The cross-sectional FESEM images showing the PAA formation on microst
3PO4 and 20 wt% ethanol under 1 V and 30 ◦C for 5 min on one side and second anodizat

95
n a mixture of 0.5 wt% NaCl, 2 wt% H3PO4 and 20 wt% ethanol under 2 V and room
cond (c) and third (d) anodization in 0.3 M oxalic acid under 40 V at 50 ◦C for 5 min
er 9 V and 30 ◦C for 10 min, (e) low magnification image of (d) with the inset of the

basic microstructure of PAA layer on the microstep has no differ-
ence with that of generally reported PAA layer on flat aluminum
surface. Furthermore, we reveal vivid morphology about the PAA
formation on complicated surfaces, such as the arc-like surface and
the connecting parts of the flat and arc in Fig. 3(b), and cone-like alu-
minum ends in Fig. 3(c). There do have a little differentiation from
common PAAs, such as the special barrier type along the white line
in Fig. 3(b) and different thickness at different parts in Fig. 3(c).

All the FESEM images in Figs. 2 and 3 confirm the forma-
tion of micropores and the successful integration of microsteps
and nanopores. This obtained microstep–nanopore hierarchical
structure actually is a bionic design, and it is similar to the super-

hydrophobic nanobranch-on-micropapillae leaf structure of lotus
and rice [16]. CA test shows that this hierarchical structure is
hydrophobic with the water CA ∼ 140◦, while the bulk alumina
is hydrophilic with CA ∼ 60◦. More interestingly, we obtained

eps, which was fabricated by first anodization in a mixture of 0.5 wt% NaCl, 2 wt%
ion in 0.3 M oxalic acid under 40 V at 50 ◦C for 5 min on the other side.
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Fig. 4. FESEM images of (a) three-layer structure with partial un-anodized aluminum in the middle, the sample was firstly anodized in 0.3 M oxalic acid under 40 V and 30 ◦C
for 20 min and secondly anodized in 0.05 wt% NaCl, 2 wt% H3PO4 and 20 wt% ethanol under 5 V and 30 ◦C for 20 min, (b) combined two-layer structure by further anodizing
t ved in
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he sample under the same conditions for 20 min, the PAA’s barrier layer was remo
iew (d) of the two-layer structure by over time anodization (total time 104 min i
arrier layer was removed in 5 wt% H3PO4 under 30 ◦C for 5 min.

icrostep–nanowire structure by partially dissolving the wall of
anopores to form nanowires in 5 wt% phosphoric acid at 30 ◦C.
A test presented a unique superhydrophilic behavior that a water
rop disappeared in less than 0.2 s after it contacted with the
ample surface. So, it is possible to develop a controllable wetta-
ility switch based on the capability to modify the PAA surface
o nanowires [30], nanotips [13] and larger pores [19], and the
apability to further optimize the micropore structure.

Another micro–nano structure, the novel two-layer structure,
as obtained by two separate anodizations on the both sides of alu-
inum foil. To well control the thickness of PAA layer, anodize the

ample in 0.3 M oxalic acid under 40 V at first, and conduct second
nodization in Cl− containing electrolyte on the other side. Fig. 4(a)
hows a three-layer structure: top micropores, middle continuous
n-anodized aluminum and bottom nanopores. The middle layer
ill disappear as the micropores grow and reach the PAA layer

Fig. 4(b)), which can be monitored by a sudden and continuous
rop in the anodizing current. The 3D micropores can grow up
s more and more aluminum is consumed, and large micropore
ith the diameter ∼20 �m can be formed as shown in Fig. 2(c). The
icrosteps, nanopores and micropores, as well as their arrange-
ent, are well demonstrated in the cross-sectional view at the

nterface of two layers in Fig. 4(d). Before this two-layer structure
s used for filtration, the barrier layer of PAA needs to be removed.
ne way is to directly put the sample into 5% H3PO4 to dissolve the
alf-sphere cap, and the other way is to minimize the thickness of

AA barrier layer by stepwise decreasing the applied potential and
hen opening the nanopores in acid for very short time. Fig. 4(e)
hows the morphology of the throughout PAA after opening the
anopore by lowering the potential to 5 V and chemically erosion

n 5% H3PO4 for 5 min.

96
5 wt% H3PO4 under 30 ◦C for 40 min, large micropores (c) and the cross-sectional
containing electrolyte), (e) top view of PAA layer with throughout pore, the PAA’s

The combined two-layer structure can be utilized for high selec-
tive and high flux filter. High selectivity is due to highly order
nanopore array with very low standard deviation in pore diame-
ter, and high flux can be realized by minimizing the thickness of
nanopore layer. The commercial PAA filters from WhatmanTM gen-
erally has a thickness of ∼100 �m, and even thicker since thin PAA
film itself is too brittle to handle [31,32]. However, we can well con-
trol the PAA layer with the thickness from just 100 nm to several
microns according to our research [33], and this thin PAA layer can
be well bonded to the thicker (can be more than 200 �m) aluminum
microstep layer. Besides the selectivity and flux, another outstand-
ing performance of this two-layer structure is that when the PAA
layer is just 100–1000 nm, the sample has very good toughness as
shown in the inset picture of Fig. 4(d). It is easy to understand that
the microstep layer has good toughness because aluminum is so
soft. The PAA layer can also be soft when its thickness goes down to
less than 1000 nm, which is consistent with our observation that in
the deionized water, the ultrathin free-standing PAA will easily roll
into column by itself before transferring it onto the other substrates.
Compared to the commercialized PAAs, the current two-layer filter
has the advantages: (1) high selectivity since its regularity is better
than commercial one; (2) high flux due to its much thinner PAA
layer; (3) better toughness; (4) less manufacture time due to very
fast microstep fabrication and very short time for the much thinner
PAA layer.
4. Conclusions

In summary, we realized microsteps on aluminum with a
speed ∼3–10 �m/min by anodization in a mixture of 0.05–0.5 wt%
NaCl (HCl), 2 wt% H3PO4 and 20 wt% ethanol under potentials of
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–40 V and room temperature. The micropores are surrounded by
icrosteps, and the width, length and height of those steps are all

n microscale, which makes the 3D micropores come into being.
urthermore, we successfully integrate these microsteps with
anopores to get two novel structures. The microstep–nanopore
ierarchical structure was obtained through further anodization in
.3 M oxalic acid on same surface, and the wettability of this struc-
ure could be superhydrophobic and superhydropholic depending
n surface modification of the PAA layer. The two-layer porous
tructure was fabricated by controllable two-step anodization at
oth sides of aluminum foil, and can be used for high selective and
ux filtration.
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Interference between driving and dissipation in the spin-boson model:
Effect of counter-rotating terms
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The quantum dynamics of the dissipative two-level system in the Ohmic bath with Rabi driving is studied
by means of a modified Bloch-Redfield approach based on a unitary transformation. The main purpose is to
understand the effect of counter-rotating terms of the system-environment interaction on the dynamics of the
two-level system and, in particular, if it is possible to control the effective system-environment coupling by their
effect on the interference between driving and dissipation. By calculating the nonequilibrium correlation P (t)
for a finite driving it is shown that the counter-rotating terms of the system-environment interaction play an
important role in the dynamic evolution with a longer coherent time and a weaker amplitude of the long-time
driven oscillation.

DOI: 10.1103/PhysRevA.82.043844 PACS number(s): 42.50.Ct, 05.30.Jp

I. INTRODUCTION

The physics of a driven two-level system coupled to a
dissipative bosonic environment [driven spin-boson model
(DSBM)] has attracted considerable attention in recent years
because it provides a universal model for numerous physical
and chemical processes [1–3]. The Hamiltonian of DSBM
reads (we set h̄ = 1)

H (t) = −1

2
�σx + ε(t)σz +

∑

k

ωkb
†
kbk + 1

2

∑

k

gk(b†k + bk)σz.

(1)

b
†
k (bk) is the creation (annihilation) operator of the boson mode

with frequency ωk , and σx and σz are Pauli matrices to describe
the two-level system. ε(t) is the time-dependent driving force,
� the bare tunneling, and gk the coupling between spin and
environment.

The essential physics contained in DSBM is the competition
between the coherent quantum dynamics of the two-level
system [the driving two-level system described by the first two
term of Eq. (1)] and the dissipative effect of the environment
which tends to make the dynamics decoherent. The main
theoretical interest is to understand how the interplay between
the driving and the dissipation influence the decoherence and,
in particular, if it is possible to control the effective system-
environment coupling by using the interference between the
driving and the dissipative effect of the environment [4,5]. The
dynamical evolution of primary interest is defined as

P (t) = TrS{TrB[ρSB(t)σz]}, (2)

where ρSB (t) is the density operator for the Hamiltonian H (t)
satisfying the equation,

i
∂

∂t
ρSB(t) = [H (t),ρSB(t)], (3)

and the subscript SB indicates that it is a density operator
for the coupled two-level system (S) and bath (B). Besides,
the effect of the bosonic environment is characterized by
a spectral density J (ω) = ∑

k g2
k δ(ω − ωk) = 2αωθ(ωc − ω)

with the dimensionless coupling strength α and the hard upper

cutoff ωc [θ (ωc − ω) is the usual step function]. Here J (ω) is
the spectrum of the Ohmic bath [1,2].

The DSBM has been studied by several approximate ana-
lytic approaches. The first one is the traditional optical Bloch
equations approach [6–8] where the constant nondiagonal and
diagonal relaxation rates were used in the Bloch equations.
The second one is the approach of the Bloch-Redfield master
equation [4], where the Born-Markov approximation was
used for decoupling the master equation. Besides, the polaron
transformation is used for the DSBM, which is an expansion
over the tunneling � until the second order �2 [4] and is a
good approximation for small tunneling � and strong coupling
(large α). Dekker [9] proved that the polaron transformation
is equivalent to the real-time path-integral methods such as
the noninteracting blip approximation (NIBA) [10]. Hartmann
et al. have illuminated the advantages and disadvantages of the
Bloch-Redfield theory versus the path-integral approach [11].
In general, to obtain a solution for DSBM even numerically
is a nontrivial task [12–14], as the bosonic bath is of infinite
degrees of freedom.

It is well known that, in the Bloch equations approach
and in that of the Bloch-Redfield master equation, the
counter-rotating terms of the system-environment interaction
contribute nothing to the relaxation rates because they are
higher frequency terms under Born-Markov approximation
and their long-time averages are zero [15]. The approximation
omitting the contribution of counter-rotating terms is usually
referred to as the rotating-wave approximation (RWA), which
may be a good approximation for weak driving ε(t)/� � 1
because there is only one characteristic energy � for the
quantum system. Now, the question is: When the driving is
not weak ε(t)/� � 1, does the RWA still work?

For the finite driving, the counter-rotating terms may
contribute to the interference between the driving and the
dissipation as ε(t) appears as another characteristic energy
for the quantum system. Previously, we developed an analytic
approach to take into account the effect of the counter-rotating
terms by unitary transformation and then diagonalizing the
transformed Hamiltonian [16]. In [17] the approach was
applied to the DSBM (1) and the dynamical evolution P (t)
was calculated. But that diagonalization approach may not be
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suitable for the case of moderate driving ε(t)/� � 1 because
when doing the diagonalization only the following bare states
are taken into account: |s1〉|{0k}〉, |s2〉|{0k}〉, and |s1〉|{1k}〉.
Here |s1(2)〉 is the eigenstate of σx : σx |s1(2)〉 = +(−)|s1(2)〉, and
|{0k}〉 the vacuum state of the bath but |{1k}〉 the excited state of
the bath with only one excitation at mode k. When the driving
force is not weak, the other excited states, such as |s2〉|{1k}〉,
must be taken into account because the driving ε(t) can pump
between |s1〉|{1k}〉 and |s2〉|{1k}〉.

When taking into account more excited states, the diago-
nalization approach becomes quite complicated but the master
equation approach for the density operator can work. In this
paper, we propose a modified Bloch-Redfield approach for
solving the master equation of density operator of the DSBM,
which is based on the same unitary transformation as that of
Refs. [16,17]. By means of the transformation, the effect of the
counter-rotating terms of the system-environment interaction
has been taken into account even if we make the Born-Markov
approximation after the transformation. Because the master
equation approach has been used, we will show that the
pumping by ε(t) between |s1〉|{1k}〉 and |s2〉|{1k}〉 leads to
interference between the driving and the dissipative effect of
the environment. Our calculation will lead to different results
from those of Ref. [17] and one can see that the counter-rotating
terms play an important role in the quantum dynamics of the
DSBM.

II. UNITARY TRANSFORMATION

We present a treatment based on the unitary transformation
approach. A unitary transformation [16,17] is applied to H ,
H ′ = exp(S)H exp(−S), and the purpose of the transforma-
tion is to take into account the correlation between the spin
and bosons, where

S =
∑

k

gk

2ωk

ξk(b†k − bk)σz. (4)

Here, we introduce in S a k-dependent function ξk; its form
will be determined later.

The transformation can be done to the end and the result is

H ′(t) = H ′
0(t) + H ′

1 + H ′
2, (5)

H ′
0(t) = −1

2
η�σx + ε(t)σz +

∑

k

ωkb
†
kbk

−
∑

k

g2
k

4ωk

ξk(2 − ξk), (6)

H ′
1 = 1

2

∑

k

gk(1 − ξk)(b†k + bk)σz

− 1

2
η�iσy

∑

k

gk

ωk

ξk(b†k − bk), (7)

H ′
2 = −1

2
�σx

(

cosh

{
∑

k

gk

ωk

ξk(b†k − bk)

}

− η

)

− 1

2
�iσy

×
(

sinh

{
∑

k

gk

ωk

ξk(b†k − bk)

}

−η
∑

k

gk

ωk

ξk(b†k − bk)

)

,

(8)

where

η =
〈

{0k}
∣
∣
∣
∣
∣
cosh

{
∑

k

gk

ωk

ξk(b†k − bk)

}∣
∣
∣
∣
∣
{0k}

〉

= exp

[

−
∑

k

g2
k

2ω2
k

ξ 2
k

]

(9)

is an average over the vacuum state of the bath.
Obviously, H ′

0(t) can be solved exactly because the spin and
bosons are decoupled, and its first two terms can be rewritten
as

− 1
2η�(|s1〉〈s1| − |s2〉〈s2|) + ε(t)(|s2〉〈s1| + |s1〉〈s2|).

If the functional form of ξk is determined as

ξk = ωk

ωk + η�
, (10)

then we have

H ′
1 =

∑

k

Vk[b†k|s1〉〈s2| + bk|s2〉〈s1|], (11)

where Vk = η�gkξk/ωk . Note that H ′
1 contains only the rotat-

ing wave term, that is, because of the unitary transformation the
counter-rotating terms disappear. However, the renormalized
coupling Vk = η�gk/(ωk + η�) already takes into account
the effect of the counter-rotating terms and Vk → gk/2 when
the bosonic frequency ωk → η�. We note that gk/2 is the bare
coupling in the original Hamiltonian (1).

The transformed Hamiltonian H ′(t) = H ′
0(t) + H ′

1 + H ′
2

is equivalent to the original H (t) and there is no approx-
imation until this point. In the following, the transformed
Hamiltonian is approximated as H ′(t) ≈ H ′

0(t) + H ′
1, since

〈{0k}|H ′
2|{0k}〉 = 0 [this is the reason for determining the

value of η in Eq. (9)]. It can be checked that, after the
transformation, η contains the contribution from zero-boson
transition and the terms of single-boson transition are included
in H ′

1. The terms contained in H̃2 are related to the double- and
multiboson nondiagonal transition (like bkbk′ and b

†
kb

†
k′ ) and

their contributions to the physical quantities are O(g4
k ). In the

zero-temperature case the contribution from these multiboson
nondiagonal transitions may be dropped safely.

III. DENSITY OPERATOR AND MASTER EQUATION

The density operator in the Schroedinger representation is
ρSB (t) with Hamiltonian H (t). For transformed Hamiltonian
H ′(t) ≈ H ′

0(t) + H ′
1 the density operator is

ρ ′
SB(t) = eSρSB (t)e−S = U ′(t)ρ ′

SB(0)U ′†(t), (12)

where ρ ′
SB(0) is the initial density operator for H ′(t) and the

propagator U ′(t) satisfies the Schroedinger equation [4,18],

i
∂

∂t
U ′(t) = H ′(t)U ′(t). (13)

In this work, a harmonic driving ε(t) = � cos(ωLt) is used as
the driving force, where � is the Rabi frequency and ωL the
carrier frequency. Generally speaking, cos(ωLt) �= cos(ωLt ′)
when t �= t ′, thus H ′

0(t) and H ′
0(t ′) do not commute with each

other and the master equation for ρ ′
SB(t) is quite difficult to

043844-2
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be solved. As our main purpose is to see how the driving field
modifies the relaxation and damping rate, in this work we treat
the resonant case of the driving field with ωL = η�. Because
of the resonant case the propagator may be transformed to the
rotating frame, Ũ (t) = X(t)U ′(t),

X(t) = exp

{

iη�t

[

(|s2〉〈s2| − |s1〉〈s1|)/2 +
∑

k

b
†
kbk

]}

, (14)

which satisfies the transformed Schroedinger equation,

i
∂

∂t
Ũ (t) =

[
∑

k

(ωk − η�)b†kbk + �

2
(|s2〉〈s1|

+ |s1〉〈s2|) + �

2
(|s2〉〈s1|ei(ωL + η�)t

+ |s1〉〈s2|e−i(ωL+η�)t ) + H ′
1

]

Ũ (t). (15)

The two high-frequency terms, exp[i(ωL + η�)t] and
exp[−i(ωL + η�)t], will be omitted. Then,

H̃0 = H̃0B + H̃0S =
∑

k

(ωk − η�)b†kbk

+ �

2
(|s2〉〈s1| + |s1〉〈s2|) (16)

is time independent, where H̃0B is the bath term and H̃0S =
�(|s2〉〈s1| + |s1〉〈s2|)/2. The density operator in the rotating
frame is ρ̃SB (t) = Ũ (t)ρ ′

SB(0)Ũ †(t). The reduced density
operator is ρ̃S(t) = TrBρ̃SB(t) which satisfies the following
master equation [4,18],

d

dt
ρ̃S(t) = −i[H̃0S,ρ̃S(t)]

−
∫ t

0
dt ′TrB [H ′

1(t),eiH̃0S (t ′−t)[H ′
1(t ′),ρ̃S(t)ρB]e−iH̃0S (t ′−t)],

(17)

where we have used the Born-Markov approximation and

H ′
1(t) =

∑

k

Vk[b†k|s1〉〈s2|ei(ωk−η�)t + bk|s2〉〈s1|e−i(ωk−η�)t ].

(18)

The details of deriving the master equation are listed in the
appendix. In the long time limit, the master equation (A8) can
be rewritten for four elements of the density operator,

ρ̃S(t) =
(

ρ̃11(t) ρ̃12(t)

ρ̃21(t) ρ̃22(t)

)

,

d

dt
ρ̃11(t) = −i

�

2
[ρ̃21(t) − ρ̃12(t)] −

[

γ (η�) + 1

2
γ (η� − �)

+ 1

2
γ (η� + �)

]

ρ̃11(t) − 1

4
[γ (η� + �)

− γ (η� − �)][ρ̃21(t) + ρ̃12(t)], (19)

d

dt
[ρ̃21(t) − ρ̃12(t)] = i�[ρ̃22(t) − ρ̃11(t)] − 1

2
[γ (η� − �)

+ γ (η� + �)][ρ̃21(t) − ρ̃12(t)], (20)

d

dt
[ρ̃21(t) + ρ̃12(t)]

= −[γ (η� + �) − γ (η� − �)]ρ̃11(t) − 1

2
[γ (η� − �)

+γ (η� + �)][ρ̃21(t) + ρ̃12(t)], (21)

d

dt
ρ̃22(t) = − d

dt
ρ̃11(t). (22)

Here, γ (ω) is the following time integral,

γ (ω) =
∑

k

V 2
k

∫ t

0
dt ′ exp[−i(ωk − ω)(t − t ′)]

=
∑

k

(
η�gk

ωk + η�

)2 1 − exp[−i(ωk − ω)t]

i(ωk − ω)
. (23)

When ωt � 1, we have

γ (ω) = π
∑

k

(
η�gk

ωk + η�

)2

δ(ωk − ω) = πJ (ω)

(
η�

ω + η�

)2

(24)

where we have omitted the imaginary part of γ (ω) since it
is a small level shift which is not important. We note that
the renormalization function [2η�/(ω + η�)]2 comes from
our unitary transformation, which takes into account the effect
of the counter-rotating terms but the transformed interaction
H ′

1 contains the rotating-wave terms only [see Eq. (18)]. If
we start from H (t) = H0(t) + H1 in Eq. (1), do not make the
unitary transformation (3) but follow the same procedure of
the Born-Markov approximation from (12) to (18), we may
arrive at the same differential Eqs. (19)–(22) [in this way the
counter-rotating terms in (1) contribute nothing in the second
order of O(g2

k )] but with nonrenormalized

γ0(ω) = π
∑

k

g2
k

4
δ(ωk − ω) = πJ (ω)/4, (25)

instead of the renormalized γ (ω) in Eq. (24). Note that at
resonant point ω = ωL = η�, we have γ (η�) = γ0(�) = γ0

with γ0 = 0.5παωL.
The solution of Eqs. (19)–(22) with nonrenormalized γ0(�)

and γ0(� ± �) will be denoted as the RWA solution. We
will show that when the ratio �/� is not very small, the
counter-rotating terms have significant effect on the dynamical
evolution.

IV. DYNAMICAL EVOLUTION

One of our purposes is to calculate the nonequilibrium
correlation P (t) [Eq. (2)]. Because of the unitary transforms
in Eq. (12), it can be calculated as

P (t) = TrS(TrB(eSρSB(t)e−Sσz))

= TrS(TrB(U ′(t)ρ ′
SB(0)U ′†(t)σz))

= TrS(TrB(Ũ (t)ρ ′
SB(0)Ũ †(t)X(t)σzX

†(t)))

= TrS(ρ̃S(t)(|s2〉〈s1|eiωLt + |s1〉〈s2|e−iωLt ))

= ρ̃12(t)e−iωLt + ρ̃21(t)eiωLt

= [ρ̃21(t) + ρ̃12(t)] cos(ωLt) + i[ρ̃21(t)

− ρ̃12(t)] sin(ωLt). (26)
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ρ̃12(t) and ρ̃21(t) are solutions of Eqs. (19)–(22). When solving
Eqs. (19)–(22) we use the initial density operator ρS(0) =
1
2 ( 1 1

1 1 ), which leads to the following solutions:

ρ̃21(t) + ρ̃12(t)

= − �−�2

�+
(
�2

r + �2
) +

[

1 + �−
�+

�2 + �+�−/4

�2 − �2−/4

]

e−�+t/2

− �−
�2 − �2−/4

[
�2(γ0 + �+/2)/2

�2
r + �2

+ �−
4

]

cos(�rt)e
−�t

− �−
2�r

{

1 + 1

�2 − �2−/4

[
γ0�−

4

+ �2
(
�2 − �2

r − 1
2�+�

)

�2
r + �2

]}

sin(�rt)e
−�t , (27)

i[ρ̃21(t) − ρ̃12(t)]

= −2�

�+

[

1 − �2

�2
r + �2

]

+ 2�

�+

[

1 − �2 + �+�−/4

�2 − �2−/4

]

× e−�+t/2 + �

�2 − �2−/4

[
�2(γ0 + �+/2)

�2
r + �2

+ �−
2

]

× cos(�rt)e
−�t + �

�r

{

1 + 1

�2 − �2−/4

×
[

γ0�−
4

+ �2
(
�2 − �2

r − 1
2�+�

)

�2
r + �2

]}

sin(�rt)e
−�t ,

(28)

where

�r =
√

�2 − (
γ 2

0 + �2−
)
/4, (29)

�± = γ (η� + �) ± γ (η� − �), (30)

and � = [γ0 + �+]/2. One can see that there are two decay
rates for the dynamical evolution P (t): one is �+/2 for the
terms with frequency ωL and the other is � = (γ0 + �+)/2 for
the terms with frequency ωL ± �r . We note that, for Ohmic
bath J (ω) = 2αωθ(ωc − ω) and when � > 0, the decay rates
of RWA solution are larger than the rates of our solution:

�+RWA = γ0(� + �) + γ0(� − �) = 2γ0, (31)

�+ = γ (η� + �) + γ (η� − �)

= 2γ0

(

1 − 3

4

�2

ω2
L

)/(

1 − 1

4

�2

ω2
L

)2

. (32)

Figure 1 shows �+ and �+RWA as functions of the Rabi driving
�. �+RWA is a constant for 0 < � < ωL but �+ decreases with
increasing �. At � = ωL, �+/�+RWA = 4/9. This is to say
that the effect of counter-rotating terms is to reduce the decay
rate of the driven two-level system coupled with its dissipative
environment. In other words, the counter-rotating terms lead
to the interference between the driving and dissipation in
the spin-boson model which makes the decay rate become
weaker.

FIG. 1. (Color online) �+ and �+RWA as functions of the Rabi
driving �.

Note that �RWA = [γ0 + �+RWA]/2 = 3γ0/2 and
�+RWA/2 = γ0 make the decay rate of ρ̃21(t) and ρ̃12(t)
[Eqs. (27) and (28)] the same as what Mollow obtained [6]
from the RWA. But in Mollow’s work [6] �− = 0 and thus,

PM (t) = cos(ωLt)e−γ0t +
[

− 2γ0

�
+ 2γ0

�
cos(�t)e− 3

2 γ0t

+ 3γ 2
0

�2
sin(�t)e− 3

2 γ0t

]

sin(ωLt), (33)

where the subscript M means the Mollow’s solution for
� � γ0.

For the zero-driving case, � = 0, P (t) = cos(ωLt)
exp(−γ0t) is a simple damped oscillation for both the RWA and
our non-RWA treatment, since we have γ (η�) = γ0(�) = γ0.
For finite driving our calculated P (t) is plotted as a function of
dimensionless time ωLt for α = 0.01 in Fig. 2 (� = 0.25ωL),
Fig. 3 (� = 0.5ωL), and Fig. 4 (� = 0.75ωL), where the
dashed-dotted line is the RWA result. Compared with the
RWA result, our result predicts a longer coherent time and

FIG. 2. (Color online) P (t) as a function of dimensionless time
ωLt for α = 0.01 and � = 0.25ωL.
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FIG. 3. (Color online) P (t) as a function of dimensionless time
ωLt for α = 0.01 and � = 0.5ωL.

a weaker decay rate. This is to say that a nonzero driving plays
an important role in the quantum dynamics of the two-level
system coupled to an Ohmic bath.

Apart from the weaker decay rate, Figs. 2–4 also show that
the long-time limit of the dynamical evolution P (t) is a driven
oscillation at frequency ωL,

P (t → ∞) = −P0 cos(ωLt − φ), (34)

P0 = �

�+
(
�2

r + �2
)
{

�2
−�2 + 1

4
[2γ0�+ + �2

+ − �2
−]2

}1/2

,

(35)

tan φ = [2γ0�+ + �2
+ − �2

−]

2�−�
. (36)

One can see that, compared with the RWA result, the counter-
rotating terms of the system-environment interaction lead to a
weaker amplitude of the long-time driven oscillation. Figures 5

FIG. 4. (Color online) P (t) as a function of dimensionless time
ωLt for α = 0.01 and � = 0.75ωL.

FIG. 5. (Color online) The long-time amplitude P0 as a function
of the Rabi driving �/ωL for α = 0.01.

and 6 show the amplitude P0 and phase shift φ versus �/ωL

relations for α = 0.01. There is a big difference between our
result and that of RWA, which means that the counter-rotating
terms play an important role even in the long-time behavior.

V. CONCLUDING REMARKS

We have developed a modified Bloch-Redfield approach
taking into account the effect of the counter-rotating terms of
the system-environment interaction. The approach is used to
study the interference between the driving and the dissipation
of the DSBM. By calculating the nonequilibrium correlation
P (t) for a finite driving it is shown that the counter-rotating
terms of the system-environment interaction play an important
role in the dynamic evolution, and their main impact, compared
with the RWA, is twofold: One is to suppress the decay rate
when driving is finite, and the other is to reduce the long-
time amplitude and to change the phase shift of the driven
oscillation.

We note that our main analytic results are the differential
Eqs. (19)–(22). The coefficients γ (η� ± �) in Eqs. (19)–(22)
are related to the interference between the driving and the

FIG. 6. (Color online) The phase shift φ as a function of the Rabi
driving �/ωL for α = 0.01.
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dissipation effect of the environment because γ (ω), as a
function of frequency ω, is proportional to the spectral density
J (ω) [Eqs. (24) and (25)] and γ (η� ± �) means that the
decay rates can be controlled by changing the Rabi frequency
�. But in the diagonalization approach used in [17] we can get
γ (η�) only as the long-time decay rate because, as we said
in Sec. I, the Rabi driving by � cos(ωLt) between the excited
states |s1〉|{1k}〉 and |s2〉|{1k}〉 has not been taken into account.

In this work, we consider the Ohmic bath with spectral
function J (ω) = 2αωθ(ωc − ω) because it may be the most
interesting one [1,2]. Our approach can be used for other
structureless spectral functions, such as the super-Ohmic and
sub-Ohmic baths, as well as the structured bath with Lorentz-
type spectral function. For the structured bath, because there
are some characteristic frequencies related to the structure,
the interference between the driving and the dissipation may
be more interesting than the structureless bath. The related
work is underway.
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APPENDIX: MASTER EQUATION AND BORN-MARKOV
APPROXIMATION

In the interaction picture, the density operator is

ρ̃I
SB (t) = exp(iH̃0t)ρ̃SB(t) exp(−iH̃0t), (A1)

which satisfies the equation,

d

dt
ρ̃I

SB (t) = −i
[
HI (t),ρ̃I

SB(t)
]
. (A2)

Here, HI (t) is the perturbation H ′
1 in the interaction picture,

HI (t) = exp(iH̃0St)H
′
1(t) exp(−iH̃0St),

H ′
1(t) =

∑

k

Vk[b†k|s1〉〈s2|ei(ωk−η�)t + bk|s2〉〈s1|e−i(ωk−η�)t ].

(A3)

Equation (A2) can be solved by iteration,

d

dt
ρ̃I

SB (t) = −i
[
HI (t),ρ̃I

SB(0)
]

−
∫ t

0

{
HI (t),

[
HI (t ′),ρ̃I

SB (t ′)
]}

dt ′. (A4)

The Born approximation is to approximately decouple (A4)
by assuming ρ̃I

SB (t ′) ≈ ρ̃I
S (t ′)ρB in the integration, that is,

all higher order (than g2
k ) terms are neglected. The reduced

density operator is ρ̃I
S (t) = TrBρ̃I

SB(t) and the master equation
for reduced density operator is

d

dt
ρ̃I

S (t) = −
∫ t

0
TrB [HI (t),[HI (t ′),ρ̃I

S (t ′)ρB]]dt ′, (A5)

since TrB[HI (t),ρ̃I
SB(0)] = 0. Returning back to the

Schroedinger picture,

ρ̃I
S (t) = exp(iH̃0St)ρ̃S(t) exp(−iH̃0St) (A6)

with H̃0S = �(|s2〉〈s1| + |s1〉〈s2|)/2, the master equation be-
comes
d

dt
ρ̃S(t) = −i[H̃0S,ρ̃S(t)]

−
∫ t

0
dt ′TrB [H ′

1(t),eiH̃0S (t ′−t)[H ′
1(t ′),ρ̃S(t ′)ρB]e−iH̃0S (t ′−t)].

(A7)

H ′
1(t) is in Eq. (A3). The Markov approximation is assuming

ρ̃S(t ′) ≈ ρ̃S(t) in the integration, which makes the integral-
differential equation become a differential equation.

In this paper we consider the zero temperature case and the
trace operation TrB can be done easily,

d

dt
ρ̃S(t) = −i[H̃0S,ρ̃S(t)] −

∫ t

0
dt ′

∑

k

V 2
k

×{
e−i(ωk−η�)(t−t ′)|s2〉〈s1|eiH̃0S (t ′−t)|s1〉〈s2|ρ̃S(t)e−iH̃0S (t ′−t)

− ei(ωk−η�)(t−t ′)|s1〉〈s2|eiH̃0S (t ′−t)ρ̃S(t)(|s2〉〈s1|e−iH̃0S (t ′−t)

− e−i(ωk−η�)(t−t ′)eiH̃0S (t ′−t)|s1〉〈s2|ρ̃S(t)e−iH̃0S (t ′−t)|s2〉〈s1|
+ ei(ωk−η�)(t−t ′)eiH̃0S (t ′−t)ρ̃S(t)|s2〉〈s1|e−iH̃0S (t ′−t)|s1〉〈s2|

}
.

(A8)
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In this article, we systematically study the spontaneous decay phenomenon of a two-level system under
the influences of both its environment and repetitive measurements. In order to clarify some well-established
conclusions about the quantum Zeno effect (QZE) and the quantum anti-Zeno effect (QAZE), we do not use
the rotating wave approximation (RWA) in obtaining an effective Hamiltonian. We examine various spectral
distributions by making use of our present approach in comparison with other approaches. It is found that with
respect to a bare excited state even without the RWA, the QAZE can still happen for some cases, for example, the
interacting spectra of hydrogen. However, for a physical excited state, which is a renormalized dressed state of
the atomic state, the QAZE disappears and only the QZE remains. These discoveries inevitably show a transition
from the QZE to the QAZE as the measurement interval changes.

DOI: 10.1103/PhysRevA.81.042116 PACS number(s): 03.65.Xp, 03.65.Yz, 42.50.Ct

I. INTRODUCTION

The quantum Zeno effect (QZE) is vividly described as
the adage “a watched pot never boils” in some quantum
version [1]. Usually it is used for describing a class of
effects in which constant monitoring of a quantum system
drastically slows down its dynamic evolution [1,2]. This may
be a coherent transition (e.g., the Rabi oscillation [3]) and an
irreversible process as well. For instance, any unstable state
can be prevented from decay when adequate measurements
are frequently applied to the system [4–7]. Here the couplings
to a reservoir would induce an exponential decay if there were
no measurements.

On the other hand, it was predicted that the decay
could also be enhanced by frequent measurements observed
under somewhat different conditions, leading to the so-called
quantum anti-Zeno effect (QAZE) [8,9]. When the coupling
to a surrounding environment (a reservoir) is taken into
consideration, the generic QZE may not be attainable since the
required measurement interval is out of reach in experiments.
Furthermore, under the influence of the reservoir with some
spectral distribution, the decay process could be significantly
accelerated by repetitive measurements.

Recently it was recognized [10,11] that the theoretical
prediction [8] for the reservoir-enhanced decay phenomena
may be based on the rotating wave approximation (RWA) [3],
where the counter-rotating terms are neglected as they are
high-frequency oscillating. A quite natural question follows
as to whether the existence of the QAZE really relies on
the counter-rotating term, which is usually ignored in many
applications since it possesses high-frequency oscillation in
the interaction picture.

In this article, we generally tackle this problem by investi-
gating the influence of the counter-rotating term on the QAZE.
Without making the RWA, as done in Ref. [10], we develop
a direct canonical transformation approach [12,13] to derive
an effective Hamiltonian. It is equivalent to the second-order
perturbation approach. The obtained effective Hamiltonian is
exactly solvable since it possesses the same form as that for the

case with the RWA. Our calculation properly shows that for the
spontaneous decay there exists a transition from the QZE to the
QAZE as the measurement interval changes. In other words,
with respect to the bare excited state (the product state of the
atomic excited state and the vacuum of the reservoir) in the
spontaneous decay, the counter-rotating terms are irrelevant to
the occurrence of the QAZE for some spectral structures. As
predicted, the essential difference between these approaches
with and without the RWA could be disregarded in some
cases.

In addition to the spectra of the hydrogen atom, we extend
our research to the general situations with different kinds of
spectral structures. Our finding shows that the QAZE seems
to be universal except when some certain requirement is met
for a sub-Ohmic spectrum. Furthermore, in order to compare
with the existing research [10], we also start from the same
unitary transformation, but choose the bare excited state,
which is different from the physical excited state (the one
excited from the ground state of the original Hamiltonian) in
Ref. [10], as the initial state. Then the QAZE is again witnessed
for the cases of hydrogen’s spectral structure and others as
well. The discrepancy between our result and the former
one [10] is attributed to the different choices of the initial
states.

The article is structured as follows. In the next section, with
a special transformation, we obtain the effective Hamiltonian
and thus the modification of the atomic spontaneous decay
rate due to the counter-rotating terms. Section III discusses
the transition from the QAZE to the QZE for different spectra.
In Sec. IV, with the same initial state, we start from anther
transformation and arrive at the same conclusion for the
hydrogen atom as the one in the previous section. A brief
summary is concluded in Sec. V. Furthermore, we prove in
Appendix A that the survival probability of the atom in the
excited state is equivalent to the survival probability of the
initial state for the spontaneous decay. In addition to Sec. IV,
Appendix B presents the details on the calculation of the
survival probability.
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II. EFFECTIVE HAMILTONIAN WITHOUT ROTATING
WAVE APPROXIMATION

We generally consider the QAZE for a two-level atom
interacting with a reservoir in vacuum in the weak coupling
limit. According to A. O. Caldeira and A. J. Leggett [14],
the reservoir weakly coupled to an open quantum system
can universally be modeled as a collection of many harmonic
oscillators with annihilation (creation) operator bk(b†k) for kth
mode with frequency ωk . Let σx,y,z be the Pauli operators and

σ± = 1
2 (σx ± iσy)

the raising and lowering operators for the atom with the excited
state |e〉, the ground state |g〉, and the energy-level spacing
�, respectively. Then the total system is described by the
Hamiltonian H = H0 + HI :

H0 =
∑

k

ωkb
†
kbk + �

2
σz, (1)

HI =
∑

k

gk[(bk + b
†
k)σ+ + H.c.]. (2)

Here we have assumed the coupling constants gk’s to be real
for simplicity. However, we would like to say that the main
result does not change if we start from a general assumption
that gk’s are complex numbers.

As the interaction term HI contains the counter-rotating
terms, that is, the high-frequency terms with frequencies
±(ωk + �) like

V = b
†
kσ

+ei(ωk+�)t + H.c.

in the interaction picture, the Hamiltonian H is not exactly
solvable even for the simple cases of single mode or single
excitation. We use the generalized version [12] of the Fröhlich-
Nakajima transformation exp(−S) [15,16] to eliminate the
high-frequency terms in the effective Hamiltonian. Here

S =
∑

k

Ak(b†kσ
+ − bkσ

−) (3)

is an anti-Hermitian operator, where Ak’s remain to be
determined. Up to the second order, the effective Hamiltonian
Heff = exp(−S)H exp(S) is given as

Heff = H0 + H1 + 1
2 [H1,S] + 1

2 [HI ,S] + · · · . (4)

Now we require b
†
kσ

+ + H.c. to be eliminated from the first-
order term

H1 = HI + [H0,S]

=
∑

k

[gk(bk + b
†
k)σ+ + Ak(ωk + �)b†kσ

+ + H.c.]

=
∑

k

gk(bkσ
+ + H.c.).

The preceding equation gives the coefficients

Ak = − gk

ωk + �
. (5)

Note that for a state |�〉 which fulfills the Schrödinger
equation before the transformation, that is,

H |�〉 = i∂t |�〉, (6)

we can prove that the state after the transformation |�〉S =
exp(−S)|�〉 satisfies the Schrödinger equation,

Heff|�〉S = i∂t |�〉S, (7)

with the effective Hamiltonian

Heff =
∑

k

ωkb
†
kbk + �1

2
σz +

∑

k

gk(bkσ
+ + H.c.), (8)

where we have omitted the high-frequency intercrossing terms
such as b

†
kb

†
k′ and bk′bk , and the modified level spacing for the

atom is

�1 = � +
∑

k

g2
k

ωk + �
. (9)

Here the shift of the level spacing can be regarded as the Lamb
shift, also called the ac stark modification in atomic physics
and quantum optics. Furthermore, in the preceding calculation,
the term

∑

k

g2
k

ωk + �
(1 + b

†
kbk)

is replaced with

∑

k

g2
k

ωk + �
,

since for the single excitation case its contribution results
in a small modification in the lth mode g2

l /(ωl + �). We
remark that, for those modes k �= k′ with smaller frequency
differences, the terms b

†
kbk′(k �= k′) could have larger contri-

butions in quantum dynamics, but for some initial states we
choose them to be of the second order. This problem has been
considered in Ref. [10].

Let us first consider the QAZE for the spontaneous decay
process where the initial state can be chosen as |e,{0}〉 = |e〉 ⊗
|{0}〉 with the atom in the excited state |e〉 and all modes of
fields in the vacuum state |{0}〉 = ∏

k ⊗|0k〉. Due to the special
unitary transformation exp(−S), the initial states before and
after the transformation are identical; that is,

e−S |e,{0}〉 = (
I − S + 1

2S2
) |e,{0}〉 = |e,{0}〉. (10)

We note that, for the generalized Fröhlich-Nakajima trans-
formation in Ref. [10], the initial state would be changed.
For other cases, we illustrate that the uses of changed
and unchanged initial states would result in the different
conclusions about the discussions of the QAZE.

When the atom is projected onto the excited state, provided
that the total system evolves from the initial state |e,{0}〉, the
survival probability is

P (t) = |x(t)|2 = Tr(|e〉〈e|e−iH t |e,{0}〉〈e,{0}|eiHt ). (11)
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Thus, as shown in Appendix A, the survival probability after
n measurements,

P (t = nτ ) = |〈e,{0}|e−iHτ |e,{0}〉|2n

= |〈e,{0}|eSe−iHeffτ e−S |e,{0}〉|2n

= |〈e,{0}|e−iHeffτ |e,{0}〉|2n

= e−Rt , (12)

is calculated in the transformed representation where the new
initial state just coincides with the original one. Here the decay
rate [8]

R = 2π

∫ ∞

−∞
dωF (ω,�1)G(ω) (13)

is the overlap integral of the measurement-induced atomic
level broadening

F (ω,�1) = 1

2π

∫ ∞

−∞
dt

(

1 − |t |
τ

)

ei�1t θ (τ − |t |)e−iωt

= τ

2π
sinc2

[
(ω − �1)τ

2

]

(14)

and the interacting spectrum

G(ω) =
∫ ∞

−∞
dt

∑

k

g2
k

2π
ei(ω−ωk )t =

∑

k

g2
k δ(ω − ωk). (15)

The preceding obtained result seems to be the same as that
in Ref. [8], but the essential difference is that the peak of
F (ω,�1) has been shifted due to the counter-rotating terms. In
this approach for practical problems, this shift may not have
significant effect on the physical result (see the illustration
in Fig. 1). In the physical systems that we are considering,
that is, hydrogen atom, the influence of the counter-rotating
terms is very small since the energy shift |�1 − �| is relatively
small with respect to the distance between the original energy
level spacing � and the peak of the interacting spectrum ω0.
However, there may appear some different results in artificial
systems such as circuit QED [17]. We check this observation
for various cases as follows.

III. QUANTUM ANTI-ZENO EFFECT FOR DIFFERENT
INTERACTING SPECTRA

Having obtained the effective decay rate modified by the
counter-rotating terms, we examine the preceding observation
for specific spectra in investigating the QZE and the QAZE.

A. Quantum anti-Zeno effect for hydrogen atom

Let us first investigate the decay rate for the hydrogen atom
in the vacuum of electromagnetic fields. We consider two usual
transitions of the hydrogen atom, that is, 2p-1s and 3p-1s, with
the interacting spectra [18,19]

G2p−1s(ω) = ηω
[
1 + (

ω
ωc

)2]4 (16)

and

G3p−1s(ω) =
η′ω

[
1 + 2

(
ω
ω′

c

)2]2

[
1 + (

ω
ω′

c

)2]6 , (17)

FIG. 1. (Color online) Schematic of the difference between the
overlap integrals with and without the RWA. The solid blue line is
for the measurement function F (ω,�) centered at the original atomic
level spacing � for the case with the RWA, the dotted red line is for the
measurement function F (ω,�1) centered at the modified frequency
�1 for our current case without the RWA, and the green dashed line
is for interacting spectrum G(ω) centered at ω0.

respectively, where

η = 6.435 × 10−9, ωc = 8.491 × 1018 rad/s, (18)

η′ = 1.455 × 10−9, ω′
c = 7.547 × 1018 rad/s. (19)

The numerical calculations of the decay rate in Eq. (13)
are shown in Figs. 2 and 3. Here we observe the emer-
gence of the QZE and the QAZE as well. Starting from
a large-enough value of τ , as the measurement inter-
val decreases, the decay rate will experience an ascend-
ing procedure at the first stage. Since the decay rate is
bigger than the unperturbed one

R0 = 2πG(�1),

0.0 0.2 0.4 0.6 0.8 1.0
0.001

0.01

0.1

1

10

100

τ

R 106

R

FIG. 2. (Color online) The decay rate vs measurement interval
τ for the 2p-1s transition of the hydrogen atom. Here the solid
blue line is for R and the dashed red line is for �R = |R − Rrwa|.
|�1 − �|/� = 1.71 × 10−6, � = 1.55 × 1016 rad/s, and ωc/� =
550. Notice that �R is enlarged 106 times. In all figures, the
measurement interval τ is in units of atomic level spacing 1/�

and the decay rate R is normalized with respect to the unperturbed
one R0.
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FIG. 3. (Color online) The decay rate vs measurement interval
τ for the 3p-1s transition of the hydrogen atom. Here the solid
blue line is for R and the dashed red line is for �R = |R − Rrwa|.
|�1 − �|/� = 1.27 × 10−6, � = 1.83 × 1016 rad/s, and ω′

c/� =
412. Notice that �R is enlarged by 106 times.

the QAZE occurs before it reaches the climax. After the
turning point, the trend is changed. It is obvious that the
decay rate drops steeply as the τ is further reduced. When
the normalized decay rate falls below 1, the QZE is present.
As the measurement becomes more and more frequent, that is,
τ → 0, we observe the transition from the QAZE to the QZE.
Mathematically speaking, the decay rate is the overlap integral
of the measurement-induced atomic level broadening F (ω,�)
and the interacting spectrum G(ω). F (ω,�) is peaked at �

with width 1/τ while G(ω) is maximized at a frequency of the
order of the cutoff frequency ωc which is much bigger than the
atomic level spacing �. As τ decreases from a large-enough
value, F (ω,�) covers more and more the increasing part of
G(ω). As a consequence, the decay rate is enhanced and the
QAZE is witnessed. When the measurement interval τ is
reduced to the order of 1/ωc, the decay rate will no longer
increase since F (ω,�) has already covered the main part of
G(ω). Afterward, the opposite phenomenon is observed. In
these two figures, also shown are the differences between the
decay rates obtained from the one with the RWA and the
one without the RWA, �R = |R − Rrwa|. Notice that �R’s
are of the order of 10−6 (in units of R0). It is a reasonable
result since the only effect of the counter-rotating terms
lies in the modified level spacing �1. The small correction
is of the order of 10−6 with respect to the original level
spacing.

B. Quantum (anti-)Zeno effect for general
spectral distribution

Afterward, we generally investigate the QAZE for different
spectral structures. Especially, we discover the condition when
the QAZE disappears. In general, the interacting spectra are
classified as three categories. They can be written with a
uniform spectrum function [20]

G(ω) = Aω1−s
c ωse−ω/ωc , (20)

where A is a constant and ωc is the cutoff frequency. For an
Ohmic spectrum, s = 1 while s < 1 and s > 1 for sub-Ohmic
and super-Ohmic spectra, respectively. In Fig. 4, the transition
from the QAZE to the QZE is again observed. It is a predictable
result since the peak of the spectrum function is located at

FIG. 4. (Color online) The decay rate vs measurement interval τ

for different spectra. Here the dotted green line (a) is for super-Ohmic
spectrum s = 2, the solid blue line (b) is for Ohmic spectrum s = 1,
the dashed red line (c) is for sub-Ohmic spectrum s = 0.5, and the
dot-dashed black line (d) is for sub-Ohmic spectrum s = 0.002, which
satisfies Eq. (21). For all spectra we set A = 10−8, ωc/� = 500.

ω = sωc. As long as sωc � �, the QAZE definitely occurs.
Moreover, on condition that

�1 	 � = sωc, (21)

the QAZE is wiped out and only the QZE takes place, as
shown by the dot-dashed black line in Fig. 4. Additionally, the
difference between the decay rates with and without the RWA
is plotted in Fig. 5. Since the contribution is no more than
10−3 for the given parameters A = 10−8 and ωc/� = 500,
the counter-rotating terms thus can be neglected as the routine
work done in quantum optics.

However, the preceding analysis is based on the assumption
of a small energy-level shift. For some physical systems, this
shift may play an important role in the existence of the QAZE.
For a given interacting spectrum as shown in Eq. (20), the
modified energy level spacing reads

�1 = � + Ae
�
ωc �s�(1 + s,0)�

(

−s,
�

ωc

)

, (22)

FIG. 5. (Color online) The decay rate difference �R = |R −
Rrwa| vs measurement interval τ for different spectra. Here the
dot-dashed black line (a) is for sub-Ohmic spectrum s = 0.002 with
|�1 − �|/� = 1.55 × 10−3, the dashed red line (b) is for sub-Ohmic
spectrum s = 0.5 with |�1 − �|/� = 9.41 × 10−4, the solid blue
line (c) is for Ohmic spectrum s = 1 with |�1 − �|/� = 6.57 ×
10−4, and the dotted green line (d) is for super-Ohmic spectrum
s = 2 with |�1 − �|/� = 4.00 × 10−4. Parameters are the same as
those given in Fig. 4.
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FIG. 6. (Color online) The frequency distance �� = �1 − sωc

vs the parameters A and s with ωc/� = 500.

where

�(u,z) =
∫ ∞

z

tu−1e−t dt. (23)

As stated in the preceding, the QAZE disappears if the peaks
of the measurement-induced atomic level broadening and
the interacting spectrum coincide. Therefore, the distance
�� = �1 − sωc between these two peaks is plotted vs the
parameters A and s in Fig. 6. As shown, the distance ��

increases monotonically with increasing A. This is because the
energy-level shift, that is, the second term on the right-hand
side of Eq. (22), is proportional to A. Physically speaking, the
larger the parameter A is, the stronger the coupling between
the atom and the reservoir becomes. As a result of the stronger
coupling, the energy-level shift is enlarged. Besides, it is seen
that �� falls as the parameter s raises. Thus, for a matching
pair of A and s, the two peaks of F (ω,�1) and the interacting
spectrum G(ω) are the same. In this case, there will be only the
QZE. Besides, we also notice that the QZE was well explored
for a two-level system in either a low- or high-frequency bath
beyond the RWA [21].

IV. ALTERNATIVE APPROACH FOR THE DECAY
PHENOMENON OF THE HYDROGEN ATOM

In this section, with a different choice of the transformation
exp(−S ′), we obtain the same result as the preceding section
for the hydrogen atom. This transformation approach can also
work well for other spectral distributions but here we do not
repeat the straightforward calculations.

We choose the same transformation U ′ = exp(−S ′) as that
in Ref. [10], with

S ′ =
∑

k

Ak[(b†kσ
+ − bkσ

−) + (b†kσ
− − bkσ

+)] (24)

and

Ak = −gk

ωk + �
(25)

to eliminate the counter-rotating terms b
†
kσ

+ + bkσ
− in

the desired effective Hamiltonian. Although the preceding

coefficients Ak are the same as the ones in Eq. (5), this
transformation is different from that in Eq. (3) in that it
includes the slow-oscillating terms, that is, b

†
kσ

− − bkσ
+. As

a consequence, it modifies not only the atomic energy level
spacing, but also its coupling to the reservoir and thus the
interacting spectrum.

By virtue of omitting higher order terms, that is, b†kb
†
k′ , bkbk′ ,

the effective Hamiltonian is straightforwardly given as

H ′
eff =

∑

k

ωkb
†
kbk + �′

2
σz +

∑

k

g′
k(bkσ

+ + H.c.), (26)

where the modified coupling constant is

g′
k = 2�

ωk + �
gk, (27)

and the modified atomic energy level spacing is

�′ = � + 2
∑

k

�gkAk

ωk + �
. (28)

We would like to mention that the term
∑

k

�gkAk

ωk + �
(1 + b

†
kbk)

is replaced with

∑

k

�gkAk

ωk + �

in the preceding calculation since their contribution results in
small modification.

Since the original Hamiltonian H and a state |ψ(t)〉 fulfill
the Schrödinger equation H |ψ(t)〉 = i∂t |ψ(t)〉, we emphasize
that it is the transformed state |ψ(t)〉S ′ = exp(−S ′)|ψ(t)〉 and
the effective Hamiltonian H ′

eff that meet the same requirement
H ′

eff|ψ(t)〉S ′ = i∂t |ψ(t)〉S ′
. Thus, in general cases the initial

state |ψ(0)〉 before the transformation should be changed as
|ψ(0)〉S ′ = exp(−S ′)|ψ(0)〉 after the transformation.

In practice, the choice of the initial state relies on the
concrete physical problem. As far as the vacuum-induced
spontaneous decay is concerned, we should choose the bare
excited state. We emphasize that this choice is consistent
with the one in Ref. [8]. We also remark that it would be
more reasonable to start from the same initial state when
we refer to the influence of the counter-rotating terms on the
QAZE. Besides, we can also choose the physical excited state
elsewhere, that is, in Ref. [10]. It is a reasonable consideration
since the ground state |g,{0}〉 of the Hamiltonian under
RWA is replaced with exp(S ′)|g,{0}〉 due to the presence
of the counter-rotating terms in the interaction Hamiltonian
(2) [22]. Therefore, the initial state may be exp(S ′)|e,{0}〉
instead of |e,{0}〉 under the condition that the initial state is
prepared from the ground state exp(S ′)|g,{0}〉 through exci-
tation by laser. These two different choices result in distinct
consequences.

The problem is solved in the interaction picture with re-
spect to

U0 = e−iH ′
0t , (29)
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with the “renormalized” free Hamiltonian

H ′
0 =

∑

k

ωkb
†
kbk + �′

2
σz. (30)

The interaction Hamiltonian HI
1 = U0H

′
1U

+
0 ≡ U0(H ′

eff −
H ′

0)U+
0 reads

HI
1 =

∑

k

g′
k[bkσ

+ei(�′−ωk)t + b
†
kσ

−e−i(�′−ωk)t ]. (31)

The time evolution of the wave function

|ψ ′
I (t)〉 = α(t)|e,{0}〉 +

∑

k

βk(t)|g,1k〉 (32)

is governed by the effective Hamiltonian HI
1 ,

i∂t |ψ ′
I 〉 = HI

1 |ψ ′
I 〉. (33)

Here |g,1k〉 denotes the atom in the ground state |g〉 and one
excitation in the kth mode.

Then, the coefficients meet the following demands

α̇ = −i
∑

k

g′
kβke

i(�′−ωk)t , (34)

β̇k = −ig′
kαe−i(�′−ωk)t . (35)

However, when calculating the survival probability, we should
return to the Schrödinger picture, that is,

α → αe−i �′
2 t ,

βk → βke
−i

(
ωk− �′

2

)
t
.

We remark that with the initial state |e,{0}〉, the considered
survival probability for the excited state of the atom under the
original Hamiltonian H is

P (t) = Tr(|e〉〈e|e−iH t |e,{0}〉〈e,{0}|eiHt )

= |x(t)|2. (36)

Correspondingly, the effective Hamiltonian and the initial state
after the preceding transformation are H ′

eff and e−S ′ |e,{0}〉,
respectively. Then, one has the survival probability amplitude

x(t) = 〈e,{0}|eS ′
e−iH ′

eff t e−S ′ |e,{0}〉
	 C1〈e,{0}|e−iH ′

eff t |e,{0}〉
−C2

∑

k

Ak〈e,{0}|e−iH ′
eff t |g,1k〉

−C2

∑

k

Ak〈g,1k|e−iH ′
eff t |e,{0}〉

+
∑

k

A2
k〈g,1k|e−iH ′

eff t |g,1k〉, (37)

where we have dropped the off-diagonal terms for the fourth
term on the right-hand side and

C1 =
(

1 − 1

2

∑

k

A2
k

)2

	 1 −
∑

k

A2
k, (38)

C2 = 1 − 1

2

∑

k

A2
k. (39)

In Appendix A, we prove that the survival probability for
the atom in the excited state is the same as the one for the
initial state, namely, the first line in Eq. (37). After a series of
deductions, the survival probability after n measurements is
written as

P (t = nτ ) = |x(τ )|2n = e−Rt , (40)

where the decay rate

R = 2π

∫ ∞

−∞
dωF (ω,�′)G′(ω) (41)

is the overlap integral of the measurement-induced atomic
level broadening

F (ω,�′) = τ

2π
sinc2

(
ω − �′

2
τ

)

(42)

and the interacting spectrum

G′(ω) =
∑

k

f (ωk)g2
k δ(ω − ωk), (43)

with

f (ωk) = 1 + (3� − �′ + 2ωk)(� − �′)
(ωk + �)2

. (44)

Notice that the measurement-induced atomic level broadening
differs from ours in Eq. (14) in that it is centered at a different
modified level spacing �′. The interacting spectrum is also
altered with an additional factor f (ω), contrary to the unaltered
one in Eq. (15). For the necessary details, please refer to
Appendix B.

For the hydrogen atom, the modified interacting spectrum
of the 2p-1s transition is

G′
2p−1s(ω) = f (ω)

ηω
[
1 + (

ω
ωc

)2]4 , (45)

with η and ωc already given in Eq. (18). Notice that the second
term in Eq. (44) is a small correction to the one with the RWA
of the order of 10−8. This is in consistence with the orders of
the numerical results of �R in Figs. 7 and 8.

The relation between the decay rate R and the measurement
interval τ is plotted in Fig. 7. As shown in this figure, the

FIG. 7. (Color online) The decay rate vs measurement interval τ

for the 2p-1s transition of the hydrogen atom. Here the solid blue
line is for R and the dashed red line is for �R = |R − Rrwa|. |�′ −
�|/� = 5.69 × 10−8 and ωc/� = 550. Notice that �R is enlarged
108 times.
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FIG. 8. (Color online) The decay rate vs measurement interval τ

for the 3p-1s transition of the hydrogen atom. Here the solid blue line
is for R, the dashed red line is for �R = |R − Rrwa|, and the dotted
green line is for the result from Ref. [10]. |�′ − �|/� = 5.32 × 10−8

and ωc/� = 412. Notice that �R is enlarged 108 times.

decay rate is well separated into two parts with the climax
being the boundary. In the left part, as the measurements are
done more and more frequently, that is, τ → 0, the decay rate
falls monotonously. When it is less than the decay rate without
measurement

R′
0 = 2πG′(�′),

that is, R/R′
0 < 1, the QZE takes place. To the right of the

climax, the opposite trend is witnessed. In this region, the
shorter the measurement interval is, the larger the decay rate is.
Since R/R′

0 > 1 for the whole region to the right of the
climax, one can observe the QAZE, which was predicted to
be obliterated due to the counter-rotating terms [10]. The
discrepancy between their result and ours is attributed to
the different choices of the initial states [10]. Here we also
emphasize that our approach is very simple and concise in
contrast to theirs, which is shown in Appendix B.

For more evidence, we resort to the 3p-1s transition of the
hydrogen atom. The interacting spectrum is adjusted as

G′
3p−1s(ω) = f (ω)

η′ω
[
1 + 2

(
ω
ω′

c

)2]2

[
1 + (

ω
ω′

c

)2]6 , (46)

where η′ and ω′
c are given in Eq. (19). The result of the numer-

ical calculations is displayed in Fig. 8. Here we again observe
the complete opposite predictions of the QAZE, contrary to
Ref. [10]. Moreover, the RWA offers a good approximation
in the weak-coupling limit since the disagreement between its
and the exact result is trivial.

V. CONCLUSION

In summary, we have studied the role of the counter-rotating
terms of the atomic couplings to the reservoir in the irreversible
atomic transition during the repetitive measurements. By the
generalized Fröhlich-Nakajima transformation, the exactly
solvable Hamiltonian is effectively obtained without the RWA
in the form of the standard “spin-boson” model. We discovered
that when we consider the spontaneous decay of the bare
excited state even without the RWA, the QAZE remains if
the proper measurement interval is given. We also saw a
transition from the QZE to the QAZE as the measurement

interval changes. As for the findings in Ref. [10] and its
following articles, it is observed that the disappearance of
the QAZE under the approach without the RWA is mainly
due to the choice of the physical excited state. In Ref. [10],
this initial state is the excited state of the renormalized
Hamiltonian, which is essentially an entangled state of photons
and atomic states. For the physical systems in a realistic world,
the influence of the weak-coupling counter-rotating terms on
the decay rate is very small and can be negligible. We have
utilized two different approaches for the generalization of the
Fröhlich-Nakajima transformation. For the same initial state,
that is, the bare excited state, consistent conclusion is obtained
for the interacting spectra of the hydrogen atom. By comparing
the two effective Hamiltonians, we find out that in our approach
there is only one parameter modified, contrary to one more set
in Ref. [10]. To further verify the universality of the presence of
the QAZE, we also extend our investigation to different types
of spectra. It is discovered that when the cutoff frequency
and the atomic level spacing fulfill some condition, only the
QZE emerges for the sub-Ohmic spectrum. We notice that by
means of the QZE in the dynamic version a quantum switch
was proposed to control the transport of a single photon in
a one-dimensional waveguide under the RWA [23]. However,
we might look forward to some novel features if no RWA is
invoked.

Besides, it is worth underlining that the choice of the differ-
ent initial states depends on the specific physical problem. So
far as the QAZE for the vacuum-induced spontaneous decay is
concerned, we should choose the bare excited state in that it is
the vacuum that induces the spontaneous decay of the atomic
excitation. On the other hand, on account of the preparation
of the initial state, the physical excited state might be a better
choice as well because it can be feasibly excited from the
ground state of the original Hamiltonian.
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APPENDIX A: SURVIVAL PROBABILITY P(t)

When we refer to the QZE and QAZE, we take a projective
measurement on the atom. Thus, we shall trace over all
the possible states of the fields. Based on the preceding
considerations, we give the detailed deduction about the
survival probability P (t) = |x(t)|2.

Before the transformation, the original Hamiltonian is

H =
∑

k

ωkb
†
kbk + �

2
σz +

∑

k

gk(bk + b
†
k)(σ+ + σ−),

(A1)

with the chosen initial state to be

|�(0)〉 = |e,{0}〉. (A2)

Then, we take a unitary transformation e−S with

S =
∑

k

Ak(b†kσ
+ − bkσ

−), (A3)
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and the Hamiltonian is approximated to the second order as

Heff = e−SHeS

=
∑

k

ωkb
†
kbk + �1

2
σz +

∑

k

gk(bkσ
+ + H.c.), (A4)

in company with a transformed initial state

|�(0)〉S = e−S |�(0)〉
= e−S |e,{0}〉
= |e,{0}〉. (A5)

As a result, the evolution of the state reads

|�(t)〉S = e−iHeff t |�(0)〉S. (A6)

When calculating the survival probability for the atom in
the excited state, we shall return to the original picture and the
density matrix for the total system is straightforwardly given
as

ρ(t) = |�(t)〉〈�(t)|
= eS |�(t)〉SS〈�(t)|e−S

= eSe−iHeff t e−S |�(0)〉〈�(0)|eSeiHeff t e−S

= eSe−iHeff t e−S |e,{0}〉〈e,{0}|eSeiHeff t e−S. (A7)

The reduced density matrix for the atom is traced over the
degrees of fields, that is,

ρs(t) = TrB |�(t)〉〈�(t)|
= 〈{0}|eSe−iHeff t e−S |e,{0}〉〈e,{0}|eSeiHeff t e−S |{0}〉

+
∑

k

〈1k|eSe−iHeff t e−S |e,{0}〉〈e,{0}|eSeiHeff t e−S |1k〉

+
∑

k,k′
〈1k1k′ |eSe−iHeff t e−S |e,{0}〉

×〈e,{0}|eSeiHeff t e−S |1k1k′ 〉 + · · · . (A8)

Therefore, the survival probability of the excited state of the
atom is

ρee
s (t) = Trs(|e〉〈e|ρs(t))

	 〈e,{0}|eSe−iHeff t e−S |e,{0}〉〈e,{0}|eSeiHeff t e−S |e,{0}〉
+

∑

k

〈e,1k|eSe−iHeff t e−S |e,{0}〉

×〈e,{0}|eSeiHeff t e−S |e,1k〉
+

∑

k,k′
〈e,1k1k′ |eSe−iHeff t e−S |e,{0}〉

×〈e,{0}|eSeiHeff t e−S |e,1k1k′ 〉 + · · · . (A9)

In the following deductions, we show that multiple excita-
tion terms can be omitted as they lead to small corrections to
the final result. For the case of two excitations,

e−S |e,1k〉 	
(

I − S + 1

2
S2

)

|e,1k〉

= |e,1k〉 + Ak|g,{0}〉 − 1

2

∑

k′
AkAk′ |e,1k′ 〉

(A10)

is a superposition of states with the total excitation of an even
number, while

e−S |e,{0}〉 	 (
I − S + 1

2S2
)|e,{0}〉

= |e,{0}〉 (A11)

has only one excitation. On account of Heff’s property of
conserving the total number of excitation, the second term
in Eq. (A9) vanishes.

For the case of three excitations,

e−S |e,1k1k′ 〉
	

(

I − S + 1

2
S2

)

|e,1k1k′ 〉
= |e,1k1k′ 〉 + Ak|g,1k′ 〉 + Ak′ |g,1k〉

−1

2

∑

k′′
(AkAk′′ |e,1k′1k′′ 〉 + Ak′Ak′′ |e,1k1k′′ 〉). (A12)

Then, the third term on the right-hand side of Eq. (A9) equals
∑

k,k′
|〈e,1k1k′ |eSe−iHeff t e−S |e,{0}〉|2

	 2
∑

k,k′
A2

k|〈g,1k′ |e−iHeff t |e,{0}〉|2

+ 2

∣
∣
∣
∣
∣

∑

k

Ak〈g,1k|e−iHeff t |e,{0}〉
∣
∣
∣
∣
∣

2

. (A13)

In the interaction picture, the interaction Hamiltonian reads

HI =
∑

k

gk[bkσ
+ei(�1−ωk )t + b

†
kσ

−e−i(�1−ωk)t ]. (A14)

The time evolution of the wave function,

|ψI 〉 = α(t)|e,{0}〉 −
∑

k

βk(t)|g,1k〉, (A15)

is governed by the Hamiltonian HI ,

i∂t |ψI 〉 = HI |ψI 〉. (A16)

Straightforwardly, we attain the equations for the coeffi-
cients as

α̇ = −i
∑

k

gkβke
i(�1−ωk)t , (A17)

β̇k = −igkαe−i(�1−ωk )t . (A18)

The first term of Eq. (A13) is equivalent to 2
∑

k,k′ A
2
k|βk′(t)|2

when α(0) = 1. We can formally integrate Eq. (A18) and
replace α(t ′) with 1 to have

βk(t) = −i

∫ t

0
dt ′gkα(t ′)e−i(�1−ωk )t ′

	 −i

∫ t

0
dt ′gke

−i(�1−ωk)t ′

= gk

e−i(�1−ωk)t − 1

�1 − ωk

= gk

−2 sin2 (�1−ωk)t
2 − i sin(�1 − ωk)t

�1 − ωk

. (A19)
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As a result, the first term of Eq. (A13),

2
∑

k,k′
A2

k|βk′(t)|2

= 2
∑

k

A2
k

∑

k′
g2

k′
4 sin4 (�1−ωk′ )t

2 + sin2(�1 − ωk′)t

(�1 − ωk′)2
,

(A20)

can be neglected based on the following considerations.
For one thing, the first term in the second summation is
proportional to t4 in the short time limit and thus can be
omitted. For another, the factor

∑
k A2

k is a small quantity,
that is, typically of the order of 10−8 for the hydrogen atom.

Moreover, the second term on the right-hand side of
Eq. (A13) is equivalent to 2| ∑k Akβk(t) exp(−iωkt)|2, where
α(0) = 1 and the factor exp(−iωkt) is due to transformation
back to the Schrödinger picture. Here

2

∣
∣
∣
∣
∣

∑

k

Akβk(t)e−iωkt

∣
∣
∣
∣
∣

2

= 2

∣
∣
∣
∣
∣

∑

k

Akgk

−2 sin2 (�1−ωk )t
2 − i sin(�1 − ωk)t

�1 − ωk

∣
∣
∣
∣
∣

2

= t4

2

[∫ ∞

−∞
dωsinc2 (�1 − ω)t

2

∑

k

�1 − ω

�1 + ω
g2

k δ(ω − ωk)

]2

+ 2t2

[∫ ∞

−∞
dωsinc(�1 − ω)t

∑

k

g2
k δ(ω − ωk)

�1 + ω

]2

,

where the first term is proportional to t4 in the short time limit,
and the second term is of higher order with respect to the first
term in Eq. (A9).

As a consequence, the second and third terms on the right-
hand side of Eq. (A9) can be neglected. In other words, the
contributions from the multiple-excitation terms result in a
small correction to the final result, and thus we have

ρee
s (t) = |〈e,{0}|eSe−iHeff t e−S |e,{0}〉|2, (A21)

which is exactly the same as the one in Eq. (12) for a single
measurement.

For the second approach in Sec. IV with

S ′ =
∑

k

Ak[(b†kσ
+ − bkσ

−) + (b†kσ
− − bkσ

+)], (A22)

we still have Eq. (A9),

ρee
s (t) = Trs(|e〉〈e|ρs(t))

	 〈e,{0}|eS ′
e−iH ′

eff t e−S ′ |e,{0}〉
× 〈e,{0}|eS ′

eiH ′
eff t e−S ′ |e,{0}〉

+
∑

k

〈e,1k|eS ′
e−iH ′

eff t e−S ′ |e,{0}〉

× 〈e,{0}|eS ′
eiHeff t e−S ′ |e,1k〉

+
∑

k,k′
〈e,1k1k′ |eS ′

e−iH ′
eff t e−S ′ |e,{0}〉

× 〈e,{0}|eS ′
eiH ′

eff t e−S ′ |e,1k1k′ 〉 + · · · . (A23)

In this case, the effective Hamiltonian is replaced with

H ′
eff = e−S ′

HeS ′

=
∑

k

ωkb
†
kbk + �′

2
σz +

∑

k

g′
k(bkσ

+ + H.c.), (A24)

while the transformed initial state is given as

|�(0)〉S ′ = e−S ′ |�(0)〉
= e−S ′ |e,{0}〉
	

[

I − S ′ + 1

2
(S ′)2

]

|e,{0}〉

=
(

1 − 1

2

∑

k

A2
k

)

|e,{0}〉 −
∑

k

Ak|g,1k〉

+ 1

2

∑

k,k′
AkAk′ |e,1k1k′ 〉. (A25)

Then we obtain the transformed state at time t ,

|� ′(t)〉S ′ = e−iH ′
eff t |� ′(0)〉S ′

. (A26)

As

e−S ′ |e,1k〉 	
[

I − S ′ + 1

2
(S ′)2

]

|e,1k〉

=
(

1 − 1

2

∑

k′
A2

k′

)

|e,1k〉 +
∑

k

Ak|g,{0}〉

−
∑

k

Ak′ |g,1k1k′ 〉 −
∑

k′
AkAk′ |e,1k′ 〉

+ 1

2

∑

k′,k′′
Ak′Ak′′ |e,1k1k′1k′′ 〉 (A27)

and

e−S ′ |e,{0}〉 	
[

I − S ′ + 1

2
(S ′)2

]

|e,{0}〉

=
(

1 − 1

2

∑

k′
A2

k′

)

|e,0〉 −
∑

k

Ak|g,1k〉

+ 1

2

∑

k′,k

Ak′Ak|e,1k1k′ 〉 (A28)

are of even and odd numbers of total excitations, respectively,
we have a vanishing second term on the right-hand side of
Eq. (A23).

Because the contribution from

e−S ′ |e,1k1k′ 〉
	

[

I − S ′ + 1

2
(S ′)2

]

|e,1k1k′ 〉
= |e,1k1k′ 〉 + Ak|g,1k′ 〉 + Ak′ |g,1k〉

−
∑

k′′
Ak′′ |g,1k1k′1k′′ 〉 − 1

2

∑

k′′
AkAk′′ |e,1k′1k′′ 〉

+AkAk′ |e,0〉 + 1

2

∑

k′′,k′′′
Ak′′Ak′′′ |e,1k1k′1k′′1k′′′ 〉
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− 1

2

∑

k′′
AkAk′′ |e,1k′1k′′ 〉 − 1

2

∑

k′′
Ak′Ak′′ |e,1k1k′′ 〉

− 1

2

∑

k′′
Ak′Ak′′ |e,1k1k′′ 〉 − 1

2

∑

k′′
A2

k′′ |e,1k1k′ 〉 (A29)

is of an order higher than A2
k , we can further omit the third

term of Eq. (A23).
In total, we can neglect all nonzero-photon terms in

Eq. (A23). Thus, based on the preceding calculations, we still
have

ρee
s (t) = |x(t)|2 = |〈e,{0}|eS ′

e−iH ′
eff t e−S ′ |e,{0}〉|2 (A30)

for the second approach, where the survival probability x(t) is
the same as Eq. (37).

Judging from the preceding reductions, we may safely
arrive at the conclusion that for both cases the survival
probability of the atom in the excited state coincides with the
survival probability of the initial state |e,{0}〉 and the single
excitation approximation is reasonable.

APPENDIX B: SURVIVAL AMPLITUDE x(t) FOR THE
SECOND APPROACH

As shown in Eq. (37), the survival probability x(t) is the
summation of four terms due the modified initial state after
the transformation. Since the calculation of the first term in
Eq. (37) was already shown elsewhere, that is, Ref. [8], we
offer the detailed calculation of the remaining parts in addition
to the first term.

For convenience, we multiply x(t) [Eq. (37)] by a factor
exp(i�′t/2) and have

x(t)ei �′
2 t = C1〈e,{0}|e−iHeff t |e,{0}〉ei �′

2 t

−C2

∑

k

Ak〈e,{0}|e−iHeff t |g,1k〉ei �′
2 t

−C2

∑

k

Ak〈g,1k|e−iHeff t |e,{0}〉ei �′
2 t

+
∑

k

A2
k〈g,1k|e−iHeff t |g,1k〉ei �′

2 t . (B1)

On the right-hand side of the preceding equation, the first
term

〈e,{0}|e−iHeff t |e,{0}〉 (B2)

is equivalent to α(t) when α(0) = 1. Equation (35) can be
formally integrated to yield

βk = −i

∫ t

0
dt ′g′

kαe−i(�′−ωk)t ′ . (B3)

By substituting it into Eq. (34), we have

α̇ = −
∑

k

∫ t

0
dt ′(g′

k)2αe−i(�′−ωk)t ′ei(�′−ωk)t . (B4)

For a sufficient short time t , we can replace α(t2) with α(0) = 1
and thus

α(t) 	 1 −
∫ t

0
dt1

∫ t1

0
dt2

∑

k

(g′
k)2ei(�′−ωk)(t1−t2)

= 1 − t

∫ t

0
dt ′

(

1 − t ′

t

)

ei�′t ′
∑

k

(g′
k)2e−iωkt

′

= 1 − Iα(t). (B5)

When transforming it back to the Schrödinger picture, we have

〈e,{0}|e−iHeff t |e,{0}〉 = αe−i �′
2 t . (B6)

By multiplying a factor exp(i�′t/2), the time-dependent factor
is canceled,

〈e,{0}|e−iHeff t |e,{0}〉ei �′
2 t = α. (B7)

The following function is used in the calculation of x(t):

2ReIα(t) = 2Re

[

t

∫ t

0
dt ′

(

1 − t ′

t

)

ei�′t ′
∑

k

(g′
k)2e−iωkt

′
]

= 2πt

∫ ∞

−∞
dωF (ω,�′)G1(ω), (B8)

which is the overlap integral of the measurement function

F (ω,�′) = 1

2π

∫ ∞

−∞
dt ′

(

1 − |t ′|
t

)

ei�′t ′θ (t − |t ′|)e−iωt ′

= t

2π
sinc2

(
ω − �′

2
t

)

, (B9)

and the interacting spectrum

G1(ω) = 1

2π

∫ ∞

−∞
dt ′

∑

k

(g′
k)2e−iωkt

′
eiωt ′

=
∑

k

(g′
k)2δ(ω − ωk). (B10)

Before calculating the second and third terms in Eq. (B1),
we prove these two terms to be equal to simplify the calcula-
tions. For a general Hamiltonian H , which is time-independent
and satisfies Hab ≡ 〈a|H |b〉 = Hba for any two states |a〉 and
|b〉 in the complete Hilbert space, one has

Fab = 〈a|e−iH t |b〉
= 〈a|

∑

n

(−itH )n

n!
|b〉

= 〈a|
∑

n

(−itH )2n

(2n)!
|b〉 + 〈a|

∑

n

(−itH )2n+1

(2n + 1)!
|b〉

≡ Re(Fab) + iIm(Fab). (B11)

It is obvious that the first term on the right-hand side of
the preceding equation is real and the second term is pure
imaginary. On the other hand, one has

〈b|e−iH t |a〉
= [(〈b|e−iH t |a〉)†]†
= [〈a|eiHt |b〉]†
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=
[

〈e|
∑

n

(itH )2n

(2n)!
|b〉 + 〈a|

∑

n

(itH )2n+1

(2n + 1)!
|b〉

]†

=
[

〈a|
∑

n

(−itH )2n

(2n)!
|b〉 − 〈a|

∑

n

(−itH )2n+1

(2n + 1)!
|b〉

]†

= [Re(Fab) − iIm(Fab)]†

≡ Re(Fab) + iIm(Fab)

≡ Fab. (B12)

The preceding condition Hab = Hba (for any two states |a〉
and |b〉) for a general Hamiltonian H , means gk = g∗

k in our
current case. In short, one has

〈e,{0}|e−iHeff t |g,1k〉 = 〈g,1k|e−iHeff t |e,{0}〉. (B13)

For the second term of Eq. (B1),
∑

k

Ak〈e,{0}|e−iHeff t |g,1k〉, (B14)

it is equal to α(t) for βp(0) = δpk under Eq. (34). Thus,

α = −i

∫ t

0
dt ′

∑

p

g′
pβp(t ′)ei(�′−ωk)t ′

= −i

∫ t

0
dt ′g′

ke
i(�′−ωk)t ′

= −g′
k

ei(�′−ωk)t − 1

�′ − ωk

. (B15)

Here we also multiply a factor exp(i�′t/2) to remove the
time-dependent factor during the transformation. Therefore,

4ReIβ(t) = 4Re
∑

k

Ak〈e,{0}|e−iHeff t |g,1k〉ei �′
2 t

= 4Re

[

−i

∫ t

0
dt ′ei�′t ′

∑

k

Akg
′
ke

−iωkt
′
]

= 4
∑

k

2�g2
k

(ωk + �)2

cos(�′ − ωk)t − 1

�′ − ωk

= 2πt

∫ ∞

0
F (ω,�′)G2(ω)dω, (B16)

where

G2(ω) =
∑

k

4�(ω − �′)
(ω + �)2

g2
k δ(ω − ωk). (B17)

Here we emphasize that the final result does not depend on
the assumption that gk = g∗

k . That is because it is the real
parts of the second and third terms that contribute to the decay
rate.

For the fourth term in Eq. (B1), we can also formally
integrate α to have

α = −i

∫ t

0
dt ′

∑

k

g′
kβk(t ′)ei(�′−ωk)t ′ , (B18)

and substitute it into Eq. (35) to yield

β̇k = −
∫ t

0
dt ′g′

k

∑

k′
gk′βk′(t ′)ei(�′−ωk′ )t ′e−i(�′−ωk )t

= −
∫ t

0
dt ′e−i�′(t−t ′)(g′

k)2eiωk(t−t ′), (B19)

where we have replaced

βk′(t ′) 	 βk′(0) = δk′k. (B20)

By one more iteration, we have

βk(t) = 1 −
∫ t

0
dt1

∫ t1

0
dt2(g′

k)2ei(ωk−�′)(t1−t2). (B21)

Thus,
∑

k

A2
k〈g,1k|e−iHeff t |g,1k〉ei �′

2 t

=
∑

k

A2
kβk(t)e−i

(
ωk− �′

2

)
t
ei �′

2 t

=
∑

k

A2
ke

−i(ωk−�′)t + Iγ (t)

	
∑

k

A2
ke

−i(ωk−�′)t , (B22)

where

Iγ (t) = −t

∫ t

0
dt ′

(

1 − t ′

t

) ∑

k

A2
k(g′

k)2e−i(ωk−�′)(t ′−t)

is negligible since it is proportional to g4
k .

In total,

xei �′
2 t = C1(1 − Iα) − 2C2Iβ +

∑

k

A2
ke

−i(ωk−�′)t

	 1 − Iα − 2Iβ + Iδ, (B23)

where

Iδ =
∑

k

A2
k[e−i(ωk−�′)t − 1], (B24)

and we have dropped higher-order terms of
∑

k A2
k . Then, the

survival probability after one measurement is

P (t) = |x(t)|2
	 1 − 2ReIα − 4ReIβ + 2ReIδ

	 exp(−2ReIα − 4ReIβ + 2ReIδ), (B25)

with

2ReIδ(t) =
∑

k

−4g2
k

(ωk + �)2
sin2 (ωk − �′)t

2

=
∑

k

∫ ∞

−∞
dω

−4g2
k δ(ω − ωk)

(ω + �)2
sin2 (ω − �′)t

2

= −2πt

∫ ∞

−∞
dωF (ω,�′)G3(ω) (B26)

and

G3(ω) =
∑

k

(ω − �′)2

(ω + �)2
g2

k δ(ω − ωk). (B27)
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Straightforwardly, the survival probability after n repetitive
measurements is

P (t) = |x(τ )|2n = e−Rt , (B28)

where there are three contributions to the total decay rate

R = R1 + R2 + R3, (B29)

namely,

R1 = 2nReIα(τ )/t

= 2π

∫ ∞

−∞
dωF (ω,�′)G1(ω), (B30)

R2 = 4nReIβ(τ )/t

= 2π

∫ ∞

−∞
dωF (ω,�′)G2(ω), (B31)

R3 = 2nReIδ(τ )/t

= 2π

∫ ∞

−∞
dωF (ω,�′)G3(ω). (B32)

To conclude, the total decay rate is further simplified as

R = 2π

∫ ∞

−∞
dωF (ω,�′)G′(ω), (B33)

where the measurement function is

F (ω,�′) = τ

2π
sinc2

(
ω − �′

2
τ

)

, (B34)

and the modified interacting spectrum is

G′(ω) = G1(ω) + G2(ω) + G3(ω)

=
∑

k

f (ωk)g2
k δ(ω − ωk), (B35)

with the factor

f (ωk) = 1 + (3� − �′ + 2ωk)(� − �′)
(ωk + �)2

. (B36)
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Dynamics and quantum Zeno effect for a qubit in either a low- or high-frequency
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We use a non-Markovian approach to study the decoherence dynamics of a qubit in either a low- or high-
frequency bath modeling the qubit environment. This is done for two separate cases: either with measurements
or without them. This approach is based on a unitary transformation and does not require the rotating-wave
approximation. In the case without measurement, we show that, for low-frequency noise, the bath shifts the
qubit energy toward higher energies (blue shift), while the ordinary high-frequency cutoff Ohmic bath shifts
the qubit energy toward lower energies (red shift). In order to preserve the coherence of the qubit, we also
investigate the dynamics of the qubit subject to measurements (quantum Zeno regime) in two cases: low-
and high-frequency baths. For very frequent projective measurements, the low-frequency bath gives rise to
the quantum anti-Zeno effect on the qubit. The quantum Zeno effect only occurs in the high-frequency-cutoff
Ohmic bath, after counterrotating terms are considered. In the condition that the decay rate due to the two kinds
of baths are equal under the Wigner-Weisskopf approximation, we find that without the approximation, for a
high-frequency environment, the decay rate should be faster (without measurements) or slower (with frequent
measurements, in the Zeno regime), compared to the low-frequency bath case. The experimental implementation
of our results here could distinguish the type of bath (either a low- or high-frequency one) and protect the
coherence of the qubit by modulating the dominant frequency of its environment.

DOI: 10.1103/PhysRevA.82.022119 PACS number(s): 03.65.Yz, 03.67.−a, 85.25.−j

I. INTRODUCTION

There is considerable interest in low-frequency noise (see,
e.g., the review in Ref. [1] and references therein), because
this type of noise limits the coherence of qubits based on
superconducting devices such as flux or phase qubits [2,3].
Also, the dephasing of flux qubits is due to low-frequency
flux noise with intensity comparable to the one measured in
dc superconducting quantum interference devives (SQUIDs)
(e.g., Refs. [1,4,5]). Under certain conditions, noise can
enhance the coherence of superconducting flux qubit (e.g.,
Ref. [6]. There are also several models (e.g., Refs. [7–9])
for the microscopic origin of low-frequency flux noise in
Josephson circuits. Therefore, the study of low-frequency
noise has become very important for superconductor qubits [1].
Moreover, the quantum Zeno effect has been proposed as a
strategy to protect coherence [10,11] and entanglement [12,13]
and to control thermodynamic evolution [14]. The quantum
Zeno effect and anti-Zeno effect have been widely discussed
[15–17]. So it is an interesting topic to investigate the quantum
Zeno effect of a qubit coupled to a low-frequency bath.

The description of low-frequency noise [1] (such as 1/f

noise) is complicated by the presence of long-time correlations
in the fluctuating environment, which prohibit the use of
the Markovian approximation. In addition, the rotating-wave
approximation (RWA) is also unavailable in an environment
with multiple modes [18]. In the case of a time-dependent

*xfcao@xmu.edu.cn

external field for a qubit coupled to a thermal bath, Kofman
and Kurizki developed a theory [19] which considers the
counterrotating terms of the fast modulation field through the
negative-frequency part G(ω) (ω < 0) in the bath-correlation
function spectrum. The dynamics in two significant models
(the spin-boson model with Ohmic bath and a qubit coupled
to a bath of two-level fluctuators) have been calculated within
a rigorous Born approximation and without the Markovian
approximation [20,21]. References [20] and [21] describe the
structure of the solutions in the complex plane with branch
cuts and poles.

Here we present an analytical approach, based on a unitary
transformation. We use neither the Markovian approximation
nor the RWA in order to discuss the transient dynamics of a
qubit coupled to its environment. This method has already
been used [22] to study the decoherence of the Ohmic
bath, sub-Ohmic bath, and structured bath. In this paper, we
calculate the coherence dynamics of the qubit respectively in
two kinds of baths. This is done for two separate cases: either
with measurements or without them. Besides producing an
energy shift, the environment can change the decay rate of
the qubit. To preserve the coherence, we also investigate the
decay rate of the qubit subject to the quantum Zeno effect. The
low-frequency noise uses a Lorentzian-type spectrum, with
the peak of the spectrum in the low-energy region, and for the
high-frequency noise we choose an ordinary Ohmic bath with
Drude cutoff.

Our results show that for low-frequency noise, the qubit
energy increases (blue shift) and an anti-Zeno effect takes
place. For a high-frequency cutoff Ohmic bath, the qubit

1050-2947/2010/82(2)/022119(10) 022119-1 ©2010 The American Physical Society
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energy decreases (red shift) and the Zeno effect dominates. In
the condition that the decay rate owing to the two kinds of baths
are equal under the Wigner-Weisskopf (WW) approximation,
we find that without the approximation, for a high-frequency
environment, the decay rate should be faster (without mea-
surements) or slower (with frequent measurements, in the
Zeno regime), compared to the low-frequency bath case.
This means that without measurement, the coherence time
of the low-frequency noise is longer than the high-frequency
noise, τ

(low freq)
coherence > τ

(high freq)
coherence . This demonstrates the powerful

temporal memory of the low-frequency bath and stems from
non-Markovian processes of qubit-bath interaction within the
bath memory time [23]. The experimental implementation of
our results here could distinguish the type of bath (either a low-
or high-frequency one) and protect the coherence of the qubit
by modulating the dominant frequency of its environment.

II. METHOD BEYOND THE RWA BASED ON A UNITARY
TRANSFORMATION

We describe a qubit coupled to a boson bath, modeling the
environment, by the Hamiltonian

H = −1

2
�σz + 1

2

∑

k

gk(a†
k + ak)σx +

∑

k

ωka
†
kak. (1)

The boson bath and the spin- 1
2 (fluctuators) bath will have

the same dissipative effect on the qubit at zero temperature,
T = 0, if both baths have the same correlation function [24].
However, for finite temperatures, the spin bath has a smaller
effect on the qubit because of the likely saturation of the
populations in the spin bath. Here, for simplicity, we only
consider the case of zero temperature. That is, our results are
also applicable to a fluctuator-bath at zero temperature. Our
approach is based on a unitary transformation and can be used
for different types of environmental baths. In the following we
give detailed derivations for the low-frequency noise case.

The spectral density J (ω) of the environment considered
here is given by

J (ω) =
∑

k

g2
k δ(ω − ωk) = 2αω

ω2 + λ2
, (2)

where λ is an energy lower than the qubit two-energy spacing
� and α describes the coupling strength between the qubit and
the environment. By choosing � as the energy unit, α/�2 is a
dimensionless coupling strength. When ω � λ, J (ω) ∼ 1/ω,
corresponding to a 1/f noise.

To take account of the counterrotating terms in
∑

k gk(a†
k + ak)σx, we apply a canonical transformation to the

Hamiltonian H :

H ′ = exp(S)H exp(−S), (3)

with S = ∑
k

gk

2ωk
ξk(a†

k − ak)σx, ξk = ωk/(ωk + η �), and

η = exp

(

−
∑

k

g2
k

2ω2
k

ξk
2

)

. (4)

Further explanations on the validity of the transformation can
be found in the Appendix. Thus, the effective transformed
Hamiltonian can be derived as (see the Appendix)

H ′ ≈ −1

2
η �σz +

∑

k

ωka
†
kak +

∑

k

Vk(a†
kσ− + akσ+), (5)

with

Vk = η �
gkξk

ωk

. (6)

Comparing H ′ in Eq. (5) with the ordinary Hamiltonian in the
RWA,

HRWA = −1

2
�σz +

∑

k

ωka
†
kak +

∑

k

gk

2
(a†

kσ− + akσ+),

(7)

one can see that the unitary transformation plays the role of
renormalizing two parameters in the Hamiltonian; that is, the
energy spacing � is renormalized,

� −→ η �, (8)

and the coupling strength gk/2 between the qubit and the bath
is renormalized,

gk

2
−→

(
2η �

ωk + η �

)
gk

2
. (9)

In the following we will study the decoherence dynamics of
the qubit and the quantum Zeno effect using the transformed
Hamiltonian H ′.

Note that the term
∑

k g2
k ξk

2/(2ω2
k) in Eq. (4) is larger than

0, so 0 < exp[−∑
k g2

k ξk
2/(2ω2

k)] < 1. Then the solution of η

will be in the region from 0 to 1. Actually, the existence and
uniqueness of the solution of η in Eq. (4) can be used as a
criterion for the validity of our method. The parameter η can
be regarded as a renormalization factor of the energy spacing
� and is calculated as

η = exp

{
α
[
πλη � − λ2 − η2�2 + (λ2 − η2�2) log

∣
∣ λ
η �

∣
∣
]

(λ2 + η2)2

}

.

(10)

Obviously, η is determined self-consistently by this equation.

A. Nonmeasurement decoherence dynamics

Let us first consider the dynamics without measurement.
We diagonalize the transformed Hamiltonian H ′ in the ground
state |g〉 = |↑〉|{0k}〉 and lowest excited states, |↓〉|{0k}〉 and
|↑〉|1k〉, as

H ′ = −1

2
η �|g〉〈g| +

∑

E

E|E〉〈E|, (11)

where |↑〉 and |↓〉 are the eigenstates of σz, that is, σz|↑〉 =
|↑〉, σz|↓〉 = −|↓〉, and |nk〉 denotes the state with n bath
excitations for mode k. The state |E〉 is

|E〉 = x(E) |↓〉 |{0k}〉 +
∑

k

yk(E)|↑〉|1k〉, (12)
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with x(E) = [1 + ∑
k

V 2
k

(E+η�/2−ωk )2 ]−1/2 and yk(E) =
Vk

E+η�/2−ωk
x(E).

Here we calculate the dynamical quantity 〈σx(t)〉, which
is the analog of the population inversion 〈σz(t)〉 in the
spin-boson model [25]. Since the coupling to the environment
will be “always present” in essentially all physically relevant
situations, a natural ground state is given by the dressed state
of the two-level qubit and bath. Therefore, by considering
the counterrotating terms, the ground state of H is a dressed
state exp[−S]|↑〉|{0k}〉 [26], and the corresponding ground-
state energy is −η �/2, so the ground state of H ′ becomes
|↑〉|{0k}〉 with the identical ground-state energy, −η �/2. We
now prepare the initial state, which is also a dressed state of
the qubit and bath, from the ground state as

|ψ(0)〉 = (1 + σx)√
2

exp[−S]|↑〉|{0k}〉. (13)

Then the initial state in the transformed Hamiltonian becomes
|ψ ′(0)〉 = (|↑〉 + |↓〉)|{0k}〉/

√
2, which is the eigenstate of σx .

Starting from this initial state, we obtain [27]

〈σx(t)〉 = TrB 〈ψ(t) |σx | ψ(t)〉
= TrB〈ψ(0)| exp(iH t)σx exp(−iH t)|ψ(0)〉

= 1

2

∑

E

x(E)2 exp

[

−i

(

E + η �

2

)

t

]

+ 1

2

∑

E

x(E)2 exp

[

i

(

E + η �

2

)

t

]

=
∫ −∞

∞

dE′

4πi
exp(−iE′t)

×
(

E′ − η � −
∑

k

V 2
k

E′ + i0+ − ωk

)−1

+
∫ ∞

−∞

dE′

4πi
exp(iE′t)

×
(

E′ − η � −
∑

k

V 2
k

E′ − i0+ − ωk

)−1

= Re

⎡

⎣ 1

2πi

∫ −∞

∞

exp(−iE′t)

E′ − η � − ∑
k

V 2
k

E′+i0+−ωk

dE′

⎤

⎦ .

(14)

Here we denote the real and imaginary parts of
∑

k V 2
k /(ω −

ωk ± i0+) as R(ω) and ∓�(ω), respectively. It follows that

R(ω) = ℘
∑

k

V 2
k

ω − ωk

= (η �)2℘

∫ ∞

0
dω′ J (ω′)

(ω − ω′)(ω′ + η �)2
= 2α�2η2 ω log |ω|

(η � + ω)2(λ2 + ω2)

+ 2α�2η2 πλ[λ2 + η � (−η � + 2ω)] − 2[λ2(2η � − ω) + η2 �2 ω] log |λ|
2(λ2 + η2�2)2(λ2 + ω2)

+ 2α�2η2 −(η � + ω)(λ2 + �2η2) + [2η3�3 + (−λ2 + η2�2) ω] log |η �|
(λ2 + η2�2)2( η � + ω)2

(15)

and

�(ω) = π
∑

k

V 2
k δ(ω − ωk) = π (η �)2 J (ω)

(ω + η �)2
, (16)

where ℘ stands for the Cauchy principal value and J (ω) is the
spectral density. Then, we have

〈σx(t)〉 = 1

π

∫ ∞

0

�(ω) cos ωt

[ω − η � − R(ω)]2 + �(ω)2
dω. (17)

The integration in Eq. (17) can be calculated numerically or
approximately using residual theory.

B. Measurement dynamics: quantum Zeno effect

It is known that the quantum Zeno effect can effectively
slow down the quantum decay rate of a quantum system. We
study this effect using an approach that goes beyond the RWA.
Here we consider the low-frequency bath as in Sec. II A and
derive the effective decay rate. The Hamiltonian H ′ is given
in Eq. (5).

Let us write the wave function in the transformed
Hamiltonian as

|�′(t)〉 = χ (t) |↓〉 |{0k}〉 +
∑

k

βk(t) |↑〉 |1k〉 , (18)

with probability in the excited state at the initial time |χ (0)|2.
We have demonstrated that the ground state of Hamiltonian
(1) is a dressed state exp(−S)|↑〉|{0k}〉 in the previous section.
Now we prepare the qubit to the dressed excited state
exp(−S)|↓〉|{0k}〉 (σz|↓〉 = −|↓〉) at the initial time t = 0,
which can be achieved by acting the operator σx on the ground
state,

|�(0)〉 = σx exp(−S)|↑〉|{0k}〉 = exp(−S)|↓〉|{0k}〉. (19)

In this case, the initial state in the transformed Hamiltonian
is |↓〉|{0k}〉 and χ (0) = 1. Substituting |�′(t)〉 into the
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Schrödinger equation with H ′, we have

i
dχ (t)

dt
= η �

2
χ (t) +

∑

k

Vk βk(t), (20)

i
dβk(t)

dt
=

(

ωk − η �

2

)

βk(t) +
∑

k

Vk χ (t). (21)

When the transformations

χ (t) = χ̃(t) exp

(

−i
η �

2
t

)

, (22)

βk(t) = β̃k(t) exp

[

−i

(

ωk − η �

2

)

t

]

(23)

are applied, Eqs. (20) and (21) can be written as

dχ̃ (t)

dt
= −i

∑

k

Vkβ̃k(t) exp[−i(ωk − η �)t], (24)

dβ̃k(t)

dt
= −iVkχ̃(t) exp[i(ωk − η �)t]. (25)

Integrating Eq. (25) and then substituting it into Eq. (24), we
obtain

dχ̃ (t)

dt
= −

∑

k

V 2
k

∫ t

0
χ̃ (t ′) exp[−i(ωk − η �)(t − t ′)] dt ′.

(26)

This integro-differential equation (26) is exactly soluble by a
Laplace transformation.

As for the present study of the quantum Zeno effect (i.e.,
using frequent measurements [28,29]), it suffices to obtain the
short-time behavior and the equation can be solved iteratively.
With the initial excited-state probability amplitude χ (0), in the
first iteration, Eq. (26) is solved as

χ̃ (t) � 1 −
∫ t

0
(t − t ′)

∑

k

V 2
k exp[−i(ωk − η �)t ′] dt ′. (27)

We can approximately write χ̃(t) using an exponential
form:

χ̃ (t) = exp

[

−
∫ t

0
(t − t ′)

∑

k

V 2
k exp[−i(ωk − η �)t ′] dt ′

]

(28)

= exp

{

−t

[

−1

t

∑

k

V 2
k

exp[−i (ωk − η �) t] − 1 + i (ωk − η �) t

(ωk − η �)2

]}

(29)

= exp

{

−t

[
∑

k

V 2
k

(
2 sin

(
ωk−η �

2 t
)2

t (ωk − η �)2 − i
(ωk − η �) t − sin[(ωk − η �) t]

t (ωk − η �)2

)]}

. (30)

Assuming we perform the instantaneous ideal projections to
the initial state at intervals τ , for a single measurement, the
probability amplitude is χ̃(t = τ ). For a sufficiently large
frequency of measurements, the survival population in the
excited state [30] is

ρee(t = nτ ) = |χ̃ (t = nτ )|2 = exp[−γ (τ )t], (31)

where the subscript “ee” refers to the initial and final excited
state. The decay rate γ (τ ), with projection intervals τ, is
obtained as

γ (τ ) = 2π

∫ ∞

0
dω

∑

k

(
gk

2

)2 (
2η �ξk

ωk

)2 2 sin2
(

η �−ω

2 τ
)

π (η� − ω)2τ

= 2π

∫ ∞

0
dω

J (ω)

4

[

1 − ω − η �

ω + η �

]2 2 sin2
(

η �−ω

2 τ
)

π (η� − ω)2τ
.

(32)

Note that, in Eq. (32), the renormalization factor η of the
characteristic energy � appears in the decay rate γ (τ ). This
is different from the formulas for γ (τ ) in Refs. [30,31]. In the
case of spontaneous emission, the coupling strength between
the electromagnetic field and atom is the fine-structure constant
1/137, so it belongs to the weak-coupling case and η then
becomes extremely close to 1. Therefore, besides spontaneous

emission, this result for the quantum Zeno effect can apply to
other cases of strong coupling between the qubit and the bath.

Under the RWA, the Hamiltonian becomes HRWA as in
Eq. (7). We prepare the initial excited state of H through the
operator σx acting on the ground state under RWA | ↑〉|{0k}〉,
σx | ↑〉|{0k}〉 = | ↓〉|{0k}〉. Then, following the derivation in
Refs. [15], the decay rate is reduced to

γRWA(τ ) = 2π

∫ ∞

0
dω

∑

k

(
gk

2

)2 2 sin2
(

�−ω
2 τ

)

π (� − ω)2τ

= 2π

∫ ∞

0
dω

J (ω)

4

2 sin2
(

�−ω
2 τ

)

π (� − ω)2τ
. (33)

To compare with the high-frequency bath, we choose the
ordinary Ohmic bath with Drude cutoff:

J Ohm(ω) =
∑

k

g2
k δ(ω − ωk) = 2αOhmω

(ω/ωc)2 + 1
. (34)

This is a realistic assumption for, for example, electromagnetic
noise. In Eq. (34), αOhm is the coupling strength between the
qubit and the Ohmic bath. The cutoff frequency ωc in the
spectral density J Ohm(ω) is typically assumed to be the largest
frequency in the problem. As for the low-frequency noise, we
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use J (ω) = 2αω/(ω2 + λ2), which is the same as in Eq. (2).
The difference between these two baths is that λ corresponds
to an energy lower than the qubit energy. In the next section,
we will show our numerical results for these two baths.

III. RESULTS AND DISCUSSION

To show the effects of either a low- or a high-frequency
noise on the qubit states respectively, we study the dynamical
quantities 〈σx(t)〉 and the quantum Zeno decay rate γ (τ ). The
energy shift and the quantum Zeno decay rate exhibit evidently
different features for the low- and high-frequency noises. Thus,
these two quantities (energy shift and decay rate) can be used
as criteria to distinguish the type of noise. In Fig. 1, we show
the spectral densities J (ω) and J Ohm(ω) of the two baths in
the cases of both weak dissipation, α/�2 = 0.01 (αOhm =
0.01), and strong dissipation, α/�2 = 0.1 (αOhm = 0.1). As
examples, we choose λ = 0.09� and λ = 0.3� in Figs. 1(a)
and 1(b), respectively. Here, each value of λ corresponds to
the position of the peak in the low-frequency spectral density.
In superconducting qubits, the low-frequency cutoff for 1/f

FIG. 1. (Color online) The spectral density J (ω) of the low-
and high-frequency baths. (a) The case of weak interaction between
the bath and the qubit, where the parameters of the low-frequency
Lorentzian-like spectrum are α/�2 = 0.01 and λ = 0.09� (red solid
curve), while for the high-frequency Ohmic bath with Drude cutoff
the parameters are αOhm = 0.01 and ωc = 10� (green dashed-dotted
curve). (b) The case of strong interaction between the bath and
the qubit, where the parameters of the low-frequency bath are
α/�2 = 0.1 and λ = 0.3� (red solid curve) and the parameters of
the high-frequency Ohmic bath are αOhm = 0.1 and ωc = 10� (green
dashed-dotted curve). The characteristic energy of the isolated qubit
is indicated by a vertical blue dotted line. Here, and in the following
figures, the energies are shown in units of �.

noise is bounded from the repetition rate of the experiments
and this can be as low as 1 Hz [32]. For example, we calculated
the case when λ = 10−10� (which corresponds to λ = 1 Hz
and � = 10 GHz) and found that there is no substantial
difference with the following results. Thus, our results are
relevant for superconducting qubits. For an Ohmic bath, the
cutoff frequency is fixed at ωc = 10�. As expected, these very
different low- and high-frequency spectral densities should
give rise to different decoherence behaviors of the qubit. In
Fig. 1, we also show the characteristic energy of the isolated
qubit � (see the vertical dotted line in Fig. 1).

A. Nonmeasurement decoherence dynamics

Now let us consider the dynamics without measurements.
Results from the numerical integration of Eq. (17) are shown
in Fig. 2. They are qualitatively consistent with the results
obtained using residual theory. This indicates that the branch
cuts considered in Refs. [20] and [21] do not affect the
oscillation frequency. The time evolution of 〈σx(t)〉 is given
in Fig. 2(a) for the case of weak coupling between the
qubit and the bath, where α/�2 = 0.01 and λ = 0.09� for
the low-frequency noise and αOhm = 0.01 and ωc = 10�

for the Ohmic bath. Figure 2(b) presents the time evolution
of 〈σx(t)〉 in the strong-coupling case with the parameters
α/�2 = 0.1 and λ = 0.3� for the low-frequency noise, as
well as αOhm = 0.1 and ωc = 10� for the Ohmic bath. As
expected, the quantum oscillations of 〈σx(t)〉 dampen faster
in the strong-coupling case. We approximately evaluate the
oscillation frequency or the effective energy of the qubit,
ω0 − η� − R(ω0) = 0, using the residue theorem. The decay
rate can be obtained from �(ω). We will now show the
numerical values of η in the corresponding cases. In Fig. 2(a),
the renormalized factor η = 0.98336, the oscillation frequency
is ω0 = 1.0225�, and the decay rate is �(ω0) = 0.014654�

for the low-frequency noise; η = 0.98447, ω0 = 0.97720�,

and �(ω0) = 0.015318� for the Ohmic bath. In Fig. 2(b), the
renormalized factor η = 0.91444, the oscillation frequency is
ω0 = 1.0868�, and the decay rate is �(ω0) = 0.11215� for
the low-frequency noise, while η = 0.84469, ω0 = 0.77221�,
and �(ω0) = 0.13163� for the Ohmic bath.

The energy spectral densities in Fig. 1 and the results in
Fig. 2 indicate two opposite shifts of the characteristic energy
� for the two kinds of baths considered here. These opposite
energy shifts are equivalent to energy repulsion. The energy
shift is determined by the interaction term. In the transformed
Hamiltonian, the interaction term is H ′

1 in Eq. (A5). Also,
dipolar interactions, such as H JC

I = g(a†σ− + aσ+) in the
Jaynes-Cummings model, decrease the qubit’s ground-state
energy and increase its excited-state energy. Thus, now we
ask the following questions: What is the difference of a qubit
affected by either a multimode bath or a single-mode cavity?
How is a qubit influenced by these two kinds of multimode
baths (low-frequency and high-frequency ones)?

For a low-frequency bath, the energy peak of the bath
is located between the ground-state energy (ω = 0) and the
excited-state energy (ω = �); that is, the main part of the
spectrum is in the region ωk < �. Then (as seen in Fig. 1)
the interaction of the bath with the two qubit states is “op-
posite” (i.e., the ground-state energy becomes lower and the
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FIG. 2. (Color online) Time evolution of the coherence 〈σx(t)〉
versus the time t multiplied by the qubit energy spacing �.
(a) The case of weak interaction between the bath and the qubit,
where the parameters of the low-frequency Lorentzian-type spectrum
are α/�2 = 0.01 and λ = 0.09� (red solid curve), while for
the high-frequency Ohmic bath with Drude cutoff the parame-
ters are αOhm = 0.01 and ωc = 10� (green dashed-dotted curve).
(b) The case of strong interaction between the bath and the qubit,
where the parameters of the low-frequency bath are α/�2 = 0.1 and
λ = 0.3 (red solid line), and for the high-frequency Ohmic bath the
parameters are αOhm = 0.1 and ωc = 10� (green dashed-dotted line).
These results show that under the condition that the decay rates of two
kinds of baths are equal in the WW approximation, by considering
the counterrotating terms, the decay rate for the low-frequency bath
is smaller than that for the high-frequency Ohmic bath. This means
that the coherence time of the qubit in the low-frequency bath is
longer than in the high-frequency-noise case, demonstrating the
powerful temporal memory of the low-frequency bath. Also, our
results reflect the structure of the solution with branch cuts [20].
The oscillation frequency for the low-frequency noise is ω0 > �, in
spite of the strength of the interaction. This can be referred to as a
blue shift. However, in an Ohmic bath, the oscillation frequency is
ω0 < �, corresponding to a red shift. The shifting direction of the
energy is independent of the interaction strength and only determined
by the spectral properties. Thus, it can be used as a criterion for
distinguishing the low- and high-frequency noises.

excited-state energy becomes higher). So the energy spacing
for the case of a low-frequency bath exhibits a blue shift. This
result is similar to the single-mode Jaynes-Cummings model.
The energy difference of the two-state qubit is increased by
the low-frequency bath.

For a high-frequency cutoff Ohmic bath, the energy peak
of the bath is located above the excited-state energy. So the

main part of the spectrum is in the region ωk > �. The effect
of the bath on the qubit mainly comes from the frequencies
higher than the excited-state energy of the qubit. Then (as
seen in Fig. 1) the bath repels both the excited-state and the
ground-state energies to lower energies. But the effect of the
high-frequency bath on the excited state is much larger than
on the ground state. As a result, on the whole, the qubit energy
difference in a high-frequency bath is red shifted. Thus, the
effective energy difference of the qubit is reduced by the high-
frequency bath.

For example, if the initial state of the qubit is an excited
state, in the interaction picture, the main part of the coupling
is
∑

k

gka
†
k exp(iωkt)σ− exp(−i�t)

=
∑

k

gka
†
kσ−{cos[(ωk − �)t] + i sin[(ωk − �)t]}, (35)

where the real part contributes to the decay rate and the
imaginary part results in the energy shift. For the low-
frequency bath, the main part of the spectrum is in the region
ωk < �. Thus, the term for the energy shift is

sin[(ωk − �)t] < 0. (36)

However, for a high-frequency-cutoff Ohmic bath, the main
part of the spectrum is in the region ωk > �, where the term
for energy shift becomes

sin[(ωk − �)t] > 0. (37)

These results show that the energy shift for the two kinds
of baths moves in opposite directions. Note that there is a
minus sign in the interaction term in the expressions for the
dynamical quantities such as Eq. (14) and Eq. (26). These
observations help us understand why the energy levels repel.
The contribution by the real part of the interaction on the decay
rate will be discussed next, when studying the quantum Zeno
effect.

B. Measurement dynamics: quantum Zeno effect

Now let us consider the case with measurements [28]. The
quantum Zeno effect can be a useful tool to preserve the state
coherence of a quantum system, with the help of repeated
projective measurements. In the following we investigate the
quantum Zeno effect in the qubit system and propose another
criterion for distinguishing low- and high-frequency noises.
In general, without using the RWA, the decay rate under
measurement can be obtained as

γ (τ ) = 2π

∫ ∞

0
dωJ (ω)

(

1 − ω − η �

ω + η �

)2 2 sin2
(

η �−ω

2 τ
)

π (η � − ω)2τ
.

(38)

This expression includes three terms, that is, the spectral
density J (ω) of the bath, the projection time modulating
function

F (ω,τ ) = 2 sin2
(

η �−ω

2 τ
)

π (η � − ω)2τ
, (39)
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FIG. 3. (Color online) The effective decay γ (τ )/γ0, versus the
time interval τ between consecutive measurements for a weak
coupling between the qubit and the bath. On the horizontal axis,
the time interval τ is multiplied by the qubit energy difference �.
The curves in (a) correspond to the case of a low-frequency bath
with parameters α/�2 = 0.01 and λ = 0.09� (red solid curve);
the curves in (b) correspond to the case of an Ohmic bath with
parameters αOhm = 0.01 and ωc = 10� (red solid curve). The green
dashed-dotted curves are the results under the RWA when the same
parameters are used. Note how different the RWA result is in (b),
especially for any short measurement interval τ .

and the interaction contribution function of both the rotating
and counterrotating terms,

f (ω) =
(

1 − ω − η �

ω + η �

)2

. (40)

The counterrotating term contributing to f (ω) is (ω −
η �)/ (ω + η �). If the RWA is applied, f (ω) = 1. The decay
rate for |e〉 → |g〉 in the long-time limit, corresponding to the
decay rate under the WW approximation, is written as γ0:

γ0 = γ (τ → ∞) = 2πJ (�)/4. (41)

The effective decay rate is the ratio of γ (τ ) to γ0, which
is in the same form as in Ref. [15]. In Fig. 3(a), the effective
decay rate γ (τ )/γ0 for the low-frequency bath is plotted in
the weak-coupling case with α/�2 = 0.01. From the energy
spectrum in Fig. 1(a), we can see that γ0 is proportional
to the spectrum density of the bath, with the magnitude
corresponding to the crossing of the energy � of the isolated
qubit and the bath spectrum. For comparison, we also plot

FIG. 4. (Color online) The effective decay γ (τ )/γ0, versus the
time interval τ between successive measurements for a strong cou-
pling between the qubit and the bath. The time interval τ is multiplied
by the qubit energy difference �. The curves in (a) correspond
to the case of a low-frequency bath with parameters α/�2 = 0.1
and λ = 0.3� (red solid curve); the curves in (b) correspond to the
case of an Ohmic bath with parameters αOhm = 0.1 and ωc = 10�

(red solid curve). The green dashed-dotted curves are the results
under RWA when the same parameters are used. Note how different
the RWA result is in (b), especially for any short measurement
interval τ .

γRWA(τ )/γ0 as a dashed-dotted curve, with

γRWA(τ ) = 2π

∫ ∞

0
dω

J (ω)

4

2 sin2
(

�−ω
2 τ

)

π (� − ω)2τ
. (42)

As we know, γ (τ )/γ0 < 1 means that repeated measurements
slow down the decay rate γ (τ ) < γ0, which is the quantum
Zeno effect. In contrast, γ (τ )/γ0 > 1 means an anti-Zeno
effect. The curves in Fig. 3(b) show results for the Ohmic
bath with αOhm = 0.01. In Fig. 4, we show the decay rate
in the strong-coupling case for the low-frequency bath with
α/�2 = 0.1 and for the Ohmic bath with αOhm = 0.1. It can
be seen that, for the low-frequency bath, the anti-Zeno effect
appears as shown in Figs. 3 and 4. For the high-frequency-
cutoff Ohmic bath, the Zeno effect always dominates and no
anti-Zeno effect occurs. Also we can see, from Figs. 3 and
4, that γ (τ ) and γRWA(τ ) approach γ0 when the measurement
interval τ → ∞. In particular, if τ → 0, F (ω,τ ) → 0. Thus,
γ (τ ) → 0. This implies that, in a sufficiently short time
interval of a projective measurement, the quantum Zeno effect
occurs, regardless of the bath spectrum. When the interval τ

increases, the projection interval modulation function F (ω,τ )
displays a number of oscillations. Then, the energy peak
of the bath spectrum will act on the decay rate and it is
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TABLE I. Summary of our main results for the quantum Zeno effect (QZE) and anti-Zeno effect
(AZE), with and without RWA. The entries in the last column marked by an asterisk indicate which
changes in the dynamics (Zeno versus anti-Zeno) are related to using the RWA. Here, α describes
the coupling strength between the qubit and the environment. The system dynamics can be either
quantum Zeno or anti-Zeno depending on several factors, including the type of bath, the strength of
the qubit-bath coupling, the frequency of the measurements, etc. These results are described in detail
in the main text.

Coupling Measurement Without RWA RWA
Bath α frequency ∼ τ−1 t = 0 dressed state t = 0 product state

high QZE QZE
Low-frequency 0.1

low AZE *QZE
high QZE QZE

0.01
low AZE AZE

high QZE QZE
Ohmic 0.1

low QZE *AZE
high QZE QZE

0.01
low QZE *AZE

possible to implement the anti-Zeno effect. However, this
result still depends on the function f (ω) and the given spectral
density J (ω) of the bath. Now, we emphasize again that the
second term in the brackets of the function f (ω) = [1 − (ω −
η �)/(ω + η �)]2 is due to the counterrotating terms; when
neglecting the counterrotating terms, f (ω) = 1.

For low-frequency noise, the noise mainly comes from the
region ω < �, so f (ω) > 1. Here, f (ω) as well as F (ω,τ )
magnify the effect of the energy peak of the bath spectrum.
Thus, the counterrotating terms accelerate the decay and the
anti-Zeno effect occurs.

In the high-frequency-cutoff Ohmic bath, the noise mainly
comes from the region ω > �, which leads to f (ω) < 1. Thus,
it is mainly the counterrotating term in f (ω) that reduces the
effect of the energy peak of the bath on the decay. This slows
down the decay and only the quantum Zeno effect can now take
place. The projection-intervals-modulating function F (ω,τ ),
together with the interaction-modulating function f (ω), causes
the Zeno effect to dominate in the high-frequency-cutoff
Ohmic bath. A summary of results of this section is shown
in Table I.

IV. SUMMARY

In summary, we have studied a model of a qubit interacting
with its environment, modeled either as a low- or as a high-
frequency bath. For each type of bath, the quantum dynamics of
the qubit without measurement and the quantum Zeno effect
on it are shown for the cases of weak and strong couplings
between the qubit and the environment. Our results show that,
for a low-frequency bath, the qubit energy increases (blue
shift) and the quantum anti-Zeno effect occurs. However, for a
high-frequency-cutoff Ohmic bath, the qubit energy decreases
(red shift) and the quantum Zeno effect dominates. Moreover,
under the condition of equal decay rate due to the two kinds
of baths in the WW approximation, for a high-frequency
environment, we find that without the approximation, the
decay rate should be faster (without measurements) or slower
(with frequent measurements, in the Zeno regime), compared
to the low-frequency-bath case. These very different behaviors

of the quantum dynamics and the Zeno effect in different
baths should be helpful to experimentally distinguish the type
of noise affecting the qubit and protect the coherence of
the qubit through modulating the dominant frequency of its
environment.
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APPENDIX: EXAMINING THE VALIDITY OF THE
UNITARY TRANSFORMATION

In this Appendix, we show the main results of the canonical
transformation to the qubit-bath Hamiltonian H considered
here, and we prove that the contribution of H ′

2 to physical
quantities is of O(g4

k ) and higher, so we ignore H ′
2 in the

calculations. We now apply a canonical transformation to the
Hamiltonian H as in Eq. (3):

H ′ = exp(S)H exp(−S), (A1)

with

S =
∑

k

χk

2
(a†

k − ak)σx. (A2)
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Here we define χk = gkξk/ωk, which is proportional to gk . A
k-dependent variable χk is introduced in the transformation. It
is clear that this canonical transformation is unitary, because
[exp(S)]† = exp(−S). The transformed Hamiltonian H ′ can
now be decomposed in three parts:

H ′ = H ′
0 + H ′

1 + H ′
2, (A3)

with

H ′
0 = −1

2
η �σz +

∑

k

ωka
†
kak −

∑

k

gk

4
χk(2 − ξk), (A4)

H ′
1 =

∑

k

η �χk(a†
kσ− + akσ+), (A5)

H ′
2 = −1

2
�σz (cos Y − η) + �

2
σy (− sin Y + ηY ) , (A6)

where, in Eq. (A6),

Y = i
∑

k

χk(a†
k − ak) (A7)

is a generalized momentum and η is defined in Eq. (4), η =
exp(−∑

k χ2
k /2).

Note that no approximation was used during the trans-
formation, so H ′ = exp[S]H exp[−S] is exact. Because the
constant term

∑
k gkχk(2 − ξk)/4 in Eq. (A4) has no effect on

the dynamical evolution, we neglect it. At low temperatures,
the multiple-step process is so weak that all the higher-order
terms can be neglected. In the following derivation, we will
prove that the contribution of H ′

2 to physical quantities is of
O(g4

k ) and higher, so we ignore H ′
2 and obtain the effective

transformed Hamiltonian H ′ = H ′
0 + H ′

1.
Now let us expand the first term of H ′

2, cos Y , as a series in
χk. Using the Baker-Hausdorff theorem, we have

exp

(
∑

k

χk(a†
k − ak)

)

(A8)

= η exp

(
∑

k

χka
†
k

)

exp

(
∑

k

−χkak

)

. (A9)

Afterward, we expand (A9) as follows:

η exp

(
∑

k

χka
†
k

)

exp

(
∑

k

−χkak

)

= η

[

1 +
∑

k

χka
†
k +

( ∑
k χka

†
k

)2

2
+

(∑
k χka

†
k

)3

3!
+ · · ·

]

×
[

1 −
∑

k

χkak +
( ∑

k χkak

)2

2
−

( ∑
k χkak

)3

3!
+ · · ·

]

= η

[

1 +
∑

k

χka
†
k −

∑

k

χkak −
∑

k

χka
†
k

∑

k

χkak + · · ·
]

.

(A10)

Now we see the second-order terms in χk in this
equation:
(

∑

k

χka
†
k

)(
∑

k

χkak

)

=
∑

k

χ2
k a

†
kak(diagonal) +

∑

k =k′
χka

†
kχk′ak′(off-diagonal).

(A11)

The off-diagonal terms are related to the multiboson transition
and their contributions to the physical quantities are fourth
order in χk. Furthermore, the initial state |{0k}〉 |↑〉 is used in
the calculation, so the direct effect of the second-order diagonal
term on physical quantities is zero and its effect through the
interaction will also be fourth order in χk . Thus we now ignore
the terms higher than second order in χk in the following
calculation and obtain the expression of (A8):

exp

[
∑

k

χk(a†
k − ak)

]

≈ η

(

1 +
∑

k

χka
†
k −

∑

k

χkak

)

.

(A12)

Therefore, cos Y is reduced to

cos Y ≈ η. (A13)

In the same way, sin Y in H ′
2 is simplified to

sin Y ≈ η
[
Y + O

(
χ3

k

)]
. (A14)

In H ′
2, we have subtracted the terms of zero and first order

in gk, which are included in H ′
0 + H ′

1, and only left the terms
equal to and higher than second order in gk, whose contribution
to the physical quantities is of O(g4

k ) and higher. Thus, H ′
2 can

be omitted.
We expand several series in the variable χk, while

the real variable is η�χk. Because η�χk = η�gkξk/ωk =
η�gk/ (ωk + η�) < gk, then η�χk is less than gk . In other
words, through this transformation we find a variable smaller
than gk for the series expansion. Therefore, our method can be
extended to the case of strong interaction between the qubit
and the environment.
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A unitary transformation approach is used to study the energy level shift of the atom coupled to both a vacuum
electromagnetic field and a driving laser. The Lamb shift of the energy levels is shown to depend on the Rabi
frequency and the detuning of the driving laser, which couples another pair of levels.

DOI: 10.1103/PhysRevA.81.052501 PACS number(s): 31.30.jf, 42.50.Ct

I. INTRODUCTION

The Lamb shift is one of the most important quantum
electrodynamics effects in atom physics and quantum optics
[1]. The energy level shift in hydrogen due to the virtual photon
processes, measured first by Willis Lamb, stimulated the
study of the renormalized quantum field theory and confirmed
the existence of the quantum vacuum. It was realized early,
through the work of Bethe [2], that most of the Lamb shift can
be explained within nonrelativistic quantum electrodynamics.
There are a number of approaches to the calculation of the
Lamb shift. One such approach is due to Feynman [3] and
is beautifully reviewed by Milonni [4]. In this approach, it
is argued that the presence of an atom inside a box leads to a
change in the resonant frequencies from ωk to ωk/n(ωk), where
n(ωk) is the refractive index at ωk . This leads to a change in
the zero-point energy due to the presence of the atom, and the
calculated change of the energy corresponds to the Lamb shift.

This motivates us to consider a situation where the refractive
index n(ωk) can be controlled by an external driving field,
and hence we can coherently control the Lamb shift. Such a
situation can, for example, be realized in a coherently driven
system such as in electromagnetically induced transparency
[5,6]. Coherent atomic effects are a hot area of research
in quantum optics and have led to a number of interesting
and counterintuitive phenomena, such as correlated emission
laser [7,8], lasing without inversion [9,10], and suppression of
atomic decay by spontaneous emission [11].

In this paper we consider a system where a coherently
driven atom can lead to a coherently controlled Lamb shift. It
is well known that to get the correct Lamb shift, the effect of
counter-rotating terms in the interaction Hamiltonian between
the atom and the electromagnetic (em) vacuum field must be
included. In the regular approach to dealing with the quan-
tum interference phenomenon, rotating wave approximation
(RWA) is often made. Recently, a unitary transformation
approach has been proposed to solve for the influence of
the counter-rotating terms on the dynamic evolution of the
atom in the short time limit [12,13]. In this paper we apply
this method to a laser-driven atomic system and show how
the Lamb shift can be affected by the quantum interference
between the two-photon channel of the original energy levels
and the new channels opened by the pumping laser. This sheds

*yangshuai@physics.tamu.edu

light on the feasibility of a coherently controlled Lamb shift
by an extra driving laser.

II. LEVEL SHIFTS IN A COHERENTLY DRIVEN ATOM

We consider a mutilevel atom interacting with the em
vacuum field as well as an extra laser field. As shown in Fig. 1,
levels |b〉 and |c〉 are coupled via a coherent driving field and
we are mainly interested in the Lamb shift of level |a〉. The
two electric dipole allowed transitions within these three levels
are a ↔ b and c ↔ b, but the transition between |a〉 and |c〉
is considered to be dipole forbidden due to the selection rules.
We suppose here that Eb < Ec, and the transition matrices pab

and pbc are perpendicular to each other. This is not difficult to
choose in real system. For example, in the hydrogen atom, if
we label the energy levels (n,l,m), with n being the principal
quantum number, l being the orbital quantum number, and m

being the magnetic quantum number, we can select |a〉, |b〉,
and |c〉 to be (2,1,1), (1,0,0) and (2,1, − 1) states, respectively.
The laser field AL(r,t) = AD(r) exp(−iωDt) is chosen to be
parallel to pbc and is almost resonant with the |b〉 and |c〉
transition, but with large detuning with respect to other levels.
So it is reasonable to suppose that the laser couples only levels
|b〉 and |c〉. With the Rabi frequency associated with the driving
field defined as � = AD(r) · pbc, the total Hamiltonian of the
atom, the vacuum field, and the driving field is as follows:

H = Ea|a〉〈a| + Eb|b〉〈b| + Ec|c〉〈c|
+

∑

i �=a,b,c

Ei |i〉〈i| +
∑

k

ωkb
†
kbk

+�[exp(iωDt)|b〉〈c| + |c〉〈b| exp(−iωDt)]

+
∑

k

gk,cb(b†k + bk)(|b〉〈c| + |c〉〈b|)

+
∑

k

gk,ab(b†k + bk)(|a〉〈b| + |b〉〈a|)

+
∑

n=a,b,c

∑

i �=a,b,c

∑

k

gk,ni(b
†
k + bk)(|n〉〈i| + |i〉〈n|)

+
∑

i �=a,b,c

∑

j �=a,b,c

∑

k

gk,ij (b†k + bk)(|i〉〈j | + |j〉〈i|).

(1)

Here we set h̄ = 1, El is the energy for level |l〉, and
b
†
k (bk) is the creation (annihilation) operator of the em

mode with frequency ωk (k including the polarization). The
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FIG. 1. (Color online) The atom configuration.

coefficient gk,ij = −e
√

1/2ε0ωkV ek · pij /m is the coupling
constant between the atom and the vacuum field, with ek being
the polarization vector and pij being the transition matrix
element of the momentum operator between level i and level j .
Note that we have made a RWA for the driving-field-induced
coupling with |b〉 and |c〉.

In the Hamiltonian (1) we have divided all the energy
levels into two groups: the three levels {|a〉,|b〉,|c〉} and other
levels, labeled |i〉. Since the coupling between level |b〉 and
level |c〉 is dominated by the strong coherent field and the
transition a ↔ c is forbidden, we can remove the terms in
the fourth line (the interaction between |b〉 and |c〉 coupled
to the vacuum field) and part of the sixth line [the coupling
between |b〉(|c〉) and the other levels]. In addition, as we are
interested in the Lamb shift of state |a〉, all terms in the last
line (the coupling within other levels) can also been neglected.
We also make a unitary transformation, U0 = |a〉〈a| +
|b〉〈b| + exp(−iωDt)|c〉〈c|, with ωD = ωcb − �, where
ωcb = Ec − Eb and � is the detuning. The resulting
Hamiltonian is

Heff = Ea|a〉〈a| + Eb|b〉〈b| + (� + Eb)|c〉〈c|
+�(|b〉〈c| + |c〉〈b|) +

∑

i �=a,b,c

Ei |i〉〈i| +
∑

k

ωkb
†
kbk

+
∑

k

gk,ab(b†k + bk)(|a〉〈b| + |b〉〈a|)

+
∑

i �=a,b,c

∑

k

gk,ai(b
†
k + bk)(|a〉〈i| + |i〉〈a|). (2)

The analysis can be considerably simplified if we diago-
nalize the subspace corresponding to states |b〉 and |c〉. This
yields the dressed states |b′〉 and |c′〉, with energies and the
corresponding states given by

Eb′ = Eb + 1

2
(� −

√
�2 + 4�2), (3)

Ec′ = Eb + 1

2
(� +

√
�2 + 4�2), (4)

|b′〉 =
(

cos θ

− sin θ

)

, |c′〉 =
(

sin θ

cos θ

)

, (5)

where

cos θ =
√

(� + √
�2 + 4�2)2

(� + √
�2 + 4�2)2 + 4�2

. (6)

In terms of the dressed states, the Hamiltonian (2) can be
rewritten as

Heff = H ′
0 + H ′

1, (7)

H ′
0 = Ea|a〉〈a| + Eb′ |b′〉〈b′| + Ec′ |c′〉〈c′|

+
∑

i �=a,b′,c′
Ei |i〉〈i| +

∑

k

ωkb
†
kbk, (8)

H ′
1 =

∑

k

gk,ab′ (b†k + bk)(|a〉〈b′| + |b′〉〈a|)

+
∑

k

gk,ac′ (b†k + bk)(|a〉〈c′| + |c′〉〈a|)

+
∑

i �=a,b′,c′

∑

k

gk,ai(b
†
k + bk)(|a〉〈i| + |i〉〈a|), (9)

where

gk,ab′ = gk,ab cos θ, gk,ac′ = gk,ab sin θ. (10)

As the interaction Hamiltonian H ′
1 contains the counter-

rotating terms, we follow the unitary transformation approach
presented in [12] and [13]. This approach allows us to make
the unitary transformation so that the interaction part has the
same form as under the RWA. First, we carry out a unitary
transformation on Heff; that is, H ′′ = exp(iS)Heff exp(−iS),
with

S =
∑

β

∑

k

gk,aβξk,aβ

iωk

(b†k − bk)(|a〉〈β| + |β〉〈a|). (11)

Here we choose the index β to describe the atomic levels in
the new dressed basis {a,b′,c′, . . .}, and

ξk,aβ = ωk

ωk + |Ea − Eβ | . (12)

The transformation can be done order by order, H ′′ = H ′′
0 +

H ′′
1 + H ′′

2 + O(g3
k ), where O(g3

k ) contains terms of order g3
k

and higher, and is neglected. The first-order terms (of order
gk), H ′′

1 = H ′
1 + [iS,H ′

0], are given by

H ′′
1 =

∑

Eβ<Ea

∑

k

2gk,aβξk,aβ

ωk

(Ea − Eβ)(|β〉〈a|b†k + |a〉〈β|bk)

+
∑

Eβ>Ea

∑

k

2gk,aβξk,aβ

ωk

(Eβ − Ea)

× (|a〉〈β|b†k + |β〉〈a|bk). (13)

We note that H ′′
1 is of the same form as that of the

RWA coupling. The second-order terms are H ′′
2 = [iS,H ′

1] +
1
2 [[iS,[iS,H ′

0]]; that is,

H ′′
2

= −
∑

β �=a

∑

k

g2
k,aβ

ωk

(

2ξk,aβ − ξ 2
k,aβ − ξ 2

k,aβ

Eβ−Ea

ωk

)

|a〉〈a|

−
∑

β �=a

∑

k

g2
k,aβ

ωk

(

2ξk,aβ − ξ 2
k,aβ − ξ 2

k,aβ

Ea − Eβ

ωk

)

× |β〉〈β| + Vnd, (14)

here Vnd contains the nondiagonal terms, |a〉〈β| (β �= a)
for the atom and b

†
kb

†
k′ , bkbk′ b

†
kbk′ and bkb

†
k′(k �= k′) for
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the em field. Since we are interested in the energy and
the decay rate of the single level, and the contribution of
these nondiagonal terms would be at least third order in
gk and can be neglected, we drop Vnd in the following
calculation.

The summation
∑

k can be replaced by the integral,

∑

k

g2
k,aβ

ωk

h(ωk) = 2αp2
aβ

3π (mc)2

∫ ∞

0
dωkh(ωk), (15)

where h(ωk) is any function of ωk and α is the fine structure
constant. Then it can be easily seen that the first two terms
in H ′′

2 are linearly divergent in the UV limit. The divergence
comes from the self-energy of the free electron due to the
vacuum fluctuations, Ese = −∑

k

∑
γ �=δ(g2

k,γ δ/ωk)|δ〉〈δ| =
−∑

γ �=δ[2αωc/3π(mc)2]p2
γ δ|δ〉〈δ| (ωc ≈ mc2 is the UV cut-

off), which does not depend on the atomic level structure. The
divergence can be removed by the mass renormalization with
the subtraction of the self-energy Ese; that is,

H ′′
2 − Ese

= −
∑

β �=a

∑

k

g2
k,aβ

ωk

(

2ξk,aβ − ξ 2
k,aβ − 1 − Eβ − Ea

ωk

ξ 2
k,aβ

)

|a〉〈a| −
∑

β �=a

∑

k

g2
k,aβ

ωk

(

2ξk,aβ − ξ 2
k,aβ − 1 − ξ 2

k,aβ

Ea − Eβ

ωk

)

|β〉〈β|

= 2α

3π (mc)2

⎡
⎣ ∑

Eβ<Ea

2p2
aβωaβ +

∑

β �=a

p2
aβ(Eβ − Ea) ln

ωc + ωaβ

ωaβ

⎤
⎦ |a〉〈a| + 2α

3π (mc)2

×
∑

Eβ>Ea

[
2p2

aβωaβ + p2
aβ(Ea − Eβ) ln

ωc + ωaβ

ωaβ

]
|β〉〈β| + 2α

3π (mc)2

∑

Eβ<Ea

p2
aβ (Ea − Eβ) ln

ωc + ωaβ

ωaβ

|β〉〈β|, (16)

where ωaβ = |Eβ − Ea| > 0 is the transition frequency be-
tween level |a〉 and level |β〉. The transformed Hamiltonian can
be written as HT = H ′′

0 + H ′′
1 , where H ′′

0 = H ′
0 + H ′′

2 − Ese

is the unperturbed part; that is,

H ′′
0 =

∑

β∈{a,b′,c′,...}
E′′

β |β〉〈β| +
∑

k

ωkb
†
kbk, (17)

with

E′′
a = Ea + 2α

3π (mc)2

×
⎡
⎣ ∑

Eβ<Ea

2p2
aβωaβ +

∑

β �=a

p2
aβ (Eβ − Ea) ln

ωc + ωaβ

ωaβ

⎤
⎦,

(18)

E′′
β = Eβ + 2α

3π (mc)2[
2p2

aβωaβ + p2
aβ(Ea − Eβ) ln

ωc + ωaβ

ωaβ

]
(Eβ > Ea),

(19)

E′′
β = Eβ + 2α

3π (mc)2
p2

aβ(Ea − Eβ) ln
ωc + ωaβ

ωaβ

(Eβ < Ea),

(20)

and H ′′
1 in Eq. (13) represents the perturbation. The contri-

bution HT is the approximately diagonalized Hamiltonian for
this coupled system of the multilevel atom and the em field
because the UV divergence has already been subtracted and
the mass renormalization has been done.

The second-order perturbed energy of level a due to the
transformed interaction Hamiltonian H ′′

1 is

�E(2)
a =

∑

β

∑

k

|〈β,1k|H ′′
1 |a, vac〉|2

Ea − Eβ − ωk

=
∑

Eβ<Ea

∑

k

4g2
k,aβξ 2

k,aβω2
aβ

ω2
k(ωaβ − ωk)

∼= − 2α

3π (mc)2

∑

Eβ<Ea

2p2
aβωaβ, (21)

where |a, vac〉 corresponds to the atom in level a and no
photon, and the intermediate state |β,1k〉 corresponds to the
atom in level β and one photon in mode k. When summing
over k, we simplify the result using the fact that the UV cutoff
ωc ≈ mc2 is much larger than the atomic level energy and get
the third line.

Now the Lamb shift of level a is given by

ELamb
a = E′′

a − Ea + �E(2)
a

= 2α

3π (mc)2

∑

β �=a

p2
aβ(Eβ − Ea) ln

ωc + ωaβ

ωaβ

∼= 2α

3π (mc)2

∑

β �=a

p2
aβ(Eβ − Ea) ln

ωc

ωaβ

. (22)

For the last step we utilize ωc � ωaβ .
It is clear from comparison of Eq. (22) with the Lamb shift

without the driving field [4] that the only difference between
the two cases is that bases b and c are shifted to the dressed
bases b′ and c′ when adding the driving laser. The Lamb shift
is therefore changed accordingly, and the resulting change in
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the Lamb shift of level a due to the addition of the driving field
is therefore given by

�ELamb
a = 2α

3π (mc)2

[
p2

ab′ (E′
b − Ea) ln

ωc

|E′
b − Ea|

+ p2
ac′ (E′

c − Ea) ln
ωc

|E′
c − Ea|

]

− 2α

3π (mc)2
p2

ab(Eb − Ea) ln
ωc

|Eb − Ea|
= χ

{

cos2 θ

[
ωab − 1

2
(� −

√
�2 + 4�2)

]

× ln
ωab − 1

2 (� − √
�2 + 4�2)

ωab

+ sin2 θ

[
ωab − 1

2
(� +

√
�2 + 4�2)

]

× ln
ωab − 1

2 (� + √
�2 + 4�2)

ωab

}

, (23)

where χ = 2αp2
ab/(3πm2c2). In the first line, the contribution

proportional to p2
ac is missing, as the coupling between level a

and level c is dipole forbidden, pac = 0. This is the main result
of this paper. Since this change in the Lamb shift depends on
the Rabi frequency and the detuning of the driving filed (mainly
the Rabi frequency; see Fig. 2), we can coherently control the
Lamb shift by changing the laser field. In particular, for those
levels which initially have a zero Lamb shift (e.g., the 2P
state for the hydrogen atom), we can produce a tunable Lamb
shift. In the case of a resonant driving field, � = 0, we obtain
cos2 θ = 1/2. The additional Lamb shift by the driving field is
then

�ELamb
a = 1

2
χωab

[(

1 + �

ωab

)

ln

(

1 + �

ωab

)

+
(

1 − �

ωab

)

ln

(

1 − �

ωab

)]
. (24)

We note that in the preceding discussion, we do not make
any assumption about the energy relation between Ea and
Eb(Ec), since the Lamb shift is due to the processes of emission
and reabsorption of the virtual vacuum photons between level
|a〉 and any other possible level as long as the dipole moment
is nonzero.
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FIG. 2. (Color online) Additional Lamb shift by the driving field.

Next we suppose that level |b〉 is the ground state of the
atom and Ea > E′

c > E′
b. We study the influence on the decay

rate of the level |a〉 of the driving filed. The total Hamiltonian
is HT = H ′′

0 + H ′′
1 and it is in the form of the RWA. There are

two decay channels for the electron in level |a〉, that is, a → b′
and a → c′. The effective decay rate of the energy level |a〉
for a short time is [12]

γ (τ ) = 2π

∫
dω[G′

ab′ (ω)F (ω − ωab′ ,τ )

+ G′
ac′ (ω)F (ω − ωac′ ,τ )], (25)

where

G′
ai ′(ω) = 2α

3π (mc)2

4ω2
ai ′

(ω + ωai ′ )2
p2

ai ′ω, (26)

F (ω − ωai ′ ,τ ) = 2
sin2

[
ω−ωai′

2 τ
]

πτ (ω − ωai ′)2
, (27)

with i ′ = b′,c′. If there is no driving field, � = 0, we have
cos θ = 1. We then have G′

ac′ = 0 and ωab′ = ωab, and the
decay rate goes back to the same form as in [12]. In
the long time limit, F (ω − ωai ′ ,τ ) → δ(ω − ωai ′ ), the decay
rate is given by

γ (�,�) = 2π
2α

3π (mc)2
p2

ab(cos2 θωab′ + sin2 θωac′ ). (28)

If the driving field is at resonance, cos2 θ = 1/2, ωab′ = ωab −
�, ωac′ = ωab + �, and we obtain

γ (�) = 2π
2α

3π (mc)2
p2

abωab. (29)

In this case, the driving field has no effect on the decay rate.
This coincides with the result in [14], where the RWA of the
coupling between the atom and the vacuum field is made at the
beginning. This result can be understood from the observation
that, in the long time limit, the counter-rotating terms have no
influence on the decay.

As mentioned in the Introduction, this problem is motivated
by Feynman’s derivation of the Lamb shift. In this interpreta-
tion, a dilute gas with N atoms per unit volume in a box of
volume V is considered [4]. Since the dimension of the box
determines the allowed wavelengths in the box, the frequencies
would be affected by the refractive index associated with the
atomic gas. Thus the presence of the atomic gas changes the
zero-point field energy by

�E =
∑

k

1

2

h̄ωk

n(ωk)
−

∑

k

1

2
h̄ωk

∼= −
∑

k

[n(ωk) − 1]
1

2
h̄ωk, (30)

for n(ωk) ∼= 1, where n(ωk) is the refraction index of the atomic
gas at ωk . For a dilute gas of atoms in level |a〉,

n ∼= 1 + 4πN

3h̄

∑

l

ωal|dal|2
ω2

al − ω2
k

, (31)

where dal is the a ↔ l transition dipole moment. Then by
subtracting from this expression the change in the zero-point
energy due to free electrons with the same density, we can get
an observable energy shift for the atomic level |a〉.
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For the case of an atom gas with the driving field just
considered, we note that the refractive index of the gas with
the atom in level |a〉 changes to

n′ ∼= n + 4πN

3h̄

⎛

⎝
∑

β=b′,c′

ωaβ |daβ |2
ω2

aβ − ω2
k

− ωab|dab|2
ω2

ab − ω2
k

⎞

⎠ . (32)

Thus the change in the zero-point energy due to the presence
of the driving field is given by

�Ea = −
∑

k

h̄ωk

2

4πN

3h̄

⎛

⎝
∑

β=b′,c′

ωaβ |daβ |2
ω2

aβ − ω2
k

− ωab|dab|2
ω2

ab − ω2
k

⎞

⎠ .

(33)

As the box contains only one atom, we have NV = 1. After
summing over k and recalling that |pal|2 = m2ω2

al|xal|2 =
(m2ω2

al/e
2)|dal|2, we obtain the same Lamb shift as derived

previously.

III. CONCLUSION

In this work, we have studied the effect of the driving laser
on the Lamb shift. First we change the picture of the system
from a bare atom and laser field to a dressed state. Then a
unitary transformation is made on the original Hamiltonian,
which is then transformed into the form of a RWA. We
can directly show that the Lamb shift depends on the Rabi
frequency and the detuning of the driving field. This relation
provides a way to control the Lamb shift coherently.
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A unitary transformation method is used to investigate the dynamic evolution of two multilevel atoms, in the
basis of symmetric and antisymmetric states, with one atom being initially prepared in the first excited state
and the other in the ground state. The unitary transformation guarantees that our calculations are based on the
ground state of the atom-field system and the self-energy is subtracted at the beginning. The total Lamb shifts of
the symmetric and antisymmetric states are divided into transformed shift and dynamic shift. The transformed
shift is due to emitting and reabsorbing of virtual photons, by a single atom (nondynamic single atomic shift)
and between the two atoms (quasi-static shift). The dynamic shift is due to the emitting and reabsorbing of real
photons, by a single atom (dynamic single atomic shift) and between the two atoms (dynamic interatomic shift).
The emitting and reabsorbing of virtual and real photons between the two atoms result in the interatomic shift,
which does not exist for the one-atom case. The spectra at the long-time limit are calculated. If the distance
between the two atoms is shorter than or comparable to the wavelength, the strong coupling between the two
atoms splits the spectrum into two peaks, one from the symmetric state and the other from the antisymmetric
state. The origin of the red or blue shifts for the symmetric and antisymmetric states mainly lies in the negative
or positive interaction energy between the two atoms. In the investigation of the short time evolution, we find the
modification of the effective density of states by the interaction between two atoms can modulate the quantum
Zeno and quantum anti-Zeno effects in the decays of the symmetric and antisymmetric states.

DOI: 10.1103/PhysRevA.81.043819 PACS number(s): 42.50.Ct, 42.50.Nn, 03.65.Xp

I. INTRODUCTION

The coherence between many identical two-level atoms was
first investigated by Dicke in 1954 [1], where the concepts of
superradiant and subradiant states were introduced to describe
two kinds of coherence between atoms. The superradiant state
has an enhanced decay rate and a shorter lifetime compared
with a single excited atom, while the subradiant state has an
inhibited decay rate and a longer lifetime. The subradiant
state is thus a very good candidate for preserving quantum
information, and, therefore, the coherence between atoms has
retriggered much interest recently, especially the shift and
spectra of the coherent system [2–4].

The distance between the atoms cannot be neglected in the
study of the energy shift induced by the interaction between
atoms, but it is somewhat difficult to take the distance into
account. The simplest model is the system composed of two
two-level atoms, which was first analytically calculated [5]
with the initial condition in which one atom is in the excited
state and the other in the ground state, where the rotating wave
approximation (RWA) is used due to the basis the authors have
chosen. The authors [5] obtained two peaks in the spectra: one
wide peak from the symmetric state and one narrow peak from
the antisymmetric state. In Ref. [6], the counter-rotating terms
were taken into account by exact integration of the Heisenberg
equation. Later, by using the density matrix and the projection
operator technique, the same answer is recalculated with the
master equation method [7]. Most of the studies thereafter [3,8]
are based on these two approaches in Refs. [6,7].

The Weisskopf-Wigner approach is usually used to investi-
gate the dynamic evolution of probability amplitude. However,
in this approach, one needs to start with the ground state of

the whole Hamiltonian including the counter-rotating terms,
which makes the calculation very complicated [4]. One of
the objects of this paper is to make the Weisskopf-Wigner
approach work with a simple calculation in the system of two
multilevel atoms by a unitary transformation method [9].

In quantum optics, unitary transformation is a usual
method to simplify the Hamiltonian [10]. Previously, we have
investigated the dynamic evolution of a hydrogen atom with
the unitary transformation method, which can effectively take
into account the counter-rotating terms [9]. The Lamb shift of a
single atom is also calculated with this method [11], where the
same result as the one of Bethe [12] is obtained. In this paper,
we extend this method to two multilevel atoms, and we will
show that the same result as in Refs. [6] and [7] can be obtained
with the Weisskopf-Wigner approach. Therefore, another main
point of this paper is to incorporate the Lamb shift naturally
into the calculation and to investigate the short-time evolution
of the symmetric and antisymmetric states. Compared with
the single-atom case, the symmetric and antisymmetric states
of two atoms feel some modulation of the electromagnetic
density of states (DOS). Besides the well-known modification
of long-time decay rate [1], this will also greatly modify the
short-time evolution.

This paper is prepared as follows: In Sec. II, we give
the unitary transformation of the Hamiltonian of the system
composed of two multilevel atoms and radiation fields. We
also introduce symmetric and antisymmetric states as the
basis and their shifts after the transformation are calculated.
In Sec. III, we derive the general formulas of the dynamic
evolution. In Sec. IV, the long-time evolution is discussed
in detail, including the decay rates, shifts, and spectra. The
classical correspondence of the blue and red shifts in the

1050-2947/2010/81(4)/043819(9) 043819-1 ©2010 The American Physical Society
131

http://dx.doi.org/10.1103/PhysRevA.81.043819


WANG, LI, ZHENG, AND ZHU PHYSICAL REVIEW A 81, 043819 (2010)

spectra is discussed to help understand the physics. In Sec. V,
we calculate the short-time evolution of the system, and Sec. VI
is a summary.

II. TRANSFORMATION OF THE HAMILTONIAN
AND THE BASIS

We investigate the dynamic evolution of two multilevel
atoms. By adopting the minimal coupling interaction, the total
Hamiltonian of the atoms and electromagnetic (EM) fields can
be written as (h̄ = 1) [7]

H = H0 + HI + Hd−d , (1)

where

H0 =
∑

j=1,2

∑

l

ωl|l〉j 〈l|j +
∑

k

ωkb
†
kbk, (2)

HI =
∑

j=1,2

∑

l,m;k

gk;lm|l〉j 〈m|j (b†ke
−ik·rj + bke

ik·rj ), (3)

Hd−d = 1

4πε0

[
d(1) · d(2)

r3
12

− 3(d(1) · r12)(d(2) · r12)

r5
12

]

. (4)

H0 is the unperturbed Hamiltonian of the atoms and fields,
HI is the interaction Hamiltonian between the atoms and
transverse fields, and Hd−d is the electrostatic interaction
between the atoms. Here ωl is the eigenenergy of the lth
eigenstate |l〉j of the j th atom, ωk is the frequency of the
kth EM mode (with the summation over k including the
two polarizations), and gk;lm = ωlmdlm(2ε0ωkVq)−1/2êk · ûlm

(with Vq the quantization volume) is the coupling constant
between the kth EM mode with unit polarization vector êk
and the atomic transition between levels |l〉 and |m〉 with
transition dipole moment dlm = e〈l|r|m〉 = dlmûlm, of which
dlm (assumed to be real) and ûlm are the magnitude and
unit vector, respectively. bk and b

†
k are the annihilation and

creation operators of the kth mode. The two atoms are located
at r1 and r2 and their displacement is r12 = r1 − r2. In Eq. (4),
d(j ) = ∑

lm dlm|l〉jj 〈m| is the dipole moment of the j th atom.
The angle between the dipole (assuming the same direction
for the two atoms) and r21 is η, as shown in Fig. 1.

In order to take into account the counter-rotating terms
and the self-energy at the beginning because it is always
there, we extend the unitary transformation method devel-
oped in Ref. [9] to the two-atom case under investigation.
Making the unitary transformation and subtracting the self-
energy, HS = eiSHe−iS − Ese (Ese = − ∑

j,m�=l

∑
k |gk;lm|2/

ωk|l〉j 〈l|j ), where

S =
∑

j=1,2

∑

l,m;k

gk;lmξk;lm

iωk

|l〉j 〈m|j (b†ke
−ik·rj − bke

ik·rj ), (5)

FIG. 1. The schematic description of the relation between dipoles
and displacements.

with ξk;lm = ωk

ωk+|ωlm| and ωlm = ωl − ωm, we obtain

HS = H0 + (H ′
0 − Ese) + H ′

I + Hia + Hd−d , (6)

where

H0 =
∑

j=1,2

∑

l

ωl|l〉j 〈l|j +
∑

k

ωkb
†
kbk, (7)

H ′
0 − Ese =

∑

j=1,2,k

∑

l,m

|gk;lm|2
ωk

×
(

ξ 2
k;lm − 2ξk;lm − ωlm

ωk

ξ 2
k;lm + 1

)

|l〉j 〈l|j , (8)

H ′
I =

∑

j=1,2,k

∑

l>m

Vlm,k(|l〉j 〈m|j bke
ik·rj + |m〉j 〈l|j b†ke−ik·rj ),

(9)

Hia = −
∑

l,l′,m,m′;k

2gk;lmgk;l′m′ξk;lm

ωk

(2 − ξk;l′m′)|l〉1〈m|1

⊗ |l′〉2〈m′|2eik·r12 . (10)

H ′
0 − Ese only contains diagonal energy corrections (nondy-

namic shift) [11] for a single atom. In the transformed basis,
H ′

I is the interaction Hamiltonian for a single atom due to real
photon emission and Vlm,k = glm,k

2|ωlm|
ωk+|ωlm| is the transformed

coupling strength. Hia is the interaction Hamiltonian between
two atoms due to exchange of virtual photons (here called the
quasi-static interaction). Note that in the transformed basis,
H ′

I has a RWA-like form, and Hd−d does not change its form
after the transformation because it commutes with S.

We suppose the distance between two atoms is large enough
so that their wave functions have no overlap, and thus we need
not worry about the identical property of the two atoms. The
foregoing derivation of the effective Hamiltonian in Eqs. (6)–
(10) is valid for all transitions between any levels. We take
the simplest example that the system is initially prepared in
the state which on average has one atom in the first excited
state and the other in the ground state. In this case, the results
can be easily tested because this has been well studied [6].
We expand the wave function on the basis of symmetric and
antisymmetric states:

|s〉 =
√

2

2
(|e,g〉 + |g,e〉), (11)

|a〉 =
√

2

2
(|e,g〉 − |g,e〉), (12)

where |e,g〉 means that the first atom is in the first excited state
and the second atom is in the ground state of the atom-field
system [11]. The system is initially prepared as a superposition
of a symmetric and an antisymmetric state with no photons in
vacuum [i.e., |�(0)〉 = Ca(0)|a; {0k}〉 + Cs(0)|s; {0k}〉, where
we denote the vacuum state as |{0k}〉]. After some time, it may
decay to the ground state and emit one photon into the kth
mode; that is, the system transits to the state |g,g; 1k〉. Note
that in the untransformed basis, states like |e,e; 1k〉 may be
generated by the counter-rotating terms and the calculations
are complicated [4]. As H0 + H ′

0 − Ese does not depend on
the position, its contribution to the energies of |s〉 and |a〉 is
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also independent of the position; these energies are

〈s|H0 + H ′
0 − Ese|s〉 = 〈a|H0 + H ′

0 − Ese|a〉
= ωg + ωe + End

g + End
e , (13)

〈g,g|H0 + H ′
0 − Ese|g,g〉 = 2ωg + 2End

g , (14)

where

End
l =

∑

m�=l,k

|gk;lm|2
ωk

(

ξ 2
k;lm − 2ξk;lm − ωlm

ωk

ξ 2
k;lm + 1

)

,

(l,m = e,g). (15)

Note that End
l is the nondynamic shift for the single-atom state

|l〉 [11]. The nondynamic shifts for the states |a〉 and |s〉 are the
same (one from the excited state and the other from the ground
state), equal to End

s = End
a = End

e + End
g . In the symmetric

and antisymmetric basis, the electrostatic Hamiltonian Hd−d

is diagonal:

〈s|Hd−d |s〉 = −〈a|Hd−d |a〉 = Ed−d

= 1

4πε0

[
d(1)

eg · d(2)
ge

r3
12

− 3
(
d(1)

eg · r12
)(

d(2)
ge · r12

)

r5
12

]

,

(16)
〈s|Hd−d |a〉 = 〈s|Hd−d |a〉 = 0. (17)

In addition, the transformed interatomic Hamiltonian Hia is
also diagonal:

〈s|Hia|s〉 = −〈a|Hia|a〉 = Eia

= −
∑

k

2|gk;eg|2ξk;eg

ωk

(2 − ξk;eg)eik·r12 , (18)

〈s|Hia|a〉 = 〈s|Hia|a〉 = 0. (19)

Equations (16) and (18) tell us that due to the electrostatic
dipole-dipole interaction Hd−d and the quasi-static interaction
Hia , the energies of |a〉 and |s〉 split with opposite shifts,

�Esta
s = −�Esta

a = Ed−d + Eia, (20)

which are dependent on r1 and r2. The interaction Hamiltonian
H ′

I has the matrix elements

〈g,g; 1k|H ′
I |s; {0k}〉 = 1√

2
Veg,k(e−ik·r1 + e−ik·r2 ), (21)

〈g,g; 1k|H ′
I |a; {0k}〉 = 1√

2
Veg,k(e−ik·r1 − e−ik·r2 ). (22)

We would like to emphasize that the second-order effective
interaction Hamiltonian between |s; {0k}〉 and |a; {0k}〉 is zero
because

∑

k

〈a; {0k}|H ′
I |g,g; 1k〉〈g,g; 1k|H ′

I |s; {0k}〉

= 1

2

∑

k

|Veg,k|2[eik·(r1−r2) − e−ik·(r1−r2)] = 0, (23)

where the summation of the second term in the square brackets,
e−ik·(r1−r2), is the same as the first one if we change the dummy
index from k to −k. Therefore, there are no interference effects
between the states |s; {0k}〉 and |a; {0k}〉.

III. DYNAMIC EVOLUTION

We take all the Hamiltonians except H ′
I as the unperturbed

Hamiltonian, because they only have diagonal terms to the
order of d2. In the interaction picture, we suppose the wave
function at time t as

|�(t)〉 = Ca(t)|a; 0k〉 + Cs(t)|s; 0k〉 +
∑

k

Ck(t)|g,g; 1k〉.

(24)

The Schrödinger equation i�̇(t) = H̃ ′�(t) with H̃ ′ =
ei(H0+H ′

0−Ese+Hia+V )tH ′
I e

−i(H0+H ′
0−Ese+Hia+V )t yields

iĊa(t) =
∑

k

ei(ω′
eg+�Esta

a −ωk)t 〈a; {0k}|H ′
I |g,g; 1k〉Ck(t),

(25)
iĊs(t) =

∑

k

ei(ω′
eg+�Esta

s −ωk)t 〈s; {0k}|H ′
I |g,g; 1k〉Ck(t),

(26)
iĊk(t) = e−i(ω′

eg+�Esta
a −ωk )t 〈g,g; 1k|H ′

I |a; {0k}〉Ca(t)

+ e−i(ω′
eg+�Esta

s −ωk )t 〈g,g; 1k|H ′
I |s; {0k}〉Cs(t),

(27)

where ω′
eg = ωe + End

e − ωg − End
g is the transformed tran-

sition frequency including the nondynamic shift. Integrating
Eq. (27) and then substituting it in Eq. (25), we get

Ċa(t) = −
∫ t

0
dt ′

∑

k

|〈g,g; 1k|H ′
I |a; {0k}〉|2

× ei(ω′
eg+�Esta

a −ωk)(t−t ′)Ca(t ′)

−
∫ t

0
dt ′

∑

k

〈a; {0k}|H ′
I |g,g; 1k〉〈g,g; 1k|H ′

I |s; {0k}〉

× ei(ω′
eg+�Esta

a −ωk)t e−i(ω′
eg+�Esta

s −ωk)t ′Cs(t
′). (28)

The second term in Eq. (28) is zero because of Eq. (23). [Note
that the factor of e−iωkt is the same for k and −k, and has no
effect on the result of the summation zero in Eq. (23).] An
integral differential equation for Cs(t) can be obtained in a
similar way.

IV. DECAY RATES, LAMB SHIFT, AND EMISSION
SPECTRUM IN THE LONG-TIME LIMIT

We first investigate the case in the long-time limit, t �
1/�a(s), where 1/�a(s) is the lifetime of the antisymmetric
(symmetric) state. Because of the wide broadness of the
vacuum spectrum, the correlation time is very short. We can
approximate that the system has no memory, and replace Ca(t ′)
with Ca(t) in Eq. (28) (the Markov approximation). Under the
Weisskopf-Wigner approximation, extending the lower bound
of time integration to −∞ would not introduce much error:

Ċa(t) ≈ −Ca(t)
∫ t

−∞
dt ′

∑

k

|〈g,g; 1k|H ′
I |a; {0k}〉|2

× ei(ω′
eg+�Esta

a −ωk)(t−t ′) = −Ca(t)

(
�a

2
+ iδa

)

, (29)
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in which the decay rate for the antisymmetric state is

�a = 2π
∑

k

|〈g,g; 1k|H ′
I |a; {0k}〉|2δ

(
ω′

eg + �Esta
a − ωk

)

= �eg[1 − D(x12,η)], (30)

with

D(x,η) = 3

2

{
sin x

x
sin2 η + 1 − 3 cos2 η

x2

[
cos x − sin x

x

]}

,

(31)

and the dynamic shift is

δa = ℘
∑

k

|〈g,g; 1k|H ′
I |a; {0k}〉|2

ω′
eg + �Esta

a − ωk

. (32)

In these formulas, �eg = d2
egω

3
eg

3πε0c3 is the single-atom decay rate
from |e〉 to |g〉, and ℘ stands for principle value. In Eq. (29),
we have used

∫ t

−∞
dt ′eix(t−t ′) = πδ(x) + i℘

1

x
. (33)

Equation (30) is calculated in detail in the Appendix. Note
that the decay rate of the antisymmetric state is modified by
the function of D(x12,η) with x12 = ωegr12/c and η the angle
between the dipole moment and the vector r2 − r1, as shown
in Fig. 1. From Eq. (29), the probability amplitude of state
|a; {0k}〉 is

Ca(t) = Ca(0)e−( �a
2 +iδa )t . (34)

Similarly, we can get the probability amplitude of |s; {0k}〉,
Cs(t) = Cs(0)e−( �s

2 +iδs )t , (35)

in which the decay rate and the dynamic shift for the symmetric
state are

�s = 2π
∑

k

|〈g,g; 1k|H ′
I |s; {0k}〉|2δ

(
ω′

eg + �Esta
s − ωk

)

= �eg[1 + D(x12,η)], (36)

δs = ℘
∑

k

|〈g,g; 1k|H ′
I |s; {0k}〉|2

ω′
eg + �Esta

s − ωk

. (37)

Equations (34) and (35) show that the symmetric and antisym-
metric states decay exponentially with their own decay rates
�a,s and dynamic shifts δa,s .

A. The decay rates

The modification of the decay rates is completely de-
termined by D(x,η), which is a dimensionless function of
the renormalized interatomic distance x12 = ωegr12/c and the
angle η. In Fig. 2, we plot the functions D(x12,η) for η = 0
and π/2. It reaches its maximum value of 1 as x → 0 (i.e.,
when the atomic distance tends to zero); the decay rate of
the symmetric state will be double the decay rate of a single
atom, while the decay rate of the antisymmetric state tends to
zero. Note that D(x,η) may become negative as the distance
increases [see D(x,π/2) in Fig. 2], which tells us that the
antisymmetric state may decay faster than the symmetric state
[see Eqs. (30) and (36)]. Therefore, the symmetric state is
not necessarily superradiant and the antisymmetric state is not

FIG. 2. (Color online) D(x,η) and P (x,η) for η = 0 and π/2.

necessarily subradiant. The classical correspondence for this
phenomenon is quite clear: The atoms are regarded as dipole
antennas. When the distance between the atoms is much shorter
than the wavelength, and if they radiate in phase (symmetric
state), the radiation fields interference constructively, and thus
energy is emitted faster. However, if the distance is comparable
with or even larger than the wavelength, the out-of-phase
configuration (antisymmetric state), rather than the in-phase
configuration, may lead to constructive interference and thus
decays faster. Because the interference patterns, as well as the
emitting efficiency, are also dependent of the angle η, it is
natural that the decay rate is also dependent of this angle, as
shown in Fig. 3(a).

B. The Lamb shift

By combining Eqs. (17), (16), (18), and (32), the total
energy shift of the antisymmetric state is

�a = End
a + �Esta

a + δa = End
a − (Ed−d + Eia) + δa, (38)

which is composed of three contributions, the nondynamic
shift End

a = End
e + End

g , the static nondynamic shift �Esta
a

(including the electrostatic and quasi-static shifts), and the
dynamic shift δa . The result of this summation is (see the
Appendix)

�a = End
a + �Esta

a + δa

= (
End

e + �eg

) + End
g − �eg

2
P (x12,η)

= �Lamb
e + �Lamb

g − �eg

2
P (x12,η), (39)

where �Lamb
e (= End

e + �eg) and �Lamb
g are the Lamb shifts of

the excited and ground state of a single atom, respectively, �eg

is the dynamic shift of the excited state of a single atom, and
P (x12,η) is the dimensionless function

P (x,η) = 3

2x

[
− cos x sin2 η

+
( sin x

x
+ cos x

x2

)
(1 − 3 cos2 η)

]
. (40)

The physics of Eq. (39) is clear. The first two terms are due to
the components (|e〉 and |g〉) of the state |a〉 and the last term
is dependent of r12 due to the direct dipole interaction and the
virtual and real photon exchange between the two atoms. By
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FIG. 3. (Color online) (a) D(x,η)
and (b) P (x,η) for x = 0.5 and 1.0.

combining Eqs. (13), (16), (18), and (37), the total energy shift
of the symmetric state is

�s = End
s + �Esta

s + δs = End
s + (Ed−d + Eia) + δs

= �Lamb
e + �Lamb

g + �eg

2
P (x12,η). (41)

The energy difference between these two states is

�s − �a = �egP (x12,η), (42)

which tells us that the splitting between the symmetric and
antisymmetric states is determined by P (x12,η).

In Fig. 2, we plot P (x,η) as a function of distance for
η = 0 and π/2. It is shown that P (x,η) is divergent with
1/x. This is because the interaction energy is divergent as
the distance between atoms gets to zero. In the limit x → 0,
P (x,η) tends to +∞ for η = 0 while it tends to −∞ for η =
π/2. This means that the dipole radiation fields do not have
spherical symmetry and the interaction strength and energy
are η-dependent. From the classical point of view, this comes
from the fact that the interaction energies of the dipoles have
different signs for different configurations, which will be more
clearly discussed for the spectrum in Fig. 6. We also present
this angle dependence in Fig. 3(b) for two distances x = 0.5
and 1.0.

C. The emission spectra

If we substitute Eqs. (34) and (35) into the integration of
Eq. (27), the probability amplitude for photon state |1k〉 in the
long-time limit is

Ck(∞) =
√

2

2
Veg,ke

−ik·r1

×
[

Ca(0)(1 − eik·r12 )

XA

+ Cs(0)(1 + eik·r12 )

XS

]

(43)

with

XA = δk + �eg

2
P (x12,η) + i�a, (44)

XS = δk − �eg

2
P (x12,η) + i�s, (45)

where the detuning is δk = ωk − ωs
eg and ωs

eg = ω′
eg + �eg =

(ωe + �Lamb
e ) − (ωg + �Lamb

g ) is the single atomic transition
frequency including the Lamb shift [11]. Note that the
positions of the two peaks in Eq. (44) and (45) are at
ωk = ωs

eg ∓ �eg

2 P (x12,η), respectively, which is separated by
�egP (x12,η) due to the exchange of photons between the

two atoms. This separation increases with the decrease of the
distance r12.

The electric field at position r and time t (h̄ = 1) is

〈{0k}|E(+)(r,t)
∑

k

Ck(∞)|1k〉

= 〈{0k}|
√

1

2ε0V

∑

k

√
ωkakêke

−iωkt+ik·r ∑

k

Ck(∞)|1k〉

≈ 1

2π

∫ ∞

0
dωke

−iωktB(r,ωk), (46)

where

B(r,ωk) = −
√

2ωeg r̂′
1 × (deg × r̂′

1)

4iπε0c2r ′
1

eikr ′
1

(
2ωegωk

ωk + ωeg

)

×
[
Ca(0)(1 − eix12 cos α)

XA

+ Cs(0)(1 + eix12 cos α)

XS

]

.

(47)

In Eqs. (46) and (47), we have only retained the outward wave
with the phase factor eikr ′

i−iωkt in which r′
i = r − ri ≡ r̂′

i r
′
i

denotes the displacement from the ith atoms to the observation
point, and we have also neglected higher order terms of
O(1/�r2

i ) because they decay to zero rapidly in the far field.
We have made the approximation r ′

1 ≈ r ′
2 except in the expo-

nential terms eik(r ′
2−r ′

1) ≈ eix12 cos α with x12 = ωeg|r2 − r1|/c
and α being the angle between r12 and r′

1. The relations
between the detector and the two atoms are schematically
plotted in Fig. 4.

The factor
2ωeg

ωk+ωeg
comes from the fact that the atom will de-

cay to the ground state of the atom-field system rather than the
direct product of the bare-atom ground state and vacuum state.
However, the spectrum is centralized near the single-atom

FIG. 4. The relation between the detector and two atoms.
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FIG. 5. The average spectrum (in arbitrary units) for (a) η = 0 and (b) η = π/2; x12 = 0.5 (solid), 0.7 (short dash), 1.0 (dash dot), and 5.0
(dash).

transition frequency where ωk ≈ ωeg . Therefore, we can make

a very good approximation,
2ωegωk

ωk+ωeg
≈ ωeg . The spectrum is

S(ωk,x12,α) ∝ |B(r,ωk)|2 ∝
∣
∣
∣
∣
Ca(0)(1 − eix12 cos α)

XA

+ Cs(0)(1 + eix12 cos α)

XS

∣
∣
∣
∣

2

, (48)

which has two peaks at ωk = ωs
eg ∓ �eg

2 P (x12,η), and there are
interferences between the spectra of |a〉 and |s〉. The spectra
also depend on the observation point characterized by α. We
average over solid angles:

Sav(ωk,x12)

∝ 1

4π

∫ 2π

0
dϕ

∫ π

0
sin αdα

×
∣
∣
∣
∣
Ca(0)(1 − eix12 cos α)

A
+ Cs(0)(1 + eix12 cos α)

S

∣
∣
∣
∣

2

= 2|Ca(0)|2
|A|2

(

1 − sin x12

x12

)

+ 2|Cs(0)|2
|S|2

(

1 + sin x12

x12

)

.

(49)

Note that although there is interference (constructive or
destructive) between the spectra of the symmetric and anti-
symmetric states for any particular angle α [see the two terms
in Eq. (48)], the average of this interference effect is zero, as
shown in (49). If we initially prepare one of the atoms on the
excited state and the other on the ground state, that is,

|�(0)〉 = |e,g; 0k〉 = 1√
2
|a; 0k〉 + 1√

2
|s; 0k〉, (50)

we have Ca(0) = Cs(0) = 1√
2
. In Fig. 5, we plot the average

spectra for (a) η = 0 and (b) 0.5π . When the atoms are
placed very near each other, the interaction between the two
atoms splits the spectrum into two peaks, one due to the
symmetric state and the other due to the antisymmetric state.
As the distance increases, the two peaks merge into one
peak and finally, the spectrum tends to be the single-atom
Lorentzian peak. Moreover, in Fig. 5(a), the symmetric state
(wide peak) is red-shifted and the antisymmetric state (narrow
peak) is blue-shifted, while in Fig. 5(b), the symmetric state
is blue-shifted and the antisymmetric state is red-shifted.

This means that the symmetric state has lower energy for
η = 0 but higher energy for η = 0.5π . We can also see this
η dependence of the shifts from the P (x,η) in Fig. 3(b),
where P (x,η = 0) is negative and P (x,η = π/2) is positive.
The classical correspondence of this angular dependence
is easy to understand. We plot the configurations for in-
phase and out-of-phase dipole antennas in Fig. 6. If η = 0,
the two dipoles in the symmetric state [see Fig. 6(a)] oscillate
in phase. In this configuration they obviously have attractive
interaction. In contrast, the two dipoles in the antisymmetric
state [see Fig. 6(b)] oscillate completely out of phase and have
a repulsive interaction. This means that the symmetric state
has lower energy (red shift) and the antisymmetric state has
higher energy (blue shift), as shown in Fig. 5(a). If η = π/2,
the symmetric state [see Fig. 6(c)] has a repulsive interaction
with higher energy and the antisymmetric state [see Fig. 6(d)]
has an attractive interaction with lower energy, and thus the
symmetric state is blue-shifted and the antisymmetric state
is red-shifted, as shown in Fig. 5(b). In Fig. 7, we plot the
angular dependence of the spectrum for fixed atomic distance.
It is clear that there is a level crossing for these two states as
η changes, which can also be seen from Fig. 3(b), where the
sign of P (0.5,η) changes with η.

FIG. 6. The classical configurations for symmetric states [(a) and
(c)] and antisymmetric states [(b) and (d)] with η = 0 [(a) and (b)]
and π/2 [(c) and (d)].
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FIG. 7. The average spectra for x12 = 0.5 with η = 0.2π (solid),
0.3π (short dash), and 0.4π (dash dot).

In some special observation directions, we may observe
Fano spectra. Here we suppose both Ca(0) and Cs(0) are real;
if the observation angle αd satisfies

tan
x12 cos αd

2

= Cs(0)

Ca(0)

−P (x12,η) ±
√

P 2(x12,η) + D2(x12,η) − 1

1 + D(x12,η)
,

(51)

we may observe dark points at

δ0
k = ∓�eg

2

√
P 2(x12,η) + D2(x12,η) − 1. (52)

In Fig. 8, we plot the spectrum with η = π/2, α = 1.73, and
x12 = 1, which satisfies Eq. (51); we can see a completely dark
point due to the interference between the states |e,g; 0k〉 and
|g,e; 0k〉 [13]. However, there are differences between our re-
sults and the results of Ref. [13], where a three-level atom with
two parallel electric dipole transitions is investigated and the
dark point in the spectrum can be observed from all directions.
The three levels in our system belong to two atoms with a finite
distance between them. The distance displays decoherence,
making the quantum interference strength smaller than one.
Moreover, spherical symmetry is broken, which is replaced by
cylindrical symmetry, and the spectra are α dependent. Only
in some particular observation directions (αd ) can a complete
dark point be observed for some particular frequency. This
dark point comes not only from the quantum interference of the

FIG. 8. (Color online) Fano spectrum (in arbitrary units) with a
dark point with η = π/2, x12 = 1, and α = 1.73.

FIG. 9. (Color online) The time-dependent decay rates normal-
ized with their respective long-time limits for the antisymmetric state.
The red solid curve is for the case of a single atom, the decay rate of
the excited state, �0(t)/�0.

two atomic transitions but also from the classical interference
between two radiating dipoles.

V. SHORT-TIME EVOLUTION

Now, we consider the time evolution of the decay rates,
�a,s(t). In our previous studies for the case of a single
atom, the decay rate shows the quantum Zeno (QZE)
and quantum anti-Zeno effect (QAZE) in free vacuum
[9] as well as in modified vacuum [11]. The modifica-
tion of the density of states can greatly modulate the
short-time behavior of the system. Here, we will extend
the discussion to the two-atom system. Because the nondy-
namic shift and electrostatic shift are very small compared
with the transition frequency, we neglect these shifts in the
differential equations of Eq. (28):

Ċa(t)

= −
∫ t

0
dt ′

∑

k

|〈g,g; 1k|H ′
I |a; {0k}〉|2ei(ωeg−ωk )(t−t ′)Ca(t ′)

≈ −Ca(0)
�eg

2π

∫ ∞

0
dωkG(ωk,x12,η)

∫ t

0
dt ′ei(ωeg−ωk)(t−t ′),

(53)

where

Ga(ωk,x12,η) = 4ωegωk

(ωeg + ωk)2

[

1 − D

(
ωk

ωeg

x12,η

)]

(54)

is the effective density of states for the antisymmetric state.
In Eq. (53), we have approximated that the change of the
probability amplitude is negligible for the very short time scale
we are interested in, which is quite true for the weak coupling
strength between atoms and the vacuum fields [14]. From
Eq. (53), we can get the effective decay rate defined as

|Ca(t)|2 = |Ca(0)|2e−�a (t)t . (55)

The explicit expression of the effective decay rate is [9]

�a(t) = �eg

2π

∫ ∞

0
dωGa(ω,x12,η)

4 sin2[(ω − ωeg)t/2]

(ω − ωeg)2t
.

(56)
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FIG. 10. (Color online) The time-
dependent decay rate of the antisymmetric
state. (a) η = 0 and (b) η = π/2, with
x12 = 0.5 (dash), 2.0 (dot), and 4.0 (dash
dot). The red solid curve is for the single-
atom decay rate.

In Fig. 9, we plot the time-dependent decay rates normalized
with their long-time limit in the free vacuum, �a(t)/�a(∞). It
is clear that we have strong QAZE for the antisymmetric state,
if the distances between two atoms are small compared with the
transition wavelength. In contrast, a single atom only has QZE
(red solid line). In Fig. 10, we plot the evolution of the decay
rates for various distances with η = 0 and η = π/2. It seems
that the QAZE disappears as the distance increases, because the
quantum interference effect between the two atomic transitions
decreases quickly as the distance increases. In a previous paper
[11], we have demonstrated that the reduction of the DOS at the
transition frequency may induce the QAZE. Here, the QAZE
also comes from the reduction of the effective DOS of the
antisymmetric state [Eq. (54)] with short interatomic distance,
however, not by the modification of the vacuum, but by the
interference between two atoms.

We can also get the time-dependent decay rate for the
symmetric state:

�s(t) = �eg

2π

∫ ∞

0
dωGs(ω,x12,η)

4 sin2[(ω − ωeg)t/2]

(ω − ωeg)2t
,

(57)

where

Gs(ωk,x12,η) = 4ωegωk

(ωeg + ωk)2

[

1 + D

(
ωk

ωeg

x12,η

)]

.

(58)

In Fig. 11, we plot �s(t) under various conditions. However,
in contrast to the antisymmetric state, the QAZE appears to be
very weak at x12 = 4.0 and η = π/2. This also comes from a
small reduction of the effective DOS, because, at this distance,
the function D(4.0,π/2) < 0 (see Fig. 2).

VI. SUMMARY

In this paper, we have extended the unitary transformation
method to a system of two multilevel atoms, where the self-
energy is subtracted from the Hamiltonian at the beginning.
The Lamb shift, which appears naturally in our calculations,
can be classified into nondynamic shifts and dynamic shifts.
Both of them include the contributions from a single atom and
between the two atoms (the interatomic shifts, which do not
exist in the one-atom case). In the long-time limit, the spectra
are investigated. The peaks and their blue and red shifts have
clear classical correspondence. We also investigate the short-
time evolution of the system and the QZE and AQZE are found.
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APPENDIX: SHIFT AND DECAY RATE OF THE
SYMMETRIC AND ANTISYMMETRIC STATES

To calculate the total shift of antisymmetric state in Eq. (44),
we first evaluate the shift brought by the transverse field,

−Eia + δa = 〈a|Hia|a〉 + ℘
∑

k

|〈g,g; 1k|H ′
I |a; {0k}〉|2

ω′
eg − Eia − Ed−d − ωk

≈
∑

k

2|gk;eg|2ξk;eg

ωk

(2 − ξk;eg)eik·(r1−r2)

+℘
∑

k

1

ωeg − ωk

1

2
|Veg,k|2|(e−ik·r1 − e−ik·r2 )|2

FIG. 11. (Color online) The time-
dependent decay rate of the symmetric
state. (a) η = 0 and (b) η = π/2 with
x12 = 0.5 (dash), 2.0 (dot), and 4.0 (dash
dot). The red solid curve is for the single-
atom decay rate.
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= d2
egω

2
eg

6π2ε0c3

∫ ∞

0

2(ωk + 2ωeg)ωk

(ωk + ωeg)2
D(kr12,η)dωk

+ d2
egω

2
eg

6π2ε0c3
℘

∫ ∞

0

ωk

ωeg − ωk

4ω2
eg

(ωk + ωeg)2

× [1 − D(kr12,η)]dωk

= �eg − d2
egω

2
eg

6π2ε0c3
℘

∫ ∞

0

2ω2
k

ω2
eg − ω2

k

D(kr12,η)dωk,

(A1)

where

�eg = d2
egω

2
eg

6π2ε0c3
℘

∫ ∞

0

ωk

ωeg − ωk

4ω2
eg

(ωk + ωeg)2
dωk (A2)

is the dynamic shift of a single atom. The summation of
nondynamic shift End

e and dynamic shift �eg gives the total
Lamb shift of the excited state |e〉 [11]. We have neglected
the various shifts in the principle integration because they are
all tiny compared with the transition frequency, and we have
changed the summation over k into an integration [7],

∑

k

g2
k;ij e

ik·r12 → d2
egω

2
eg

6π2ε0c3

∫ ∞

0
ωkD(kr12,η)dωk, (A3)

where D(x,η) is defined in Eq. (31). The integration gives

d2
egω

2
eg

6π2ε0c3
℘

∫ ∞

0

2ω2
k

ω2
eg − ω2

k

D(kr12,η)dωk

= �eg

2

3

2x12

[

− cos x12 sin2 η +
(

sin x12

x12
− 1 − cos x12

x2
12

)

× (1 − 3 cos2 η)

]

= �eg

2
P (x12,η) − d2

egω
3
eg

6πε0c3

3

2

1
(
ωegr12/c

)3 (1 − 3 cos2 η)

= �eg

2
P (x12,η) − d2

eg

4πε0r
3
12

(1 − 3 cos2 η)

= �eg

2
P (x12,η) − Ed−d . (A4)

where P (x12,η) is given in Eq. (40) and Ed−d = d2
eg

4πε0r
3
12

(1 −
3 cos2 η) can be directly obtained from Eq. (16). It is clear that
a part of the shift induced by the transverse fields cancels the
static dipole-dipole interaction energy. Combining Eq. (A1)
and (A4), we get the terms in Eq. (39):

�Esta
a + δa = −Eia − Ed−d + δa

= (−Eia + δa) − Ed−d

= �eg −
[
�eg

2
P (x12,η) − Ed−d

]

− Ed−d

= �eg − �eg

2
P (x12,η). (A5)

The corresponding quantity for the symmetric state in Eq. (41)
can be derived in a similar way. The decay rate of the
antisymmetric state in Eq. (30) is

�a = 2π
∑

k

|〈g,g; 1k|H ′
I |a; {0k}〉|2δ(ω′

eg − Eia − Ed−d − ωk)

≈ 2π
∑

k

1

2
|Veg,k|2|(e−ik·r1 − e−ik·r2 )|2δ(ωeg − ωk)

= d2
egω

2
eg

3πε0c3

∫ ∞

0

4ωkω
2
eg

(ωk + ωeg)2
[1 − D(kr12,η)]δ(ωeg − ωk)dωk

= �eg[1 − D(x12,η)]. (A6)

Equation (36) can be obtained in the same way.
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Abstract
A new analytical approach, beyond the rotating wave approximation, based on unitary
transformations and the non-Markovian master equation for the density operator, is applied to
treat the biased spin–boson model with a Lorentzian structured bath for arbitrary detunings at
zero temperature. Compared to zero bias, we find that the non-equilibrium dynamics
demonstrates two more damping oscillation frequencies and one additional relaxation frequency
for non-zero bias. Analytical expressions for the non-Markovian dynamics and the
corresponding spectrum, the localized–delocalized transition point, the coherent–incoherent
transition point, the analytical ground energy, the renormalized tunneling factor and the
susceptibility are determined. The sum rule and the Shiba relation are checked in the coherent
regime.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In a fully quantum-mechanical way, the spin–boson model
(SBM) [1–3] is a prominent physical model in the research
of dynamics and decoherence for numerous physical and
chemical processes. Due to its advantage in the quantitative
description of quantum bits (qubits), the SBM has recently
attracted wide interest in the field of quantum computation
and information. In the last decade, many promising
scalable solid-state qubit schemes have been proposed and
realized [4–7]. Although great improvement has been made,
there are still great obstacles on the road to realizing quantum
computation and information. One of the biggest obstacles is
the decoherence of the qubits due to their coupling with the
environment [8, 9]. In SBM, the effect of the environment
is characterized by the spectral density, which is commonly
assumed to be ohmic or a power function of the bath
mode. However, in many qubit schemes realized today, the
environment of the qubit may have a certain characteristic
frequency, and consequently a shape Lorentzian peak may
appear in the spectral density [6, 7, 10–12]. For example,
the information of a flux qubit is usually read out by a
dc-SQUID with a characteristic plasma frequency. At the
same time, the environmental noise of the SQUID is also
transferred to the qubit leading to decoherence and dissipation.

A similar example is a Cooper-pare box (CPB) coupled to
a transmission line resonator. All these problems can be
modeled as a two level system (TLS) coupled to a harmonic
oscillator (HO) which itself is coupled further to a normal
ohmic environment. As an alternative but equivalent point
of view, such a qubit–HO–environment model can be exactly
mapped to the SBM with a Lorentzian structured bath J (ω)

(see (6) in section 2) [13–16].
Different from the ohmic bath, the equilibrium dynamics

of the SBM with such a structured bath or the equivalent
qubit–HO–environment model have not been studied that
much. Many methods have only been studied in a particular
regime, such as the studies on a driven qubit coupled
to a structured environment by Grifoni et al [17, 18].
However, we are interested in a regime with static bias.
Typical studies on this particular spectral density include
the quasi-adiabatic propagator path integral (QUAPI) [19],
the van Vleck perturbation theory together with a Born–
Markov master equation (VVBM) [20], the flow equation
renormalization (FER) [21–23], the non-interacting blip
approximation (NIBA) [22, 24], an approximation scheme
by introducing a HO displacement operator [25] and a
perturbation method based on unitary transformation [26]. It is
known that QUAPI is numerical and extensive computational
resources are needed when the bath possesses a long memory
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time [23], and we have found that QUAPI does not easily reach
stable non-equilibrium dynamics for the non-zero bias case.
VVBM works well with finite bias at low temperature [20].
However, VVBM uses the Van Vleck perturbation theory up
to the second order in the qubit–HO coupling to get the
eigenvalues and eigenfunctions of the non-dissipative qubit–
HO system, solves a Born–Markov master equation for the
reduced density matrix in the qubit–HO’s eigenbasis, and
it requires a small qubit–HO coupling and a Born–Markov
approximation [20]. To our knowledge, FER has not studied
non-equilibrium dynamics and needs extra setting parameters
to be chosen for the best results [27]. To date, NIBA is not
applicable for non-zero bias at low temperature [20, 22, 24].
Reference [25] only presents results for zero bias near
resonance, meanwhile [26], with one unitary transformation
also only presents results for zero bias.

In this paper, as an extension to Huang and Zheng’s
work [26, 28], a new analytical approach, beyond the
rotating wave approximation (RWA), based on two unitary
transformations and the non-Markovian master equation for
the density operator, is applied to treat the biased spin–boson
model (SBM) with a Lorentzian structured bath for arbitrary
detunings at zero temperature. One should note that the two
unitary transformations are different from [26, 28] and it makes
our approach applicable both for non-zero bias and zero bias.
Moreover, within a nontrivial Born approximation but without
the Markovian approximation, we get the analytical density
operator by the master equation method, which can be easily
extended to finite temperature. Compared with [28], our
approach has several advantages. First, both the localized–
delocalized transition point αL and the coherent–incoherent
transition point αc are studied; these have not been provided
so far (except αc with zero bias by [26]). Second, it works
well for a wide parameter range: having no direct restriction
on the qubit–HO coupling, both for biased and unbiased cases,
at arbitrary finite detunings (positive/negative detunings or on
resonance) and works well from weak to sufficiently strong
spin–bath coupling as long as α < αc, which is little-studied
and beyond the weak coupling regime. Our results are checked
in the exactly solvable special cases (such as the independent
boson model and the Rabi model). The dynamics and the
corresponding spectrum are compared to the literature results
both for unbiased and biased cases. The Shiba relation and the
sum rule have also been examined.

This paper is organized as follows. Section 2 introduces
the model and our treatment. Meanwhile, the ground state
energy, the renormalized tunneling factor η and localized–
delocalized transition point αL are determined. Section 3
presents the master equation and an analytical expression for
the density operator without the Markovian approximation. In
section 4, we have calculated the non-equilibrium dynamics
P(t) and the corresponding spectrum S(ω), and presented the
physical interpretation. In section 5, we show the susceptibility
and the validation of the Shiba relation. The coherent–
incoherent transition point αc is determined.

2. Model and treatment

In a flux qubit system, the qubit is the two macroscopically
distinct quantum states representing clockwise and anticlock-
wise rotating supercurrents. The qubit is entangled with
the detecting field, which is itself coupled with the outside
noncoherent environment. The qubit can be characterized
by Pauli matrices, the detecting equipment, which is actually
a LC resonant circuit [6, 7], can be described by a
harmonic oscillator with a characteristic frequency �, and the
environment can be described by a set of harmonic oscillators.
Therefore, the qubit–HO–environment Hamiltonian can be
written as (with Planck units h̄ = kB = 1):

H = −�

2
σx + ε

2
σz + �A† A +

∑

k

ωka†a

+ (A† + A)

[

gσz +
∑

k

κk(a
†
k + ak)

]

+ (A† + A)2
∑

k

κ2
k

ωk
, (1)

where � is the energy difference of the qubit and ε is the
applied bias; σx and σz are Pauli matrices to describe the
spin system; A (or A†) and ak (or a†

k ) are the annihilation (or
creation) operators of harmonic oscillators with frequencies
� and ωks, respectively; g is the qubit–HO coupling and κk

is the HO–environment coupling related to the kth oscillator.
The environment is described by the ohmic spectral density
JOhm(ω) ≡ ∑

k κ2
k δ(ω − ωk) = �ω, where � is a

dimensionless coupling constant.
As an alternative but equivalent point of view, such a

qubit–HO–environment model in (1) can be exactly mapped to
the conventional SBM with a Lorentzian structured bath. The
Hamiltonian reads [13–16, 26]

H = HS + HB + HI, (2)

where the subscript ‘S’ denotes the spin system, the subscript
‘B’ denotes the boson environment and the subscript ‘I’
denotes the interaction between the spin and the boson
environment, with

HS = −�

2
σx + ε

2
σz, (3)

HB =
∑

k

ωkb†
kbk, (4)

HI = 1
2σz

∑

k

λk(b
†
k + bk), (5)

where b†
k (bk) is the creation (or annihilation) operator of

the kth boson mode with frequency ωk ; σx and σz are Pauli
matrices to describe the spin system; ε is the bias, � is the
bare tunneling and λk is the coupling between the spin and the
boson environment. We employ the symbols |↑〉 and |↓〉 to
denote the eigenstates of the Pauli matrix σz with eigenvalues
+1 and −1 respectively. The boson environment of the SBM

2
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is described by the Lorentzian structured spectral density, and
it reads [13–16]

J (ω) =
∑

k

λ2
kδ(ω − ωk) = 2αω�4

(�2 − ω2)2 + (2π�ω�)2
, (6)

in which α = limω→0 J (ω)/(2ω) = 8�g2/�2 is the
dimensionless coupling constant.

Our treatment starts from the SBM in (2). In order
to take into account the correlation between the spin and
bosons, a unitary transformation is applied to H to obtain
H ′ = exp(S)H exp(−S), where the generator S =∑

k[(λk/(2ωk))](b†
k−bk)[ξkσz+(1−ξk)σ0]. Here we introduce

a constant σ0 and a k-dependent function ξk , which will be
determined later. We rewrite the transformed H ′ = H ′

0 + H ′
1 +

H ′
2 as

H ′
0 = − 1

2η�σx + 1
2εσz +

∑

k

ωkb†
kbk

−
∑

k

λ2
k

4ωk
ξk(2 − ξk) −

∑

k

λ2
k

4ωk
σ 2

0 (1 − ξk)
2, (7)

H ′
1 = 1

2

∑

k

λk(1 − ξk)(b
†
k + bk)(σz − σ0) − iσy

2
η�X, (8)

H ′
2 = − 1

2�σx(cosh X − η) − 1
2�iσy(sinh X − ηX)

−
∑

k

λ2
k

2ωk
σ0(1 − ξk)

2(σz − σ0), (9)

where X ≡ ∑
k(λkξk/ωk)(b

†
k − bk), and η is the

thermodynamic average of cosh X , as

η = Z−1Tr[exp(−β H ) cosh X ]
= exp

[

−
∑

k

λ2
k

2ω2
k

ξ 2
k coth

(
ωk

2T

)]

, (10)

where Z = Tr[exp(−β H )] and T = 1/β is the temperature.
Since the spin and bosons are decoupled in H ′

0, it is

exactly solvable, by a unitary matrix U = ( u v

v −u

)
, with u =√

(1 − ε/W )/2, v = √
(1 + ε/W )/2 and W = √

ε2 + η2�2.
The unitary matrix U only acts on the spin operators, such as
σx and σz . The diagonalized H̃0 = U † H ′

0U reads1.

H̃0 = − 1
2 W σ̃z +

∑

k

ωkb†
kbk

−
∑

k

λ2
k

4ωk
ξk(2 − ξk) −

∑

k

λ2
k

4ωk
σ 2

0 (1 − ξk)
2, (11)

where σ̃x,y,z are the Pauli matrices after the U unitary
transformation. Here, we employ the symbols |±〉 to denote
the eigenstates of the Pauli matrix σ̃z with eigenvalues ±1
respectively. The eigenstate of H̃0 is the direct product
|{nk},±〉, where |{nk}〉 are the eigenstates of bosons with nk

phonons for the mode k. The ground state of H̃0 is |g0〉 =
|{0k},+〉 and the lowest exited states are |{0k},−〉, |{1k},+〉
and |{1k},−〉.
1 Mathematically, the transformation should extend to the Hilbert space of the
spin–boson system by denoting U to the direct product with 1B as U ⊗ 1B,
where 1B is the identity matrix of the Hilbert space of the boson environment.
In the operator level, it is convenient to omit the extension.

Similarly, we make the transformations to get H̃1 =
U † H ′

1U and H̃2 = U † H ′
2U , which are treated as perturbations

and should be as small as possible. For this purpose, it is
determined as σ0 = −ε/W and ξk = ωk/(ωk + W ). Thus

H̃1 = 1
2 (1 − σ̃z)

∑

k

Qk(b
†
k + bk)

+ 1
2

∑

k

Vk[b†
k(σ̃x + iσ̃y) + bk(σ̃x − iσ̃y)], (12)

where Qk = λk[ε/(ωk + W )] and Vk = λk[η�/(ωk +
W )]. In the SBM, λk 
 �. Qk and Vk can be
viewed as the renormalized spin–bath coupling, and they are
always smaller than λk and even smaller for high frequencies.
Obviously, H̃1|g0〉 = 0. Under the eigenbasis of H̃0, H̃1

has only off-diagonal terms and, in the lowest states, it is
〈{0k},−|H̃1|{1k},+〉 = Vk , 〈{0k},−|H̃1|{1k},−〉 = Qk and
〈{1k},−|H̃1|{1k′ },+〉 = 0. Meanwhile, the terms in H̃2 are
related to the multi-boson transition, and their contributions to
the physical quantities are to the fourth order of λk (O(λ4

k)).
These are key points in our approach. The transformed
Hamiltonian is approximated as

H̃ = H̃0 + H̃1 + H̃2 ≈ H̃0 + H̃1 (13)

in the following. Note that the treatment above is an extension
to the one proposed by [28], while our generator S and the
second unitary transformation are different. However, the k-
dependent function ξk and decomposing the Hamiltonian into
three parts are done with the same spirit and they have been
discussed in detail in [28].

Thus, the ground energy of H̃ is just the same as that of
H̃0, and it is determined as

Eg = −1

2
W −

∑

k

λ2
k

4ωk

[

1 −
(

η�

ωk + W

)2]

. (14)

The Hamiltonian H in (2) can be solved exactly in two
limits: one is the weak coupling limit with Eg(α → 0) =
−√

�2 + ε2/2 and the other is the zero tunneling limit (the
independent boson model) with Eg(� → 0) = −|ε|/2 −∑

k λ2
k/(4ωk). The ground energies in (14) are the same in

both limits.
Up to now, the deduction is independent of any specific

spectral density and it is not restricted to zero temperature. In
the following, the treatment is at zero temperature. As shown
in H ′

0, η is the renormalized tunneling factor. In the limit of
zero temperature, it is

η = exp

[

−
∫ ∞

0

J (ω) dω

2(ω + W )2

]

. (15)

The integration in (15) can be done to the end, analytically.
In the case of zero bias (ε = 0), η has the same expression
as Huang’s and a similarly positive change of the tunneling
frequency can be predicted when � ∼ �, which fails in
the adiabatic approach [26]. Generally, the renormalized
tunneling factor η is larger than 0, which means that there
is an effective tunneling between the two states of the qubit
in a realistic situation. If the renormalized tunneling factor
suddenly changes to 0, the localized–delocalized transition
occurs and the qubit will be localized in one of the two states
where it was located before the transition.
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Figure 1. The renormalized tunneling factor η versus α. It shows
that η goes to zero gradually with smaller � and it goes to zero
suddenly with larger �.

Figure 1 shows numerical results of η as a function of α.
For larger � (e.g. 0.15, 0.3), one can see that η suddenly goes
to zero at the localized–delocalized transition point α = αL,
where η = 0 for all α � αL. While for smaller � (e.g. 0.01),
η gradually goes to zero, and we set the cut at the value
η = 0.0001, which is small enough.

A phase diagram of the delocalized–localized transition
point αL versus bias ε is plotted in figure 2 with different
� (=0.01, 0.02, 0.05, 0.1) and different detunings �/�

(=0.5, 1). The area of α < αL is called the ‘localized phase’,
and the area of α > αL the ‘delocalized phase’. It shows that
αL increases with increasing ε and it is almost the same for
different �s. The change of αL is more significant for larger �

or smaller ε.

3. Density operator and master equation

In the Schrödinger picture, the density operator of the
SBM is denoted as ρSB(t) for the Hamiltonian H in (2),
and the density operator for H̃ in (13) is ρ̃SB(t) =
U † exp(S)ρSB(t) exp(−S)U , where the subscript ‘SB’ denotes
the total spin–boson system. In the following, it will be
analyzed in the interaction picture, denoted by a superscript
‘I’ in the operator. H̃0 is treated as the unperturbed part and
H̃1 as a perturbation. Moreover, in the interaction picture, it is
assumed that the density operator for H̃ is ρ̃I

SB(t) = ρ̃I
S(t)ρB,

where ρ̃I
S(t) = TrBρ̃I

SB(t) is the reduced density operator.
Within the Born approximation (only keeping the second order
of H̃1), we can obtain the non-Markovian master equation for
the reduced density operator

d

dt
ρ̃I

S(t) = −
∫ t

0
TrB[H̃1(t), [H̃1(t

′), ρ̃I
S(t

′)ρB]] dt ′, (16)

where H̃1(t) is denoted as the perturbed part H̃1 in the
interaction picture. Since the renormalized spin–bath coupling
Qk and Vk in H̃1 are always smaller than λk , it makes our Born
approximation nontrivial and more reasonable by comparing it

Figure 2. Phase diagram of the localized–delocalized transition point
αL versus ε. It shows that αL is almost the same with different � and
the curve changes rapidly for larger � and/or smaller ε. Parameters:
near resonance � = �, � = 0.01, 0.02, 0.05, 0.1; off resonance
� = 0.5�, � = 0.01, 0.02, 0.05, 0.1.

with the commonly used Born approximation [29, 30], which
directly does the perturbation to the second order of H I in (2).

The master equation in (16), without the Markovian ap-
proximation, can be done to the end with a Laplace transfor-
mation and an inverse-Laplace transformation. Changing from
the interaction picture back to the Schrödinger picture, denot-
ing the reduced density operator in the Schrödinger picture as
ρ̃S(t) = ( ρ̃11(t) ρ̃12(t)

ρ̃21(t) ρ̃22(t)

)
for H̃ , at zero temperature, we obtain

ρ̃21(t) = ρ̃21(0)

2π

∫ ∞

−∞
i exp(−iωt) dω

ω − W − �(ω) + i�(ω)
, (17)

and

ρ̃22(t) = ρ̃22(0)

2π

∫ ∞

−∞
i exp(−iωt) dω

ω − �′(ω) + i�′(ω)
. (18)

Abbreviations are used in (17) and (18), as

�(ω) = γ (ω) + ε2

η2�2
γ (ω − W ), (19)

�(ω) = R(ω) + ε2

η2�2
R(ω − W ), (20)

and
�′(ω) = γ (W + ω) + γ (W − ω), (21)

�′(ω) = R(W + ω) − R(W − ω), (22)

where R(ω) and γ (ω) are the real and imaginary parts of∑
k V 2

k /(ω−i0+−ωk) (0+ is a positive infinitesimal introduced
by the inverse-Laplace transformation).

R(ω) =
∑

k

V 2
k

(ω − ωk)
=

∫ ∞

0

η2�2 J (ω′) dω′

(ω − ω′)(ω′ + W )2
, (23)

γ (ω) = π
∑

k

V 2
k δ(ω − ωk) = πη2�2 J (ω)

(ω + W )2
, (24)

4

143



J. Phys.: Condens. Matter 22 (2010) 115301 C Gan et al

respectively. In addition, two other terms in ρ̃S(t) are ρ̃12(t) =
[ρ̃21(t)]† and ρ̃11(t) = 1 − ρ̃22(t). Since the specific form of
J (ω) is not involved an analytical expression of the reduced
density operator ρ̃S(t) is offered and it is independent of any
specific spectral density.

We assume the initial density operator at t = 0 is
ρSB(0) = exp(−S)[|↑〉〈↑| ⊗ ρB(0)] exp(S), where the spin
is in the lower state |↑〉〈↑| and ρB(0) is the equilibrium state.
Thus, the corresponding initial reduced density operator for H̃
in (13) is

ρ̃S(0) = 1
2

(
1 − ε/W η�/W
η�/W 1 + ε/W

)

. (25)

4. Non-equilibrium dynamics and the physical
interpretation

For the SBM, it is common to evaluate the non-equilibrium
dynamics P(t), as this is the quantity of interest in the
experiments. P(t) is also called the population difference.
Following the unitary transforms, it is determined as

P(t) = TrS(TrB(ρSB(t)σz))

= TrS(TrB(exp(−S)U ρ̃SB(t)U † exp(S)σz))

= ε

W
[2ρ̃22(t) − 1] + 2η�

W
Re[ρ̃21(t)]. (26)

Substituting (17) and (18) into (26) with the initial condition
in (25), the dynamics read

P(t) = 2ε

πW

(

1 + ε

W

) ∫ ∞

0
dω

cos(ωt)�′(ω)

[ω − �′(ω)]2 + [�′(ω)]2

+ η2�2

πW 2

∫ ∞

0
dω

cos(ωt)�(ω)

[ω − W − �(ω)]2 + [�(ω)]2
− ε

W
.

(27)

Thus, we end up with an exact analytical expression of the non-
Markovian dynamics P(t) in (27). As time goes to infinity, we
have the dynamics at the long time limit P(t → ∞) = −ε/W .

4.1. Spectrum of the non-Markovian dynamics

In order to get insight into the dominant frequencies of P(t), a
Fourier transform is applied to (27) according to

S(ω) ≡
∫ ∞

−∞
dt cos (ωt) P(t). (28)

The spectrum S(ω) is an even function and for ω � 0 it is
written as

S(ω) = 2ε

W

(

1 + ε

W

)
�′(ω)

[ω − �′(ω)]2 + [�′(ω)]2

+ η2�2

W 2

�(ω)

[ω − W − �(ω)]2 + [�(ω)]2
− 2πε

W
δ(ω). (29)

The frequency property of the dynamics P(t) can be
analyzed directly by S(ω). On one hand, the first two terms
in (29) are Lorentzian-like functions. On the other hand, γ (ω)

is small when g is small or ω is away from �, thus �(ω)

and �′(ω), which are functions related to γ (ω), are usually

small. Therefore, the dominant frequencies of S(ω) should be
the solutions ωp of the equation

ω − W − �(ω) = 0, (30)

and the solutions ωp′ of the equation

ω − �′(ω) = 0. (31)

Since the dissipative environment generally adds a shift
and width to the dominant frequencies, we can investigate the
physical nature in the limit of small HO–environment coupling
(� → 0). Consequently, the spectral density J (ω) in (6) goes
to (4g2�/ω)[δ(ω − �) + δ(ω + �)] and R(ω) in (23) goes to
4g2η2�2/[(ω − �)(� + W )2]. Therefore, according to (30)
and (20), the dominant frequencies ωp are the solutions of the
equation

ω − W = 4g2

(� + W )2

[
η2�2

ω − �
+ ε2

ω − � − W

]

. (32)

Equation (32) can be solved exactly. If g2ε2/[�2(�+W )2] 

1, ωp can be simplified and approximated as

ωp1,2
∼= � + W

2
±

√(
� − W

2

)2

+ 4g2η2�2

(� + W )2
, (33)

where the subscripts ‘1, 2’ relate to the sign ‘+,−’,
respectively, and

ωp3
∼= (� + W ) + W4g2ε2

�W (� + W )2 − 4g2η2�2
. (34)

Similarly, according to (31) and (22), the dominant frequencies
ωp′ are exactly solvable as

ωp′1 = 0 (35)

and

ωp′2,3 = ±
√

(W − �)2 + 8g2η2�2

(� + W )2
. (36)

Since S(ω) is an even function, we only need to consider the
non-negative part (ω � 0). Thus, the negative one (ωp′3) of the
solutions ωp′ in (36) is discarded. Consequently, for non-zero
bias, there are five dominant frequencies: ωp′1 = 0, ωp′2, ωp1,
ωp2, ωp3.

For zero bias (ε = 0), we have �(ω) = γ (ω), �(ω) =
R(ω) and

S(ω) = η2�2

W 2

�(ω)

[ω − W − R(ω)]2 + [γ (ω)]2
(37)

for the non-negative part ω � 0. Similarly, the dominant
frequencies can be determined, but with only two frequencies
ωp1 and ωp2, which are the exactly solvable solutions of
ω − W − R(ω) = 0, as

ωp1,2 = � + W

2
±

√(
� − W

2

)2

+ 4g2η2�2

(� + W )2
. (38)
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It is consistent with Huang’s results (see equation (17) in [26]).
Compared to unbiased case, the effect of finite bias leads to
three additional dominant frequencies: ωp′1 = 0, ωp′2, ωp3.

Since the renormalized tunneling in the limit of small HO–
environment coupling is

η = exp

[

− 2g2

(� + W )2

]
∼= 1, (39)

the resonance condition is � = W0 = √
�2 + ε2 ∼= W .

For the near resonance � = W case, equation (33) can be
simplified and approximated as

ωp1,2
∼= � ± η�

�
g. (40)

For zero bias, there are only two dominant frequencies ωp1,2 =
� ± g according to (38), which is consistent with the result
of the simple exactly solvable Jaynes–Cummings model [31].
Moreover, for � = W with finite bias (36) can be simplified as

ωp′2 =
√

2η�

�
g. (41)

In the case of finite detunings |� − W | > 0, with small
qubit–HO coupling g 
 �,�, (33) and (36) can be simplified
and approximated as

ωp1,2
∼= W + 4g2η2�2

(W − �)(� + W )2
(42)

or

� + 4g2η2�2

(� − W )(� + W )2
, (43)

(in (42) and (43), the larger one is ωp1 and vice versa) and

ωp′2 ∼= |W − �| + 4g2η2�2

|W − �|(� + W )2
. (44)

One can clearly show the physics of all these dominant
frequencies: ωp′1 = 0 (35) is a relaxation peak, ωp1 and
ωp2 are related to the renormalized energy difference of the
qubit in (42) and the energy of the HO in (43), and ωp′2 is
related to the energy difference of the qubit and the HO in (44).
Meanwhile, ωp3 is related to the summation of the qubit energy
W and the HO energy � as shown in (34). Therefore, for small
qubit–HO coupling, due to the dressing of the boson bath,
ωp3 and ωp′2 are not exactly the summation or the difference
between W and �, however, we might still call ωp′2 the ‘beat
frequency’ and ωp3 the ‘sum frequency’.

4.2. Spectrum of the qubit–HO system

Before exploring the exact spectrum S(ω) corresponding to the
non-Markovian P(t) in a realistic situation, as an alternative
view to (2), we will briefly investigate the energy spectrum of
the equivalent qubit–HO–environment model (1), which is a
physically clearer way. Since the environment generally shifts
and broadens the spectrum, to get a rough idea, the qubit–HO–
environment model without HO–environment coupling (� =

0) is investigated here, and the qubit–HO Hamiltonian reads
(so-called Rabi model)

Hq−HO = −�

2
σx + ε

2
σz + �A† A + (A† + A)gσz. (45)

If the qubit–HO is decoupled (g = 0), (45) is exactly
solvable. By applying a unitary matrix to Hq−HO, it can be
diagonalized as

Hq−HO = − W0

2
σ̌z + �A† A, (46)

where W0 = √
ε2 + �2. Thus, the spectrum of the

decoupled qubit–HO without environment is exactly shown,
with eigenbasis |n, ±̌〉, where |n〉 denotes the eigenstates of
HO with n (n = 0, 1, . . . ,∞) phonons and |±̌〉 denotes
the eigenstates of the Pauli matrix σ̌z with eigenvalues ±1
respectively.

If the qubit–HO is switched on (g �= 0), (45) can be solved
with exact numerical diagonalization, with an eigenbasis
denoted as | j〉 ( j = 0, 1, . . . ,∞), which has been ordered
increasingly according to the eigenenergies.

To further explore the instinct of the coupled qubit–HO
system, an analytical deduction beyond RWA is provided
as follows. Since (45) has a similar form to (2) when
removing the summation and the multimode index k and
substituting ωk → �, b†

k → A†, bk → A and λk/2 →
g we, therefore, make two similar unitary transformations
U ′† exp(S′)H exp(−S′)U ′ to H in (45) with generator S′ =
(g/�)(A† − A)[�σz/(� + W ′) − ε/(� + W ′)] and U ′ =
( u′ v′

v′ −u′
)
, with u′ = √

(1 − ε/W ′)/2, v′ = √
(1 + ε/W ′)/2

and W ′ = √
ε2 + η′2�2, and to the second order of the qubit–

HO coupling g (O(g2)), it results in

Hq−HO
∼= − 1

2 W ′σ̃ ′
z + �A† A + εg

� + W ′ (1 − σ̃ ′
z)(A† + A)

+ η′�g

� + W ′ [A†(σ̃ ′
x + iσ̃ ′

y) + A(σ̃ ′
x − iσ̃ ′

y)]

− g2(� + 2W ′)
(� + W ′)2

− g2ε2

�(� + W ′)2
, (47)

where η′ = exp[−2g2/(�+W ′)2]. Note that (1−σ̃ ′
z)|+〉′ = 0,

where |+〉′ denotes the eigenstate of the Pauli matrix σ̃ ′
z with

eigenvalue +1. If the value |εg/[�(� + W ′)]| 
 1, then the
term εg(1 − σ̃ ′

z)(A† + A)/(� + W ′) in (47) can be discarded.
Therefore, Hq−HO is exactly solvable analytically.

For zero bias, (ε = 0) [20] has used the Van Vleck
perturbation up to the second order g and solved a Born–
Markov master equation in the system’s eigenbasis to get the
dynamics P(t) = ∑

n pnn(t) + ∑
n,m(n>m) pnm(t) with the

phonon number n, m = 0, 1, . . .∞, and proposes selection
rules for zero bias: pnn(t) vanishes for any n, and the non-
zero pnm(t) only exists for three cases: |neven − meven| = 2,
|nodd −modd| = 2, neven −modd = 3 or nodd −meven = 1. When
substituting ε = 0 into (47), the Hamiltonian (47) is exactly
solvable analytically. Following [20], the selection rules can be
deduced similarly. The selection rules show that the transition
between the lowest energy levels | j〉: |0〉 ↔ |1〉 and |0〉 ↔ |2〉
are allowed, whereas |1〉 ↔ |2〉 and |0〉 ↔ |3〉 are forbidden.
This offers a second way to explain why there are only two
dominant frequencies for zero bias.
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4.3. The numerical ab initio technique QUAPI

In order to make comparisons with the results from the
exact numerical method, we have applied the iterative
tensor multiplication scheme derived for the so-called
QUAPI. The numerical method was developed by Makri and
Makarov [32–34]. It can be used both for the zero bias and
non-zero bias open quantum systems. Reference [19] has
already employed the QUAPI method to calculate the spectrum
of the symmetrized correlation function of the qubit–HO–
environment system with memory length �kmax = 1 (checked
at �kmax = 2). The starting Hamiltonian of the QUAPI is (1).
Our environment is the ohmic bath, which is the same as that
in [33], however, our system is the qubit–HO system, which
is rather complicated. Similarly, we map the QUAPI method
for the non-equilibrium dynamics with similar steps, and the
parameters have exactly the same symbols as used in [33].

(i) The first parameter is the dimension Nd of the Hilbert
space of the qubit–HO system. The Hamiltonian of the
qubit–HO system can be numerically diagonalized in the
Nd dimension of the Hilbert space. Meanwhile, we have
employed a second parameter M , which is the lowest
energy sub-space of the dimension Nd of the Hilbert space
of the qubit–HO system. Thus, we can diagonalize the
qubit–HO space in the larger dimension Nd of the Hilbert
space, to get more accurate low energy eigenstates and
calculate the physical quantities in the M dimension sub-
space with less numerical computation. Here we should
choose larger M for stronger qubit–HO coupling g.

(ii) The second parameter is the memory length �kmax in the
influence function. If �kmax � 1, the dynamics in this
approximation are Markovian. If the nonlocality extends
over longer time, terms with �kmax > 1 will have to be
included to obtain accurate results. Comparing to [33] for
the SBM problem with the ohmic bath, only �kmax = 5, 7
reaches stability for zero bias (as shown in figure 2 in [33])
and only �kmax = 7, 9 reaches the long time limit for non-
zero bias (as shown in figure 5 in [33]). Since our system
is complicated, we should use at least �kmax � 7, 9 to
show a stable long time limit for the non-zero bias case.

(iii) The third parameter time-step �t is used to propagate the
propagator tensor A(�kmax), which is a vector of dimension
(M2)(�kmax), and the corresponding tensor propagator
T (2�kmax) is a matrix of dimension (M2)(2�kmax). The
memory time of the non-Markovian steps used by QUAPI
is �kmax�t . The stability of the iterative density matrix
propagation ensures the choices of �t (it should not be
too big nor too small). Therefore, we could choose
appropriate �t to reach larger non-Markovian memory
time under this stability.

In the following numerical calculation by QUAPI, we have
checked for g � 0.5�: Nd = 100 is good enough, and
M � 6 is the minimal requisite to demonstrate the dynamics
qualitatively. For zero bias with weak g � 0.18�, �kmax = 1
could demonstrate the dynamics qualitatively. However, for
non-zero bias, �kmax = 3 is still not stable. The most time-
consuming process is the calculation of the propagator tensor
A(�kmax), requiring (M2)(2�kmax) loops, which is beyond our
computational resources for M � 6 and �kmax � 4.

Figure 3. For zero bias (ε = 0), non-Markovian dynamics P(t) and
its corresponding spectrum S(ω) at zero temperature show good
agreement with results by QUAPI at zero temperature, and by
NIBA [24] and VVBM [20] at low temperature T = 0.1�. Inset (1)
is a magnified part and inset (2) shows S(ω) versus ω. Parameters:
� = �, g = 0.18�,α = 0.004, � = 0.0154. Parameters for
QUAPI, �kmax = 1, �t = 0.4/�, Nd = 100, M = 30.

4.4. Results and discussion

The Markovian approximation of P(t) is equivalent to
approximating the integration in (17) and (18) by the residue
theorem with single pole at −2iγ0 and ω0 − iγ0, respectively.
It leads to

P(t) = η2�2

W 2
cos(ω0t) exp(−γ0t)

+ ε

W

[(
ε

W
+ 1

)

exp(−2γ0t) − 1

]

, (48)

where γ0 = γ (W ) is the Weisskopf–Wigner approximation for
the decay rate and ω0 = W + �(W ) (�(W ) is the level shift).
In the long time limit, the Markovian dynamics are the same as
the non-Markovian ones.

In figure 3, in the case of zero bias (ε = 0) with weak
coupling (� = �, g = 0.18�, α = 0.004, � = 0.0154),
our non-Markovian dynamics P(t) and the corresponding
spectrum S(ω) at zero temperature is compared with the ones
by VVBM [20] (the numerical results) and by NIBA [24] at
low temperature T = 0.1�. We have also checked the results
by QUAPI at zero temperature with �kmax = 1, �t = 0.4/�,
Nd = 100, M = 30. They have shown good agreement
with both P(t) and S(ω). The reasons for comparing to other
results at low temperature are: first, corresponding results
at zero temperature by other methods are not found in the
literature; second, the temperature gives a factor coth( ω

2T )

for each frequency, and in a rough view coth( ω
2T ) ∼ 1 for

typical frequencies (e.g. ω = �) at T = 0.1�; third, the
temperature T = 0.1� is low and the comparisons show that
their properties are similar.

From figures 4 to 6, at finite bias (ε = −0.5�, g = 0.18�,
� = 0.0154), our non-Markovian dynamics P(t) and the
corresponding spectra S(ω) at zero temperature are compared
with the numerical results by VVBM [20] at low temperature
T = 0.1� for three different situations: the qubit being at
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Figure 4. For off resonance � = 1.5� with ε = −0.5�,
(a) non-Markovian dynamics P(t) and (b) its corresponding
spectrum S(ω) at zero temperature shows qualitative agreement with
VVBM [20] at low temperature T = 0.1�. In detail, our spectrum
presents one relaxation dip (at ω = 0), one dephasing dip (ω21) and
three dephasing peaks (ω10, ω20, ω30). Moreover, the height of our
peak at ω10 and our dip at ω21 is nearly twice those by VVBM. For
zero bias, there are only two dephasing peaks. Insets: the inset in (a)
and insets (1)–(3) in (b) present magnified views. Inset (4) in (b)
presents the schematic energy levels of the qubit–HO system with
finite bias, where the dashed lines in the left part are for the
uncoupled case (g = 0) and the solid lines in the right part are
numerically exact results for the coupled case. Our dominant
frequencies are related to the energy differences of the coupled
qubit–HO system with numerical calculation. Parameters:
g = 0.18�, � = 0.0154, α = 0.001 77. As additional proof, the
results QUAPI at zero temperature are also provided with parameters
�kmax = 2, �t = 0.3/�, Nd = 100, M = 10; however, these are not
stable results due to the restriction of our computation resources.

positive detunings with the HO (� = 1.5� > W0), on
resonance at (� = W0), and negative detunings with (� =
0.9� < W0). Both the dynamics and the spectra have shown
agreement. Moreover, our spectrum presents five dominant
frequencies: one relaxation dip (at ω = 0), one dephasing
dip (ω21) and three dephasing peaks (ω10, ω20, ω30), where the
four damping oscillation frequencies are related to the energy
differences of the four lowest energy levels of the coupled
qubit–HO system, as shown in the insets, and they have been

verified by the exact numerical diagonalization of Hq−HO (45).
Note that the symbols ωi j denote the dominant frequencies
of S(ω) relating to the energy difference of the energy levels
|i〉 and | j〉 of the coupled qubit–HO system (|i〉 and | j〉 are
eigenstates of the qubit–HO system, as denoted in section 4.2).
Meanwhile, the dominant frequencies can also be interpreted
well with the relaxation dip at ω = 0 ⇔ ωp′1 = 0 in (35),
the dephasing peaks at ω10 ⇔ ωp2 and ω20 ⇔ ωp1 in (33),
ω30 ⇔ ωp3 in (34), and the dephasing dip at ω21 ⇔ ωp′2
in (36). Since in figures 4–6 the qubit–HO coupling is small
(g = 0.18� 
 �,�), the expressions for ωp1, ωp2 and
ωp′2 can be written in simpler approximate forms, as: for on
resonance in figure 5, ω10 ⇔ ωp2 and ω20 ⇔ ωp1 in (40),
ω21 ⇔ ωp′2 in (41); for off resonance in figures 4 and 6.
ω10 ⇔ ωp2 and ω20 ⇔ ωp1 relate to the renormalized energy
difference of the qubit in (42) and to the energy of the HO
in (43), ω21 ⇔ ωp′2 relates to the energy difference of the
qubit and the HO in (44).

In [20] by VVBM, four dominant frequencies are
presented: one relaxation dip (at ω = 0), one dephasing
dip (ω′

21) and two dephasing peaks (ω′
10, ω′

20), and a similar
result is also claimed by QUAPI in [19] (see its figure 7).
In order to distinguish the dominant frequencies by different
methods and/or under different conditions, analogous symbols
ω′

i j denoting the dominant frequencies of numerical results by
VVBM in [20] are employed. As comparison, neither [19]
nor [20] presents the dephasing peak (or dip) at ω30, and to our
knowledge, it has not been shown in the literature. In all the
three figures, the width and height of the dephasing peak at ω20

matches quite well with the one at ω′
20, but our dephasing peak

at ω10 and dephasing dip at ω21 are much higher and sharper,
especially for the on resonance case in figure 5. Meanwhile,
the dominant frequencies ω′

i j are nearly equal to the dominant
frequencies ωi j , but in detail ω′

i j are a bit larger than ωi j . For
the on resonance case in figure 5, our dephasing dip at ω21

has comparable weight with our dephasing peaks at ω10 and
ω20, which is qualitatively different from the ones by VVBM.
As a brief summary, our dynamics and spectra have shown
agreement with [20].

As an additional proof, from figures 4 to 6, we have
calculated the dynamics P(t) by QUAPI at zero temperature
and the corresponding spectra S(ω) with numerical Fourier
transformation to the dynamics P(t). The spectra have shown
agreement qualitatively. As shown in [33] for the biased SBM
problem, the long time limit will be true only with large �kmax

(e.g. �kmax = 7, 9). Due to the restriction of our computation
resources, we could not provide stable results by QUAPI,
which requires a large memory length �kmax and M � 6
(our quantum system is a rather complicated qubit–HO system,
not just a TLS in the SBM as shown in [33]). However, the
presented dynamics by QUAPI have shown that the tendencies
of the long time limit, from Markovian (�kmax = 1) cases to
the larger memory time (�kmax = 2, 3) cases, go closer to the
ones of our non-Markovian analytical dynamics.

In order to compare our approach with VVBM in [20], g
is kept rather small in figures 4–6, as are the corresponding
α (all α < 0.005). Nevertheless, our approach has no direct
restriction in g and it can work with stronger α. Therefore, in
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Figure 5. For on resonance � = W0 = √
�2 + ε2 with ε = −0.5�,

(a) non-Markovian dynamics P(t) and (b) its corresponding
spectrum S(ω) at zero temperature shows qualitative agreement with
VVBM [20] at low temperature T = 0.1�,. Similarly to figure 4, our
spectrum presents five dominant frequencies (ω = 0, ω10, ω20, ω21,
ω30). Our dephasing dip at ω21 is much deeper and sharper than the
ones by VVBM. Our dip at ω21 has a comparable weight to our
dephasing peaks at ω10 and ω20, which is qualitatively different from
the ones by VVBM. For zero bias, there are only two dephasing
peaks. Insets: the inset in (a) and inset (1) in (b) present magnified
views. Inset (2) in (b) presents the schematic energy levels of the
qubit–HO system with finite bias, where the left dashed lines are for
the uncoupled case and the right solid lines are for the coupled case.
Our dominant frequencies are related to the energy differences of the
coupled qubit–HO system with numerical calculation. Parameters:
g = 0.18�, � = 0.0154, α = 0.003 19. As an additional proof, the
results by QUAPI at zero temperature are also provided with
parameters for QUAPI (I), �kmax = 1, �t = 0.4/�, Nd = 100,
M = 30 and for QUAPI (II), �kmax = 3, �t = 0.4/�, Nd = 100,
M = 6. However, they are not stable results due to the restriction of
our computation resources. With a larger memory length �kmax and
a larger sub-space dimension of the qubit–HO system M , QUAPI
will provide more stable results.

figures 7 and 8, it presents a larger qubit–HO coupling (g =
0.7906�) and larger spin–bath coupling (α = 0.01, 0.05, 0.1)
for positive detunings (� = 2� > W0) and near resonance
(� = � ∼ W0). The results for negative detunings are similar
to the positive ones and the figure for negative detunings is
not repeated. Likewise, the biased spectrum presents one

Figure 6. For off resonance � = 0.9� with ε = −0.5�,
(a) non-Markovian dynamics P(t) and (b) its corresponding
spectrum S(ω) at zero temperature shows qualitative agreement with
VVBM [20] at low temperature T = 0.1�. Similarly to figure 4, our
spectrum presents five dominant frequencies (ω = 0, ω10, ω20, ω21,
ω30). Moreover, our peaks (or dips) are a bit sharper and higher than
the ones by VVBM. For zero bias, there are only two dephasing
peaks. Insets: the inset in (a) and inset (1) in (b) presents magnified
views. Inset (2) in (b) presents the schematic energy levels of the
qubit–HO system with finite bias, where the left dashed lines are for
the uncoupled case and the right solid lines are for the coupled case.
Our dominant frequencies are related to the energy differences of the
coupled qubit–HO system with numerical calculation. Parameters:
g = 0.18�, � = 0.0154, α = 0.004 93. As an additional proof, the
results by QUAPI at zero temperature are also provided with
parameters for QUAPI (I), �kmax = 1, �t = 0.4/�, Nd = 100,
M = 30; for QUAPI (II), �kmax = 2, �t = 0.4/�, Nd = 100,
M = 8.

relaxation peak (at ω = 0) and four dephasing peaks (ω10,
ω20, ω21, ω30). The dominant frequencies can be interpreted
well with the energy differences of the four lowest energy
levels of the coupled qubit–HO system as above. Similarly,
they can also be interpreted well with the relaxation peak at
ω = 0 ⇔ ωp′1 = 0 in (35), the dephasing peaks at ω10 ⇔ ωp2

and ω20 ⇔ ωp1 in (33), ω30 ⇔ ωp3 in (34), and the dephasing
dip at ω21 ⇔ ωp′2 in (36). In contrast to the small qubit–HO
coupling, the weights of the dephasing peaks at ω30 shown in
figures 7 and 8 grow larger. For near resonance in figure 8, our
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Figure 7. For off resonance � = 0.5� with larger qubit–HO
coupling g = 0.7906�, (a) non-Markovian dynamics P(t) and
(b) its corresponding spectrum S(ω) at zero temperature are shown
with bias ε = 0.1� and with zero bias, while the Markovian one in
(a) has shown the long time limit. Similarly, the biased spectrum
presents four dephasing peaks (ω10, ω20, ω21, ω30) and one relaxation
peak (ω = 0), while the unbiased one only presents two dephasing
peaks. Insets: inset (1) in (b) presents a magnified view. Inset (2) in
(b) presents the schematic energy levels of the qubit–HO system with
finite bias, where the left dashed lines are for the uncoupled case and
the right solid lines are for the coupled case. Our dominant
frequencies are related to the energy differences of the coupled
qubit–HO system with numerical calculation. Parameters: α = 0.01,
� = 0.002.

dephasing peak at ω21 has comparable weight to our dephasing
peaks at ω10 and ω20 and the weight of the dephasing peak at
ω30 grows much larger than that for off resonance in figure 7.

Meanwhile, the corresponding Markovian dynamics given
by (48) have been presented in figure 7 to show the long time
limit. Moreover, in figure 8 with the same � = �, g =
0.7906� and ε = 0.1�, the effect with different � (=0.002,
0.01, 0.02) is shown, as well as different corresponding α

(=0.01, 0.05, 0.1). The results show that the distributions
of the dominant frequencies vary little, but with smaller �

or α, the dephasing peaks will be higher and sharper and the
dephasing will be smaller, which is physically reasonable.

The non-Markovian dynamics and the spectra for zero
bias (ε = 0) in figures 3–8 have shown that the spectra have
only presented two dephasing peaks (ω′′

10, ω′′
20) for zero bias,

Figure 8. For near resonance � = � with larger qubit–HO coupling
g = 0.7906�, (a) non-Markovian dynamics P(t) and (b) its
corresponding spectrum S(ω) at zero temperature are compared
between the biased case ε = 0.1� and the unbiased case at
α = 0.05, � = 0.01. Similarly, the biased spectrum presents four
dephasing peaks (ω10, ω20, ω21, ω30) and one relaxation peak
(ω = 0), while the unbiased one only presents two dephasing peaks.
In addition, with the same � = �, g = 0.7906� and ε = 0.1�, the
effect with different � or α (red dot line: α = 0.01, � = 0.002 and
violet dash line: α = 0.1, � = 0.02) is shown: the distributions of
the dominant frequencies vary little, but with smaller � or α, the
dephasing peaks will be higher and sharper and the dephasing will be
smaller. Insets: inset in (b) presents the schematic energy levels of
the qubit–HO system with finite bias where the left dashed lines are
for the uncoupled case and the right solid lines are for the coupled
case. Our dominant frequencies are related to the energy differences
of the coupled qubit–HO system with numerical calculation.

which are consistent with the literature results and have been
interpreted in two ways, as shown above (with (38) or the
selection rules). Similarly, ω′′

i j has been employed to denote
the dominant frequencies for zero bias and they are related to
the energy levels of the unbiased coupled qubit–HO system.
Compared to zero bias, the effect of non-zero bias is shown in
figures 4–8, i.e., three additional resonant peaks appear in the
spectrum: the relaxation peak at ω = 0, a third dephasing peak
(dip) at ω21 and a fourth dephasing peak at ω30. Note that the
frequency ω′′

10 for zero bias is usually smaller than the biased
one ω10.
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Figure 9. As a proof, a comparison between our non-Markovian
dynamics P(t) and the numerical results by QUAPI at zero
temperature with moderately strong qubit–HO coupling g = 0.5�,
for the near resonance case � = � with ε = 0. Both the dynamics
and the spectra show rough qualitative agreement, where the results
by QUAPI are restricted by our computation resources from reaching
stable results. Parameters for QUAPI (I), �kmax = 1, �t = 0.5/�,
Nd = 100, M = 30; for QUAPI (II), �kmax = 2, �t = 0.5/�,
Nd = 100, M = 10. Parameters: g = 0.5�, � = 0.005, α = 0.01.

For non-zero bias, at ω = 0 and ω21, two dips are clearly
shown for negative bias and two peaks instead for positive bias
in figures 4–8. It can be interpreted as follows: ω = 0 is
mapped to ωp′1 = 0 and ω21 is mapped to ωp′2; ωp′1 and ωp′2
are the solutions ωp′ of equation (31); equation (31) is from
the first term of S(ω) in (29); the sign of the first term of S(ω)

in (29) is the same as the bias ε. Similar analysis can be done
for the remaining three dominant frequencies. Therefore, there
are always peaks at ω10, ω20 and ω30; while at ω = 0 and ω21,
there are peaks for positive bias (ε > 0) and dips for negative
bias (ε < 0).

In figure 9, as an additional proof for our result for
the larger qubit–HO coupling, we have made comparisons
between our non-Markovian dynamics P(t) and the numerical
results by QUAPI (�kmax = 1, 2) at zero temperature, as
well as the spectra. Similarly, due to the restriction of our
computation resources, we have only presented parameters as
shown in figure 9 and we could not provide stable results
by QUAPI, which requires a large memory length �kmax (as
shown in figure 2 for SBM in [33], �kmax = 5, 7) and M �
6. However, the comparison shows qualitative agreement in
figure 9: the dominant frequencies are close; the dynamics
have similar patterns.

As a brief summary to the biased spectrum S(ω) of the
non-Markovian dynamics P(t): there are five resonances, i.e.,
the relaxation peak (dip) at ω = 0, one dephasing peak (dip) at
ω = ω21, three dephasing peaks at ω = ω10, ω20, ω30, which
are related to the energy differences of the four lowest energy
levels of the coupled qubit–HO system. For the qubit having
the HO at positive detunings (� > W0), the dephasing peak at
ω = ω10 and the relaxation peak (dip) at ω = 0 are generally
dominant; for on/near resonance (� ∼= W0), the dephasing
peaks (dip) at ω = ω10, ω20, ω21 are generally dominant; for

Figure 10. Non-Markovian dynamics P(t) for the near resonance
case � = � with ε = 0.1� and � = 0.01 for different spin–bath
coupling α = 0.005, 0.05, 0.1, 0.2168 (corresponding qubit–HO
coupling g/� = 0.25, 0.7906, 1.1180, 1.6462) all with
α < αc = 0.216 832 29. It shows that when increasing α from weak
to strong, the dynamics go from abundant oscillation to nearly pure
damping. Insets: the inset is the susceptibility χ ′′(ω) versus ω and it
shows that when increasing α close to αc the highest peak goes close
to infinity near ω = 0.

negative detunings (� < W0), if g is small, the dephasing
peak at ω = ω20 is generally dominant, otherwise, the peak
at ω = ω10 is dominant. A rough idea is that: the dominant
frequency(ies) closer to the renormalized energy difference of
the qubit (W0) usually contribute(s) more weight.

Figure 10 shows the dynamics with different α for non-
zero bias. As usual, larger decay accompanies larger α.
Our method also works well for sufficiently strong spin–bath
coupling as long as α < αc (see section 5) beyond weak
coupling regime.

The sum rule of the non-Markovian dynamics is checked,
as shown in table 1, and it is exactly satisfied with
representative parameters for α < αc.

5. Susceptibility and coherent–incoherent transition

The susceptibility χ(ω) = −G(ω), where G(ω) (obtained
in the appendix in detail) is the Fourier transformation of the
retarded Green function G(t) = −iθ(t)Z−1Tr{exp(−β H )

[σz(t), σz ]}, in which θ(t) is the unit step function. The
imaginary part of χ(ω) is χ ′′(ω),

χ ′′(ω) = η2�2

W 2

{
�(ω)θ(ω)

[ω − W − �(ω)]2 + �2(ω)

− �(−ω)θ(−ω)

[ω + W + �(−ω)]2 + �2(−ω)

}

, (49)

and its real part χ ′(ω = 0) can be obtained by the Kramers–
Kronig relation as

χ ′(ω = 0) = 2

π

∫ ∞

0

χ ′′(ω)

ω
dω. (50)
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Table 1. The sum rule and the Shiba relation are checked with representative parameters. Here R ≡ limω→0 F(ω)/ π

4 [χ ′(0)]2, where
F(ω) = χ ′′(ω)/J (ω).

α �/� � ε/� χ ′(0) limω→0 F(ω) R P(t = 0)

0.1 0.1 0.05 0.1 5.897 376 962 27.315 405 94 1 1
0.1 0.2 0.05 0.1 10.161 505 27 81.097 221 54 1 1
0.1 0.5 0.01 0 77.385 195 88 4703.332 194 1 1
0.3 0.5 0.01 0.01 0.058 457 193 99 0.002 683 896 792 1 1
0.1 0.5 0.1 0.5 1.558 179 498 1.906 886 539 1 1
0.2 0.5 0.2 0.1 5.784 656 542 26.281 190 72 1 1
0.1 1 0.01 0 49.762 408 45 1944.879 348 1 1
0.3 1 0.01 0.01 0.233 784 401 0.042 926 051 41 1 1
0.1 1 0.01 0.1 36.237 221 91 1031.3348 1 1
0.21 1 0.01 0.1 7.819 123 532 48.018 217 04 0.999 999 9999 1
0.216 1 0.01 0.1 49.367 629 68 1914.143 282 1.000 000 025 1
0.2168 1 0.01 0.1 1228.943 521 1186 131.33 0.999 951 7554 0.999 999 9947
0.2 1 0.05 0.01 7.857 533 292 48.491 134 04 1 1
0.5 1 0.2 0.1 5.312 073 901 22.162 4668 1 1
0.1 1.1 0.05 0.1 2.920 164 619 6.697 373 981 1 1
0.2 1.2 0.01 0.1 7.494 084 145 44.108 979 66 1 1
0.1 1.5 0.05 0.1 2.003 650 314 3.153 070 92 1 1

Our approach can be checked by the Shiba rela-
tion [35–38]

lim
ω→0

χ ′′(ω)

J (ω)
= π

4
[χ ′(ω = 0)]2. (51)

As long as α < αc, the Shiba relation is exactly satisfied, as
shown in table 1 with representative parameters.

The susceptibility χ ′′(ω) is the same as the second term of
S(ω) in (29) for ω � 0 and it is an odd function of ω. Usually
χ ′′(ω = 0) = 0. On increasing α to a particular value αc,
a critical phase occurs and χ ′′(ω = 0) = ∞. Meanwhile,
�(ω) ∝ ω and we have checked that [ω − W − �(ω)] ∝
ω when ω → 0. Thus, the coherent–incoherent transition
point [1, 2] αc is defined as the solution of

− W − �(0) = 0. (52)

In figure 10, non-Markovian dynamics P(t) and the
susceptibilities χ ′′(ω) have been shown with different α

(=0.005, 0.05, 0.1, 0.2168). In addition, the coherent–
incoherent transition point αc (=0.216 832 29) is calculated
by (52). P(t) exhibits considerable oscillation for weak α

(=0.005), beating oscillation for moderate α (=0.05), badly
damped oscillation for moderately strong α (=0.1), and nearly
pure damping for sufficiently strong α (=0.2168) (nearly
equals to αc). In the inset of figure 10, χ ′′(ω) is plotted against
ω, and the curve shows three non-zero frequency peaks for all
α < αc. Increasing α from weak (0.005) to strong (0.2168), the
peak at the smallest frequency rapidly moves close to ω = 0
and the corresponding peak grows to a large value, while the
other peaks approach zero. When α < αc, χ ′′(ω = 0) = 0. At
α = αc, χ ′′(ω = 0) = ∞. Therefore, the particular value αc is
the coherent–incoherent transition point.

In figure 11, phase diagrams of the coherent–incoherent
transition point αc versus bias ε with different � are shown.
The area for α < αc is called the ‘coherent phase’, and for
α > αc the ‘incoherent phase’. As shown in figure 11(a)
for near resonance � = �, the changing curve of αc versus

ε is an ohmic-like. αc gradually increases with increasing
bias, and it increases rapidly with increasing �. As shown in
figure 11(b) for off resonance � = 0.5�, the changing curve is
nontrivial for small � = 0.075: one sharp peak exists around
ε = 0.0655� and the curve at the ends behaves ohmic-like.
The sharp peak is substituted by a smooth kink for � = 0.0762.
While for � = 0.08, 0.1, the kink disappears and the whole
curve behaves ohmic-like. Further results show that when
decreasing � (e.g. � < 0.075) the sharp peak grows much
sharper and higher, and the corresponding bias of the peak
becomes smaller. Under smaller �, a significant difference of
αc between the steep area at finite bias and the platform area
with zero bias might be utilized, e.g. for reading out the qubit
state.

6. Conclusions

We have investigated the biased SBM with a Lorentzian
spectral density by a new analytical approach at zero
temperature. An equivalent description of the system is
provided by a biased qubit coupled through a HO to an
ohmic environment. The starting point is the general SBM
Hamiltonian (2) without RWA. We have applied two unitary
transformations to the Hamiltonian and the non-Markovian
master equation within the nontrivial Born approximation to
get an expression for the density operator. With the density
operator, we have provided analytical expressions for the non-
Markovian dynamics P(t) and the corresponding spectrum
S(ω). Meanwhile, the localized–delocalized transition point
αL and the coherent–incoherent transition point αc are
determined, which have not been provided so far (except αc

with zero bias by [26]), as well as the analytical ground energy,
the renormalized tunneling factor η and the susceptibility
χ ′′(ω). The sum rule and the Shiba relation are carefully
checked, and they are exactly satisfied as long as α < αc.

The biased dynamics and the corresponding spectrum are
key topics in this paper. Both for biased and unbiased cases,
they have been compared with the results of other groups and
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Figure 11. Phase diagram of the coherent–incoherent transition point
αc versus bias ε, for (a) near resonance � = � with different
� = 0.05, 0.08, 0.1; (b) off resonance � = 0.5� with different
� = 0.075, 0.0762, 0.08, 0.1. A kink appears when � is small for off
resonance, otherwise αc gradually increases with ε.

have shown good agreement. For non-zero bias, our spectrum
presents five dominant frequencies: the relaxation peak (dip)
at ω = 0, one dephasing peak (dip) at ω = ω21 and three
dephasing peaks at ω = ω10, ω20, ω30. Our approach has no
direct restriction on the qubit–HO coupling g. Therefore, it
is a good way to investigate the dynamics in the little-studied
strong qubit–HO coupling regime, especially in the static
biased case, which has not been studied yet to our knowledge,
as shown in figures 7, 8 and 10. As an additional proof, but
restricted by our computational resources (�kmax = 3 and
M � 6), we have obtained results by QUAPI with zero bias
for weak or sufficient strong qubit–HO coupling (g = 0.18�

in figure 3 and g = 0.5� in figure 9) and non-zero bias (from
figures 4 to 6), and the dynamics and the spectra have shown
agreement qualitatively, but the stable dynamics for non-zero
bias are still beyond our computational resources. Moreover,
the origin and the meanings of the dominant frequencies have
been studied in two ways: providing analytical expressions
for each dominant frequency with small HO–environment
coupling � and comparing them with the spectra of the qubit–
HO systems. We have also discussed why there are sometimes
peaks and sometimes dips, as well as the weight distribution
of the peaks (dips) and why there are only two dominant
frequencies for the unbiased case. Meanwhile, fixing other

parameters, the effects with different α and corresponding �

are also shown. The dynamics at the long time limit are given
analytically as −ε/W , which are consistent with Markovian
dynamics.

In summary, we have provided analytical results
for interesting physical quantities without the Markovian
approximation and our approach works well at arbitrary
detunings: on/off resonance, with/without bias and from weak
to sufficiently strong spin–bath coupling as long as α < αc.
Admittedly, this approach is not suitable for very strong spin–
bath coupling, e.g. α > αc. Nevertheless, the coherent regime
is the most interesting one in the field of quantum computation
and quantum information.
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Appendix

Following the transformation made to H to reach H̃ , the
retarded Green function is

G(t) = −iθ(t)Z−1Tr{exp(−β H )

× [exp(iH t)σz exp(−iH t), σz]}
= −iθ(t)Z−1Tr

{

exp(−β H̃)

×
(

ε2

W 2
[σ̃z(t), σ̃z ] + η2�2

W 2
[σ̃x(t), σ̃x ]

− η�ε

W 2
[σ̃z(t), σ̃x ] − η�ε

W 2
[σ̃x(t), σ̃z ]

)}

. (A.1)

The Fourier transformation of G(t) is denoted as

G(ω) = ε2

W 2
〈〈σ̃z; σ̃z〉〉 + η2�2

W 2
〈〈σ̃x ; σ̃x〉〉

− η�ε

W 2
〈〈σ̃z; σ̃x〉〉 − η�ε

W 2
〈〈σ̃x ; σ̃z〉〉, (A.2)

where

〈〈A; B〉〉 = −iθ(t)Z−1

× Tr{exp(−β H̃)[exp(iH̃ t)A exp(−iH̃ t), B]}
denotes the retarded Green function which satisfies the
following equation of motion,

ω〈〈A; B〉〉 = 〈[A, B]〉 + 〈〈[A, H̃ ]; B〉〉,

〈[A, B]〉 = Z−1Tr{exp(−β H̃)[A, B]}.

Thus, we can get the following equation chain:

ω〈〈σ̃x ; σ̃x〉〉 = W 〈〈iσ̃y ; σ̃x〉〉
+

∑

k

Qk〈〈iσ̃y(b
†
k + bk); σ̃x〉〉

−
∑

k

Vk〈〈σ̃z(b
†
k − bk); σ̃x 〉〉, (A.3)
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ω〈〈iσ̃y; σ̃x 〉〉 = 2〈σ̃z〉H̃0
+ W 〈〈σ̃x ; σ̃x〉〉

+
∑

k

Qk〈〈σ̃x (b
†
k + bk); σ̃x 〉〉

+
∑

k

Vk〈〈σ̃z(b
†
k + bk); σ̃x〉〉, (A.4)

ω〈〈σ̃x (b
†
k + bk); σ̃x〉〉 = −ωk〈〈σ̃x (b

†
k − bk); σ̃x 〉〉

+ W 〈〈iσ̃y(b
†
k + bk); σ̃x〉〉 + Qk〈〈iσ̃y; σ̃x〉〉, (A.5)

ω〈〈σ̃x (b
†
k − bk); σ̃x〉〉 = −ωk〈〈σ̃x (b

†
k + bk); σ̃x 〉〉

+ W 〈〈iσ̃y(b
†
k − bk); σ̃x〉〉 − Qk〈〈σ̃x ; σ̃x〉〉, (A.6)

ω〈〈iσ̃y(b
†
k + bk); σ̃x 〉〉 = −ωk〈〈iσ̃y(b

†
k − bk); σ̃x〉〉

+ W 〈〈σ̃x (b
†
k + bk); σ̃x 〉〉 + Qk〈〈σ̃x ; σ̃x 〉〉, (A.7)

ω〈〈iσ̃y(b
†
k − bk); σ̃x 〉〉 = −ωk〈〈iσ̃y(b

†
k + bk); σ̃x〉〉

+ W 〈〈σ̃x (b
†
k − bk); σ̃x 〉〉 − Qk〈〈iσ̃y; σ̃x〉〉, (A.8)

where 〈σ̃z〉H̃0
= 〈g0|σ̃z|g0〉 = 1. We have already made

the cutoff approximation for the equation chains at the second
order of λk . In addition, 〈〈σ̃z; σ̃x〉〉 = 0, 〈〈σ̃z; σ̃z〉〉 = 0, and
〈〈σ̃x ; σ̃z〉〉 = 0, so the solution for G(ω) is

G(ω) = η2�2

W 2

×
(

1

ω−W− ∑
k V 2

k /(ω−ωk)− ∑
k Q2

k/(ω−W−ωk)

− 1

ω+W− ∑
k V 2

k /(ω+ωk)−∑
k Q2

k/(ω+W+ωk)

)

.

(A.9)
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The dynamics of a qubit in two different environments are investigated theoretically. The first environ-
ment is a two level system coupled to a bosonic bath. And the second one is a damped harmonic oscil-
lator. Based on a unitary transformation, we find that the decoherence of the qubit can be reduced with
increasing temperature T in the first case, which agree with the results in Ref. [8], whereas, it cannot be
reduced with T in the second case. In both cases, the qubit dynamics are changed substantially as the cou-
pling increases or finite detuning appears.
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1. Introduction

Quantum computation reveals advantages over classical one for
its highly efficient parallel calculation and therefore attracts wide
interests among scientists [1]. With the development of nano-tech-
nology, solid state qubits, such as quantum dots as well as Joseph-
son junction devices, are designed to fulfill the scalability and
avoid severe decoherence [2–4]. There is something in common
in these promising designs, that is the qubit is coupled to a sin-
gle-mode quantum structure which in turn couple to a multi-mode
bath. For example, the Josephson qubit suffers the intrinsic slow
noise caused by the two level fluctuators (TLFs) [5]. The flux qubit
is usually coupled to a read-out device which can be viewed as a
damped harmonic oscillator (DHO) [6,7]. People commonly believe
that temperature only plays a negative role in preserving the qubit
coherence. However, it is pointed out in Ref. [8] that the tempera-
ture can help the coherence when the qubit is coupled to a TLF (or
spin-boson) environment. In this Letter, we use a unitary transfor-
mation to deal with this problem, and find that the results agree
with Ref. [8]’s results when qubit-TL coupling is less than TL-boson
coupling, that is g0 < a (g0 and a are defined below). When g0 > a,
the decoherence is only increasing with increasing temperature.
On the other hand, we also investigate the qubit dynamics under
another environment, where the TL is replaced by a harmonic
oscillator (HO). And in this case, we find that the decoherence
can only be enhanced with increasing temperature. In both cases,
the qubit shows beating dynamics when TL-boson (or HO-boson)
coupling is small for the on-resonance case, and it is totally
suppressed and becomes simple oscillation for large coupling or
finite detuning (see Figure 1).
ll rights reserved.
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1.1. 1st model: qubit coupled to a TLF

1/f noise is prevailing in the Josephson qubits, which is probably
due to the intrinsic TLFs caused by defects or impurities [5,9–15].
In this Letter, we study the effect of a single TLF environment
which is described by the spin boson model (SBM) [16]. The Ham-
iltonian of such a system reads H ¼ HA þ HB þ V with ð�h ¼ 1Þ
[14,15,17–21],

HA ¼
DA

2
rA

x ; V ¼ g0rA
z r

B
z ; ð1Þ

HB ¼
DB

2
rB

x þ
X

k

xkbykbk þ
rB

z

2

X
k

gkðb
y
k þ bkÞ; ð2Þ

where rx and rz are the usual pauli matrices, bkðbykÞ are the annihi-
lation (creation) operators of the bath mode. DAðDBÞ is the gap of the
qubit (TL). Only transverse coupling are included for simplicity [14].
The bath is fully defined by the spectral density,

JðxÞ �
X

k

g2
kdðx�xkÞ: ð3Þ

Most of the studies on this model focus on the qubit dynamics
without considering the temperature effect [17–21]. Recently,
Montina and Arecchi studied the temperature effect in the reso-
nance case DA ¼ DB by using Lindblad master equation [8]. They
pointed out that the temperature helps the qubit coherence. Since
the Lindblad equation is based on the rotating wave approximation
(RWA) and the Markov approximation, it requires cB � DB to jus-
tify the RWA and g0 � cB to justify the Markov approximation
(cB is the width of the bath spectrum that the system A sees, which
is given by cðxBÞ in Eqs. (24) and (25)). In this Letter, based on a
unitary transformation, we explore the dynamics in a much looser
condition: DA is not necessarily equal to DB, and g0 can be bigger
than cB.
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Figure 1. Diagrammatic sketch of a qubit coupled with structured environments.
The environment in the 1st case consists of a two level system coupled to a bath.
The environment in 2nd case is a damped harmonic oscillator.
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1.2. 2nd model: qubit coupled to a DHO

In the last decade, many promising qubit schemes have been
proposed and realized, some of which fit our second model, such
as a flux-qubit read out by a dc-SQUID [3,22] or a qubit placed in
a leaky cavity [23]. The Hamiltonian of the second model is similar
to the first one, only the TL is replaced by a HO, and the corre-
sponding V and HB are

V ¼ g0rA
z ðB

y þ BÞ; ð4Þ

HB ¼ XByBþ
X

k

xkbykbk þ ðBy þ BÞ
X

k

gkðb
y
k þ bkÞ

þ ðBy þ BÞ2
X

k

g2
k

xk
; ð5Þ

where X is the frequency of HO, B (or By) is the annihilation (or cre-
ation) operators of HO. The last term in HB is the counter-term,
which cancels the additional contribution due to the coupling of
the HO to the bath[16,24]. Similar to the 1st model, the bath is fully
defined by JðxÞ.

This model can be mapped to the SBM with a Lorentzian struc-
tured spectral density [25,26]. Since the spectral poses challenge to
many existing method, it arouse much attention recently. Till now,
it has been studied by many different methods including the quasi-
adiabatic propagator path integral (QUAPI) [22,27,28], the Van
Vleck perturbation theory together with a Born–Markov master
equation [29], the flow equation renormalization [30–32], the
non-interacting blip approximation (NIBA) [31,33], and general-
ized polaron transformation method [34–36]. Again, most of the
works have not considered the effect of temperature.

2. Unified treatment

The aforementioned two models can be expressed as
H ¼ H0 þ V ,

H0 ¼ HA þ HB; V ¼ g0rA
z Q B: ð6Þ

where QB is rB
z in the first case, ðBy þ BÞ in the second case. One can

use the weak-coupling approximation [17,37] (or the so called rig-
orous Born approximation [38,39]) to deal with this Hamiltonian.
Compared to the usual Born–Markov approximation (Redfield equa-
155
tion), this method keeps the full information contained in the corre-
lation functions at the price of introducing a kernel for the master
equation which is no longer local in time. Since the structured envi-
ronments may have considerable memory time, the Markov
approximation may not be valid.

The total density matrix (system + environment) vðtÞ obeys the
Liouville–von-Neumann equation,

d
dt

~vðtÞ ¼ �i½eV ðtÞ; ~vðtÞ�; ð7Þ

where the tildes denote operators in the interaction picture with
respect to H0. Iterating up to the second order and tracing out the
environmental degrees, one get the master equation within the
Born approximation,

d
dt

~qðtÞ ¼ �iTrB½eV ðtÞ;qB � ~qð0Þ� �
Z t

0
dt0 TrB½eV ðtÞ; ½~Vðt0Þ;qB � ~qðt0Þ��;

ð8Þ

where ~q is the reduced density matrix ~qðtÞ ¼ TrB½~vðtÞ�, and ~vðtÞ is
replaced by an approximate factorized density matrix
~vðtÞ � qB � ~qðtÞ. The environment is usually assumed to remain in
thermal equilibrium qB ¼ e�bHB=Tre�bHB , which is justified when
the environment is ‘very large’ and the coupling HSB ‘weak’
ðg0 � DA;DB;XÞ, so that the back-action of the system onto the
environment can be neglected. Going back to the Schrödinger pic-
ture and inserting V ¼ g0rA

z QB, we get

@qAðtÞ
@t

¼ �i½HA;qAðtÞ� �
Z t

0
dt0Xðt; t0Þ ð9Þ

with

Xðt; t0Þ � g2
0G1ðt0ÞrA

z e�iHAt0rA
z qAðt � t0ÞeiHAt0

� g2
0G1ðt0Þe�iHAt0rA

z qAðt � t0ÞeiHAt0rA
z

þ g2
0G2ðt0Þe�iHAt0qAðt � t0ÞrA

z eiHAt0rA
z

� g2
0G2ðt0ÞrA

z e�iHAt0qAðt � t0ÞrA
z eiHAt0 ;

where, G1ðtÞ and G2ðtÞ are the correlation functions hQBðtÞQBib and
hQBQBðtÞib, in which h� � � ib represents the average with thermody-
namic probability qB. Therefore, G1ðtÞ and G2ðtÞ contain all the infor-
mation of the structured environment.

The master equation Eq. (9) which is a 2	 2 matrix equation
can be solved exactly by the Laplace transform since the convolu-
tion theorem can be applied to the equation of each matrix ele-
ment. Here, for simplicity, we only present the comparatively
brief expression. Suppose the system is in the upper eigenstate of
rz at time t ¼ 0, the population difference PðtÞ � rA

z ðtÞ
� �

�
TrA rA

z qAðtÞ
� �

can be obtained in the Laplace space as

PðsÞ ¼ sþ 2FðsÞ
s2 þ 2sFðsÞ þ D2

A

; ð10Þ

where

FðsÞ �
Z 1

�1
dx Jeff ðxÞ=ðsþ ixÞ; ð11Þ

Jeff ðxÞ ¼ g2
0ðG1ðxÞ þ G2ðxÞÞ: ð12Þ
3. Correlation functions

3.1. 1st case: TLF environment

From the above derivation, we can see that, the dynamics of the
qubit is completely determined by the correlation functions
hQ BðtÞQBib and hQ BQ BðtÞib within the weak-coupling approxima-
tion. To obtain the correlation functions more accurately, we apply
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a unitary transformation to the Hamiltonian, H0 ¼ expðSÞH expð�SÞ,
with the generator S �

P
k

gk
2xk

nk byk � bk

� �
rB

z . The purpose is to
transform to a better representation in which the exact solvable
term contains the most important physics. Similar to Refs.
[35,40], with the choice of

nk ¼
xk

xk þ gDB
; ð13Þ

g ¼ exp �
X

k

g2
k

2x2
k

n2
k cothðbxk=2Þ

" #
; ð14Þ

where, finite temperature is considered in g; HB is transformed to
H0B ¼ H00 þ H01 (HA and V are not affected) with

H00 ¼
gDB

2
rB

x þ
X

k

xkbykbk; ð15Þ

H01 ¼
X

k

Vk bykr
B
� þ bkrB

þ

� �
; ð16Þ

where, Vk ¼ gkgDB=ðxk þ gDBÞ and rB

 � rB

z � irB
y

� �
=2. A trivial con-

stant and the terms of the order of g2
k and higher, have been omitted

[35,40]. One can see that the renormalized TL-bath coupling
Vk < gk, which enables the subsequent second order perturbation
(Born approximation) well conditioned compared with the direct
perturbation to the original Hamiltonian.

The equation of motion of Green’s function reads,

xhhAjBii0x ¼ h½A;B�þi
0 þ hh½A;H0B�jBii

0
x; ð17Þ

where hhAjBii0 represents the Fourier transform of the Green’s func-
tion �ihðtÞh½A; B�þi

0
b, (½; �þ is the anti-commutator and ½; � the commu-

tator). If we substitute bykbk by its thermodynamic average value nk

and omitted all the bykbyk and bkbk terms, the equation chain will be
self-closed, and we get

rB
z jrB

z

� �� �0
x ¼

1

x� gD�
P

k
V2

k ð2nkþ1Þ
x�xk

þ 1

xþ gD�
P

k
V2

k ð2nkþ1Þ
xþxk

: ð18Þ

Since rB
z commutate with the generator S, we expect

rB
z jrB

z

� �� �
x ¼ rB

z jrB
z

� �� �0
x. Consequently, according to the fluctua-

tion dissipation theorem (FDT), the correlation functions G1ðtÞ and
G2ðtÞ can be expressed by the retarded Green’s function

rB
z jrB

z

� �� �0
xþi0þ . In the Fourier space,

G1ðxÞ ¼ �1=p Im rB
z jrB

z

� �� �0
xþi0þ=ð1þ e�bxÞ; ð19Þ

G2ðxÞ ¼ �1=p Im rB
z jrB

z

� �� �0
xþi0þ=ð1þ ebxÞ; ð20Þ

which lead to

JTL
eff ðxÞ ¼

g2
0cðjxjÞ=p

½jxj � gDB � RðjxjÞ�2 þ c2ðjxjÞ
; ð21Þ

where the superscript ‘‘TL” indicate that it is the TL case (1st case),
and this notation together with the superscript ‘‘HO” will be used in
the following when the distinguish between these two cases are
needed. j � � � j means the absolute value, RðxÞ and cðxÞ are the real
and imaginary parts of

P
kV2

kð2nk þ 1Þ=ðx� i0þ �xkÞ,

RðxÞ ¼ }
Z 1

0
dx0
ðgDBÞ2Jðx0Þ cothðbx0=2Þ
ðx0 þ gDBÞ2ðx�x0Þ

; ð22Þ

cðxÞ ¼ pðgDBÞ2JðxÞ cothðbx=2Þ=ðxþ gDBÞ2; ð23Þ

where } means the Cauchy principal value.
To check the result, one can assume the pole of G1ðxÞ and G2ðxÞ

to be xB 
 cðxBÞ, where xB is the solution of equation:
x� gDB � RðxÞ ¼ 0. And Eqs. (19) and (20) can be evaluated by
using residue theorem,
15
G1ðtÞ ¼ e�cðxBÞt eixBtn"B þ e�ixBtn#B
� �

; ð24Þ
G2ðtÞ ¼ e�cðxBÞt e�ixBtn"B þ eixBtn#B

� �
; ð25Þ

where, n"B ¼ 1� n#B ¼ 1
ebxBþ1 ¼ e�xB=2T

2 coshðxB=2TÞ. These two-time correlation
functions have the similar forms with those obtained in the Born–
Markov approximation [8]. The difference is that the tunneling fre-
quency DB is replaced by the renormalized frequency xB.

3.2. 2nd case: DHO environment

In the bosonic case, the equation of motion reads

xhhAjBiix ¼ h½A; B�i þ hh½A;HB�jBiix; ð26Þ

where hhAjBii represents the Fourier transform of the Green’s func-
tion �ihðtÞh½A;B�ib. And the corresponding FDT is expressed as

G1ðxÞ ¼ �1=p ImhhQ BjQ Biixþi0þ=ð1� e�bxÞ; ð27Þ
G2ðxÞ ¼ �1=p ImhhQ BjQ Biixþi0þ=ðebx � 1Þ; ð28Þ

where QB ¼ By þ B in this case. Since the DHO model is exactly solv-
able [24], the equation chain is self-closed automatically without
any approximation. Similarly, one get

JHO
eff ðxÞ ¼

4g2
0X

2JðxÞ cothðbx=2Þ
½x2 �X2 � 2XHRðxÞ�2 þ ½2pXJðxÞ�2

ð29Þ

with

HRðxÞ ¼ }
Z 1

0
dx

JðxÞ
x� x

�
Z 1

0
dx

JðxÞ
xþ x

þ 2
Z 1

0
dx

JðxÞ
x
: ð30Þ
4. Results and discussion

4.1. 1st case: TLF environment

Here we would like to summarize the approximations we have
made in this case. Three approximations are made: The first one is
the 2nd order approximation to the TL-bath coupling in obtaining
the transformed Hamiltonian. The second one is to approximate

byk þ bk

� �
byk0 þ bk0

� �
� ð2nk þ 1Þdkk0 to make the equation chain of

motion self-closed. The third one is the Born approximation in
deriving the master equation (9). Therefore, our treatment is appli-
cable for a < 1:0 (see Eq. (31)) and g0 � DA;DB.

In order to calculate PðtÞ, we have to specify the spectral density
JTLðxÞ. We will use the piezoelectric spectral density, which de-
scribes the decoherence of a double quantum dots (DQD) qubit
manufactured with GaAs [41,42],

JTLðxÞ ¼ ax 1�xd

x
sin

x
xd

� 	
e�x2=2x2

l ; ð31Þ

where xd is related to the center to center distance, and xl to the
dot size. Typically, xd � 0:01ðpsÞ�1 and xl � 1ðpsÞ�1 [42]. In the
limit of xd ! 0, one can find that, Eq. (31) goes back to the widely
used Ohmic spectrum [16].

Now, we are in position of calculating PðtÞ. We first use Eqs.
(13), (14) and (31) to get g self consistently, then calculate PðtÞ
numerically according to Eqs. (10), (11), (21)–(23) and (31). PðtÞ
are reported as a function of time in the main plots of Figures 2
and 3 for DA ¼ DB ¼ 0:1xl, g0 ¼ 0:1DA and xd ¼ 0:05xl. In Figure
2, where a ¼ 0:3, it shows simple oscillation for the qubit dynamics
and the decoherence is reduced by increasing the bath tempera-
ture T . However, in Figure 3, where a ¼ 0:01, the beating dynamics
appears, and the coherence is not meliorated but rather damaged
with increasing T. In Figure 4, we set fixed detuning between A–
B: d ¼ DB � DA ¼ 0:1xl and g0 ¼ 0:1DA, the coherence is meliorated
with increasing T in Figure 4a where a ¼ 0:3, but damaged in Fig-
6



Figure 2. (1st case) PðtÞ as a function of time for the on-resonance case ðDA ¼ DBÞ, where the decoherence is reduced with T. Inset (a): Fourier analysis of the main plot. Inset
(b): The effective spectral density Jeff ðxÞ. pJeff ðDAÞ indicates the damping rate cA . One can see that cA is reduced with increasing T , which is consistent with the main plot.

Figure 3. (1st case) PðtÞ as a function of time for the on-resonance case ðDA ¼ DBÞ, where the decoherence is enhanced with T . Inset (a): Fourier analysis of PðtÞ. One can see
that two frequencies are dominating the dynamics and the peaks locate at DA 
 g0. Inset (b): The effective spectral density Jeff ðxÞ. Here, it is not pJeff ðDAÞ but pJeff ðDA 
 g0Þ
indicates the damping rate cA .
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ure 4b where a ¼ 0:1. And the beating is totally suppressed for the
off-resonance cases.

If we consider the Weisskopf–Wigner approximation, the
damping rate of the qubit is pJeff ðxÞ [16]. One can find the above
results are in consistency with the property of the effective spectral
density. The main difference of the two cases is that the tempera-
ture dependent term cothðbx=2Þ enters into both the numerator
and the denominator in the 1st case (see Eqs. (21) and (23)),
whereas it only appears in the numerator in the 2nd case (see
Eq. (29)). This difference causes the different qubit behaviors. In
the following, we explore the properties of the effective spectral
density in detail.
157
The effective spectral density JTL
eff ðxÞ are reported in the insets of

Figures 2 and 3 according to Eq. (12). One can find that they are con-
sistent with the numerical results given in the main plots. We
should note that, in Figure 3, level repulsion occurs, two character-
istic frequencies xB � DA 
 g0 are dominating the qubit dynamics
(see the inset (a) of Figure 3). Therefore, in Figure 3b, it is
Jeff ðDA 
 g0Þ, rather than Jeff ðDAÞ, that determines the damping rate
of the qubit. And we can find the damping rate is indeed enhanced
with bath temperature, which explains the results in the main plot
of Figure 3. Note that, the frequency shift (from DA to DA 
 g0) plays
an important role here. Thus, this effect cannot be predicted by using
Lindblad formula, where the frequency shift is not considered [8].



Figure 4. (1st case) PðtÞ as a function of time for the off-resonance case ðDA – DBÞ. (a) The decoherence is enhanced with T. (b) The decoherence is reduced with T .

Figure 5. (2nd case) PðtÞ as a function of time, where the decoherence is enhanced with T . Inset (a): Fourier analysis of the main plot. Inset (b): The effective spectral density
Jeff ðxÞ. pJeff ðDAÞ indicates the damping rate cA . One can see that cA is reduced with increasing T , which is consistent with the main plot.
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4.2. 2nd case: DHO environment

Since the DHO is exactly solvable [24], the only approximation
is the weak-coupling approximation in deriving the master equa-
tion. Here we conveniently use the Ohmic spectral density in the
Drude form,

JHOðxÞ ¼ Cx
1þx2=x2

c
; ð32Þ

so that the integral in (30) can be evaluated explicitly [24]. In the
limit xc !1, according to Eqs. (29) and (30), we obtain
15
JHO
eff ðxÞ ¼

4g2
0CxX2 cothðbx=2Þ

ðx2 �X2Þ2 þ ð2pCXxÞ2
: ð33Þ

One can check that this effective spectral density is in consistency
with the previous studies, where the mapping between the model
and the SBM are considered [25,26].

According to Eqs. (10), (11) and (33), PðtÞ is obtained numeri-
cally. Here we report PðtÞ as a function of time in the main plot
of Figures 5 and 6 for DA ¼ X, g0 ¼ 0:1DA. In Figure 5, where
C ¼ 0:3, the decoherence is enhanced by increasing the bath tem-
perature T , which is different compared to the first case (see Figure
2). In Figure 6, where C ¼ 0:01, the coherence is also not melio-
8



Figure 6. (2nd case) PðtÞ as a function of time, where the decoherence is enhanced with T . Inset (a): Fourier analysis of the main plot. One sees that two frequencies are
dominating the dynamics and the splitting of the peaks increases with temperature. Inset (b): The effective spectral density Jeff ðxÞ. The square, triangle and circle points
correspond to the dominant frequencies of PðtÞ in different temperatures, respectively. One can see that smaller Jeff ’s, which characterize long time dynamics, are almost the
same for three different temperatures. This is the reason why the damping rate of PðtÞ is almost not changing with different temperatures.

Figure 7. (2st case) PðtÞ as a function of time for the off-resonance case ðDA – XÞ. (a) C ¼ 0:3. (b) C ¼ 0:01. The decoherence is enhanced with T in both cases.
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rated with increasing T . In Figure 7, we set fixed detuning between
A–B: X ¼ 2DA and g0 ¼ 0:1DA, the decoherence is enhanced with
increasing T both in Figure 7a where C ¼ 0:3, and in Figure 7b
where C ¼ 0:01. In the 2nd case, we cannot find a parameter set,
in which the coherence is meliorated with increasing T . From the
results, one can also find that the qubit shows beating dynamics
when C is small for the on-resonance case, and it is suppressed
for large C or finite detuning.

The effective spectral density JHO
eff ðxÞ explains the results given

above. It is reported in the insets of Figures 5 and 6 according to
Eq. (29). In Figure 5b, Jeff ðxÞ increases with temperature at
159
x � DA, rather than decreases as appeared in Figure 2b. In Figure
6b, similarly to the 1st case, two characteristic frequencies appear
(see the inset (a) of Figure 6). However, we should note that, the
splitting is increasing significantly with increasing temperature,
which is also affecting the temperature dependent properties.
The dominant frequencies of PðtÞ are marked in Figure 6b. Atten-
tion should pay to the frequencies with smaller damping, which
determines the long time dynamics. We can see the corresponding
Jeff ðxÞ of the smaller values are of the same order, which explains
why the damping rate of PðtÞ in the main plot is almost not chang-
ing with different temperatures.
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5. Conclusion

In conclusion, we compared the non-Markov dynamics of a qu-
bit under the decoherence of two kinds of reservoirs. Within the
weak-coupling approximation, the qubit dynamics boils down to
the correlation functions of the structured bath. In the 1st case,
where the problem is not exactly solvable, we obtain the correla-
tion functions by the second order perturbation based on a unitary
transform. We find that, the decoherence of the qubit can be re-
duced with increasing bath temperature T when g0 < a, which
agree with the results in Ref. [8]. Whereas, it can only be enhanced
when g0 > a. The results are checked in both on-resonance and off-
resonance cases. In the 2nd case as a comparison, where the corre-
lation functions are exactly solvable, we find that the decoherence
of the qubit cannot meliorated with increasing T . In both cases, the
qubit shows beating dynamics when TL-boson (or HO-boson) cou-
pling is small for the on-resonance case, and it is suppressed for
large coupling or finite detuning.
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Abstract. For studying the dynamics of a two-level system coupled to a quantum oscillator we have
presented an analytical approach, the transformed rotating-wave approximation, which takes into account
the effect of the counter-rotating terms but still keeps the simple mathematical structure of the ordinary
rotating-wave approximation. We have calculated the energy levels of ground and lower-lying excited states,
as well as the time-dependent quantum dynamics. It is obvious that the approach is quite simple and can
be easily extended to more complicated situation. Besides, the results are compared with the numerically
exact ones to show that for weak to intermediate coupling and moderate detuning our analytic calculations
are quantitatively in good agreement with the exact ones.

1 Introduction

The physics of a two-level system coupled to a quantum
oscillator (spin-oscillator model, SOM) is of wide inter-
est because it provides a simple but ubiquitous model for
numerous physical processes, such as the superconduct-
ing qubit of Josephson junction [1–6], the semiconduc-
tor quantum dot [7,8], the coupling between a qubit and
a nanomechanical oscillator [9,10], and a toy model for
Holstein polaron [11]. The Hamiltonian of SOM reads

H =
1
2
Ωσx + ωb†b+

g

2
(
b† + b

)
σz . (1)

Ω is the level difference and σx and σz are Pauli matri-
ces to describe the two-level system. b† (b) is the creation
(annihilation) operator of the quantum oscillator with fre-
quency ω and g the coupling constant between the two-
level system and the oscillator. The model seems quite
simple. However, an analytical solution has not yet been
found and various approximate analytical and numerical
methods have been used.

The Hamiltonian (1) is equivalent to the famous
Jaynes-Cummings model with inclusion of both
the rotating-wave terms and the counter-rotating
terms [12,13],

HJC =
1
2
Ωσz + ωb†b− g

2
σx

(
b† + b

)
; (2)

if a rotation around the y axis is taken for the Pauli matri-
ces, eiπσy/4σxe

−iπσy/4 = σz and eiπσy/4σze
−iπσy/4 = −σx.

Then, b† (b) is the creation (annihilation) operator of the
cavity mode and Ω is the atomic transition frequency (g is

a e-mail: hzheng@mail.sjtu.edu.cn

the vacuum Rabi frequency). Besides, the Hamiltonian (1)
is also of interest in the research area of matter-field in-
teraction because it is the following atom-field interaction
HAF in the rotating frame [8,14],

HAF =
1
2
ω0σz +

1
2
Ω

(
σ+e

−iωf t + σ−eiωf t
)

+ ωb†b+
g

2
(
b† + b

)
σz , (3)

where σ± = 1
2 (σx ± iσy). Here ω0 is the atom transition

frequency (or the exciton energy in quantum dot) and
ωf = ω0 is the frequency of laser field (in resonance with
ω0), and Ω the Rabi frequency. The dynamical evolution
of the interacting Hamiltonian HAF can be described by

P (t) = 〈ψAF (t) |σz |ψAF (t)〉 = 〈ψ(t) |σz |ψ(t)〉 , (4)

where |ψAF (t)〉 is the wave function of HAF and |ψ(t)〉 =
eiωf tσz/2|ψAF (t)〉 is that ofH (Eq. (1)). The initial state of
the system is assumed to be |ψ(0)〉 = |ψAF (0)〉 = | ↑〉|0〉,
where σz | ↑〉 = | ↑〉 is the eigenstate of σz and |0〉 is
the vacuum state of the quantum oscillator. When the
coupling g = 0 it is easy to get the typical Rabi oscillation
P (t) = cos(Ωt). For g �= 0, the Rabi oscillation may be
modulated by the interaction with the quantum oscillator
and it is an interesting problem related to the quantum
manipulation of the interacting system [6,10].

Although there is still no analytically exact solution
for (1) or (2), various approximate analytical solutions
for (1) or (2) already exist [9,10,15–18]. The most popular
may be the rotating-wave approximation (RWA), which
relies on the assumption of near resonance (|Ω − ω| �
Ω and ω) and weak coupling (g � Ω and ω). However,
the condition of near resonance may not be satisfied if we
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start from Hamiltonian (3), because Ω is the Rabi fre-
quency of the pumping field which may be much larger
or smaller than the oscillator frequency [8,14]. Besides,
quantum-limited solid-state devices are an alternative to
the usual atom-cavity implementation of the SOM, and
in these solid-state devices the coupling strength g and
the detuning |Ω − ω| may be outside the regime where
the RWA is valid (the coupling between a nanomechanical
resonator and a charge qubit may be in the intermediate
range g/ω ≈ 0.1 ∼ 1 [6,10,18]). This is the motivation for
approximate analytical solutions beyond the RWA to be
presented in last years.

Recently, Irish [10] proposed an analytical approxi-
mate solution for SOM, the generalized RWA which is
an improvement to the ordinary RWA. Since a displaced
oscillator basis is used to express the Hamiltonian matrix,
the generalized RWA is a good approximation for the case
of lower Ω (Ω � ω) and/or strong coupling g/ω > 1.

As the Hamiltonian (1) or (2) can be numerically
solved easily and quickly by ordinary PC, why do we still
need an approximate analytical solution? As far as we
can see, the purpose may be: 1) to see the physics more
clearly; 2) to test the accuracy of the analytical solution
for extending it to more complicated models where a nu-
merically exact solution is difficult to obtain. Hence, we
have the following criterion for the validity of an approx-
imate analytical solution: first, it should be as simple as
possible, so that it can be easily extended to more compli-
cated situations; second, the main physics should be con-
sidered, at least for the interesting and concerned range of
the parameters, and it should be as accurate as possible
compared with the numerically exact result.

Recently, one of us proposed an analytic approach [19]
to the spin-boson model, which describes a two-level sys-
tem coupled to a dissipative environment [20]. Roughly
speaking, Hamiltonian (1) is a simplified version of the
spin-boson model, that is, the single mode spin-boson
model. Our approach, which is a perturbation expansion
based on the unitary transformation, has been success-
fully applied to several problems related to the interac-
tion between the quantum-limited system and its environ-
ment [14,21–24]. In this work, we aim to show the validity
of our analytic approach by studying the numerically solv-
able model, which leads to the transformed rotating-wave
approximation (transformed RWA) for model (1). We will
focus on the dynamical evolution P (t), since the accuracy
of its calculation depends not only on the calculation of
ground state but also on that of the lower-lying excited
states. The dynamical evolution P (t) calculated by our
transformed RWA will be compared to the numerically
exact one, as well as to the ordinary RWA, to show that
for weak to intermediate coupling and moderate detun-
ing our calculations are quantitatively in good agreement
with the numerically exact results.

2 Theoretical analysis

The ordinary RWA for the SOM (Eq. (1)) is

HRWA =
1
2
Ωσx + ωb†b+

g

2
[
b†|s1〉〈s2| + b|s2〉〈s1|

]
, (5)

where σx|s1〉 = −|s1〉 and σx|s2〉 = |s2〉 are the eigenstates
of σx. It is easy to see that |s1〉|0〉 (|0〉: the vacuum state
of the oscillator) is the exact ground state of HRWA and
the mathematical structure of HRWA is quite simple.

We apply a unitary transformation [19] to H (Eq. (1)),
H ′ = exp(S)H exp(−S), and the purpose of the trans-
formation is to take into account the effect of counter-
rotating terms, where

S =
g

2ω
ξσz

(
b† − b

)
. (6)

A parameter ξ is introduced in S and its form will be
determined later. The transformation can be done to the
end and the result is

H ′ = H ′
0 +H ′

1 +H ′
2, (7)

H ′
0 =

1
2
ηΩσx + ωb†b− g2

4ω
ξ(2 − ξ), (8)

H ′
1 =

1
2
g(1 − ξ)

(
b† + b

)
σz +

1
2
ηΩiσy

g

ω
ξ
(
b† − b

)
, (9)

H ′
2 =

1
2
Ωσx

(
cosh

{ g
ω
ξ
(
b† − b

)}
− η

)

+
1
2
Ωiσy

(
sinh

{ g
ω
ξ
(
b† − b

)}
− η

g

ω
ξ
(
b† − b

))
,

(10)

where η is determined by the following vacuum average,

η = 〈0| cosh
{ g
ω
ξ
(
b† − b

)}
|0〉 = exp

[
− g2

2ω2
ξ2

]
. (11)

Obviously,H ′
0 can be solved exactly because for which the

spin and the oscillator are decoupled. If the displacement
parameter ξ is determined as

ξ =
ω

ω + ηΩ
, (12)

then we have

H ′
1 =

1
2
ηΩ

g

ω
ξ
[
b† (σz + iσy) + b (σz − iσy)

]

= ηΩ
g

ω
ξ
[
b†|s1〉〈s2| + b|s2〉〈s1|

]
. (13)

Note that H ′
1 is of the same form as the RWA in equa-

tion (5), except for the different coefficient.
The transformed Hamiltonian H ′ is equivalent to the

original H and there is no approximation till this point.
In the following, the transformed Hamiltonian is approxi-
mated as H ′ ≈ HTRWA = H ′

0 +H ′
1, since 〈g0|H̃2|g0〉 = 0

(|g0〉 = |s1〉|0〉 is the ground state of H ′
0) and the terms in

H ′
2 are related to the double- and multiple-boson transi-

tion and their contributions to the physical quantities are
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O(g4). This means that through the unitary transforma-
tion we get the transformed RWA Hamiltonian HTRWA,
which is of the same mathematical structure as the ordi-
nary RWA HRWA in (5). |g0〉 = |s1〉|0〉 is also the exact
ground state of HTRWA (because of H ′

1|g0〉 = 0) with
ground state energy

Eg = −1
2
ηΩ − g2

4ω
ξ(2 − ξ). (14)

The eigenenergy for excited states can be easily obtained
from H ′

1 (Eq. (13)), since it contains the rotating-wave
terms only. For n = 0, 1, 2, ..., the eigenenegies for all ex-
cited states are

E2n+1 =
(
n+

1
2

)
ω − 1

2

√
(ω − ηΩ)2 + g′2(n+ 1)

− g2

4ω
ξ(2 − ξ), (15)

E2n+2 =
(
n+

1
2

)
ω +

1
2

√
(ω − ηΩ)2 + g′2(n+ 1)

− g2

4ω
ξ(2 − ξ), (16)

where g′ = 2gηΩ/(ω + ηΩ). We note that when we are
close to resonance at ω ≈ ηΩ, g′ ≈ g, and HTRWA is
nearly the same as HRWA except an overall energy shift
−g2ξ(2 − ξ)/4ω coming from our unitary transformation.
This is to say that close to resonance HTRWA is as good
as HRWA (but with better evaluation of ground state en-
ergy, see Eq. (14)). Hence, in the following we will mainly
consider the off-resonance case.

The calculations of the ground state and lower-lying
excited states with moderate detuning are shown in Fig-
ures 1 and 2. Figure 1 is for the case of Ω = 1 and ω = 0.5;
Figure 2 for Ω = 0.5 and ω = 1. For comparison, the
results of exact diagonalization and those of generalized
RWA [10] are also shown. For ground state energy our re-
sult of transformed RWA is very close to the exact result
and is better than that of generalized RWA. For excited
states we could not say definitely which one is better, but
we can say that for intermediate coupling g/ω ≈ 0.1 ∼ 1
our results of transformed RWA are quite close to the ex-
act results.

3 Dynamical evolution P(t)

We have shown that for the weak to intermediate coupling
our calculation of the ground state and the lower-lying ex-
cited state is quantitatively in good agreement with the
numerically exact results, which is a check of the validity
of our approach. Furthermore, in this section our approach
will be checked by calculation of the excited state proper-
ties, that is, the dynamical evolution P (t) of equation (4).

The numerical exact calculation for P (t) with
Hamiltonian H can be obtained by the numerical diag-
onalization. The following is the calculation of P (t) in our

0.0 0.5 1.0 1.5 2.0

-0.5

0.0

0.5

Ω=1, ω=0.5

E
/Ω

g/ω
Fig. 1. The energy levels of the ground state (Eg) and the
lower-lying excited states (E1, E2 and E3, from bottom to top)
as functions of the ratio g/ω. Ω = 1 and ω = 0.5. Our results
(dashed lines) are compared with the numerically exact ones
(solid lines) and those of the GRWA reference [10] (dashed-
dotted lines).

0.0 0.5 1.0 1.5 2.0
-2

-1

0

1

2

Ω=0.5, ω=1

E
/Ω

g/ω
Fig. 2. The energy levels of the ground state (Eg) and the
lower-lying excited states (E1, E2 and E3, from bottom to top)
as functions of the ratio g/ω. Ω = 0.5 and ω = 1. Our results
(dashed lines) are compared with the numerically exact ones
(solid lines) and those of the GRWA reference [10] (dashed-
dotted lines).

transformed RWA. From equation (4) we have

P (t) = 〈ψ(0)|eiHtσze
−iHt|ψ(0)〉

= 〈ψ(0)|e−SeiH′teSσze
−Se−iH′teS|ψ(0)〉

≈ 〈ψ′(0)| exp (iHTRWAt)σz exp (−iHTRWAt)|ψ′(0)〉

= 〈ψ′
I(t)|eiH′

0tσze
−iH′

0t|ψ′
I(t)〉, (17)

where |ψ′(0)〉 = eS|ψ(0)〉. Here the unitary transforma-
tions, eSHe−S = H ′ and eSσze

−S = σz , have been
used. |ψ′

I(t)〉 = eiH′
0t exp(−iHTRWAt)|ψ′(0)〉 is the wave
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function in interaction picture, which is the solution of
following Schroedinger equation,

i
∂

∂t
|ψ′

I(t)〉 = H ′
1(t)|ψ′

I(t)〉, (18)

H ′
1(t) = eiH′

0tH ′
1e

−iH′
0t

=
g′

2

(
b†|s1〉〈s2|ei(ω−ηΩ)t+b|s2〉〈s1|e−i(ω−ηΩ)t

)
.

(19)

The initial state is |ψ′(0)〉 = eS | ↑〉|0〉 = 1√
2
(|s1〉 +

|s2〉)eα(b†−b)|0〉 with α = gξ/2ω. Here the exponential
operator is expanded to the order α: eα(b†−b) ≈ 1+α(b†−b)
and, hence, the initial condition is

C10(0) = C20(0) =
1√
2
,

C11(0) = C21(0) =
α√
2
, C12(0) = 0, (20)

with the wave function [25]

|ψ′
I(t)〉 = C10(t)|s1〉|0〉 + C20(t)|s2〉|0〉 + C11(t)|s1〉|1〉

+ C21(t)|s2〉|1〉 + C12(t)|s1〉|2〉. (21)

The Schroedinger equation is [25]

i
d

dt
C10(t) = 0, (22)

i
d

dt
C20(t) =

g′

2
ei(ηΩ−ω)tC11(t),

i
d

dt
C11(t) =

g′

2
e−i(ηΩ−ω)tC20(t), (23)

i
d

dt
C21(t) =

g′

2
ei(ηΩ−ω)tC12(t),

i
d

dt
C12(t) =

g′

2
e−i(ηΩ−ω)tC21(t). (24)

Then, the solution for equation (23) is

C20(t) =
1√
2

{[
cos

Φ0t

2
− i

ηΩ − ω

Φ0
sin

Φ0t

2

]

−αig
′

Φ0
sin

Φ0t

2

}
ei(ηΩ−ω)t/2, (25)

C11(t) =
1√
2

{
α

[
cos

Φ0t

2
+ i

ηΩ − ω

Φ0
sin

Φ0t

2

]

− ig
′

Φ0
sin

Φ0t

2

}
e−i(ηΩ−ω)t/2, (26)

and the solution for equation (24) is

C21(t) =
α√
2

[
cos

Φ1t

2
− i

ηΩ − ω

Φ1
sin

Φ1t

2

]
ei(ηΩ−ω)t/2,

(27)

C12(t) = − α√
2
i
√

2g′

Φ1
sin

Φ1t

2
e−i(ηΩ−ω)t/2, (28)

0 10 20 30 40
-1.0

-0.5

0.0

0.5

1.0

P
(t

)

Ωt
Fig. 3. Time evolution P (t) for Ω = 1, ω = 0.5 and g = 0.4.
The dashed line is our transformed RWA calculation. The solid
line and the dashed-dotted line are the numerically exact result
and the ordinary RWA one, respectively.

where Φ2
0 = (ηΩ − ω)2 + g′2 and Φ2

1 = (ηΩ − ω)2 + 2g′2.
The dynamical evolution is

P (t) = 2Re
(
C∗

20(t)C10(t)eiηΩt + C∗
21(t)C11(t)eiηΩt

)
.

(29)
For the ordinary RWA (Eq. (5)), the interaction is

H1(t) =
g

2

(
b†|s1〉〈s2|ei(ω−Ω)t + b|s2〉〈s1|e−i(ω−Ω)t

)
.

(30)
Then, it is easily to get the dynamical evolution,

PRWA(t) = cos
Φ0,RWAt

2
cos

(Ω + ω)t
2

− Ω − ω

Φ0,RWA
sin

Φ0,RWAt

2
sin

(Ω + ω)t
2

, (31)

where Φ2
0,RWA = (Ω − ω)2 + g2.

The calculations of P (t) with moderate detuning and
intermediate coupling are shown in Figures 3 and 4. Fig-
ure 3 is for the larger Ω case (Ω = 1, ω = 0.5 and
g = 0.4); Figure 4 for larger ω case (Ω = 0.5, ω = 1,
and g = 0.5). For comparison, the results of exact diag-
onalization and those of ordinary RWA are also shown.
one can see that our results of transformed RWA are
quite close to the numerically exact ones, much better
than those of ordinary RWA (especially for the case of
Fig. 4).

For some special cases the ordinary RWA is absolutely
invalid. Figure 5 shows the P (t) dynamics for large de-
tuning ω = 1, Ω = 0.25 and strong coupling g = 1. One
can see that the result of ordinary RWA is qualitatively
incorrect, but that of our transformed RWA is still in qual-
itative agreement with the numerically exact one.
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0 10 20 30 40
-1.0

-0.5

0.0

0.5

1.0

P
(t

)

Ωt
Fig. 4. Time evolution P (t) for Ω = 0.5, ω = 1 and g = 0.5.
The dashed line is our transformed RWA calculation. The solid
line and the dashed-dotted line are the numerically exact result
and the ordinary RWA one, respectively.
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-1.0

-0.5

0.0

0.5

1.0

P
(t

)

Ωt
Fig. 5. Time evolution P (t) for Ω = 0.25, ω = 1 and g = 1.
The dashed line is our transformed RWA calculation. The solid
line and the dashed-dotted line are the numerically exact result
and the ordinary RWA one, respectively.

4 Concluding remarks

We have presented an analytical approach, the trans-
formed RWA, for the SOM, which takes into account the
effect of counter-rotating terms but still keeps the simple
mathematical structure of the ordinary RWA. We have
investigated the energy levels of ground and lower-lying
excited states, as well as the time-dependent quantum
dynamics. It is obvious that the approach is quite simple
and can be easily extended to more complicated situation.
Besides, the results are compared with the numerically ex-
act ones to show that for weak to intermediate coupling
and moderate detuning our analytic calculations are quan-
titatively in good agreement with the exact ones.

The key point of our treatment is the unitary trans-
formation with generator S, where a parameter ξ =

ω/(ω + ηΩ) is introduced. The “speed” of atom is Ω and
the “speed” of oscillator is ω. When ω 
 Ω, the oscilla-
tor can follow the atom adiabatically and ξ ≈ 1. In this
region the generalized RWA of reference [10] works well
since it is good for higher frequency ω 
 Ω and strong
coupling g/ω 
 1. When ω � Ω, the oscillator cannot
follow the atom and ξ � 1, that is, an ordinary perturba-
tion treatment may be good enough if the interaction is
not strong. Our choice of 0 < ξ < 1 is in between to take
into account the nonadiabatic effect when the retardation
of the interaction between the atom and the quantum os-
cillator with moderate detuning and intermediate coupling
is important. In addition, the bare coupling g in original
Hamiltonian H is replaced by the renormalized coupling
g′ = 2gηΩ/(ω + ηΩ) in HTRWA because the effect of the
counter-rotating terms has been included.

Finally, we can check how “large” the dropped H ′
2 is

by calculating its contribution to the ground state en-
ergy. First, we already showed that equation (11) leads to
〈g0|H̃2|g0〉 = 0. Second, because of the chosen form of η we
can prove that 〈g0|H̃2|s2〉|0〉 = 0, 〈g0|H̃2b

†|g0〉 = 0, and
〈g0|H̃2b

†|s2〉|0〉 = 0. So, the lowest-order nonzero matrix
element is 〈g0|H̃2b

†b†|g0〉 = −0.5ηΩg2/(ω + ηΩ)2. Then,
the lowest-order correction to the ground state energy is

−

∣
∣
∣〈g0|H̃2b

†b†|g0〉
∣
∣
∣
2

2ω
=
ω

8
η2 g4

(ω + ηΩ)4
,

which is of the order of g4.
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Design of a top mirror for the n-GaAs homojunction far-infrared/terahertz
detectors
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The top mirror of the resonant cavity enhanced homojunction interfacial workfunction internal
photoemission �HIWIP� far-infrared �FIR�/terahertz �THz� detector is investigated. Aiming at an
existing half-optimized n-GaAs HIWIP FIR/THz detector, two designs of the top mirror are
investigated to increase the quantum efficiency. The genuine or equivalent single layer is proved to
be unqualified as the top mirror. A design based on the two-dimensional �2D� periodical reversed
pyramidal structure of intrinsic GaAs is proposed as the top mirror. The resulted quantum efficiency
can be as high as 29.0%. Some elementary thoughts and a tentative fabricating solution of this 2D
periodical reversed pyramidal intrinsic GaAs top mirror are suggested. The designing ideas of this
kind of top mirror may also be applied to other FIR/THz devices for reference. © 2010 American
Institute of Physics. �doi:10.1063/1.3491043�

I. INTRODUCTION

Far-infrared �FIR�/terahertz �THz� electromagnetic de-
tection has received more and more attention nowadays, due
to their potential applications in various areas, such as bio-
medical imaging, space astronomy, and spectroscopy.1–4 In
recent years, homojunction interfacial workfunction internal
photoemission �HIWIP� FIR/THz semiconductor detectors,
which have been demonstrated successfully in GaAs and
Si,5–10 attract significant attention. The unique feature of
these detectors is that the cutoff wavelength can be tailor-
able, i.e., any cutoff wavelength, in principle, in FIR/THz
radiation range can be developed as needed.11 In
addition, the advantages provided by the mature material
technology for large scale focal plane arrays also make HI-
WIP detector a favorable alternative in FIR/THz applica-
tions. However, progress has been impeded by the limitation
of relatively low quantum efficiency, which is a key param-
eter to characterize the performance of detectors.12 There-
fore, one of the primary goals of the HIWIP FIR/THz detec-
tor development is to increase the quantum efficiency as high
as possible.

Generally, applying a resonant cavity to a detector is a
common choice to increase the quantum efficiency. The
structure of resonant cavity enhanced �RCE� detectors is sim-
ply formed by sandwiching detectors between a pair of mir-
rors. However, considering the technical challenge, it is more
complex to design the mirrors for RCE HIWIP FIR/THz de-
tectors due to the long wavelength and the free carrier ab-
sorption nature in FIR/THz radiation range, in comparison
with the near-infrared and mid-infrared detectors.12 Aiming
at a given n-GaAs HIWIP FIR/THz detector, we once tried to
increase the quantum efficiency by applying two kinds of
bottom mirror �GaAs mirror and gold mirror�.13 The resulted
quantum efficiency of the detector with gold bottom mirror is

18.8%, which is three times larger than the previous one
without a bottom mirror. However, it still cannot meet the
demand of practical use and need to be further improved. In
terms of previous anticipation, an ideal top mirror matching
with the bottom mirror could make the quantum efficiency
reach as high as 29%, meeting the requirement of NASA’s
SIRTF program.13,14 Though investigation of top mirror is ur-
gently needed, not even a bit practical information �e.g.,
structure, material, etc.� about such an ideal top mirror was
suggested and investigated up to now. In fact, there are in-
deed studies on the application of some kind of mirrors in
FIR/THz radiation range.15–17 However, to our knowledge, in
addition to high reflection mirrors, researches on the top mir-
ror that are designed for partially transmitting of RCE FIR/
THz devices are still limited at present. It seems to be a big
challenge to design a true resonant cavity for devices applied
in FIR/THz radiation range because of the technical diffi-
culty and the characteristic of long wavelength. Study on the
design of top mirror is not only necessary for HIWIP FIR/
THz detectors but also significant for other devices applied
in FIR/THz radiation range.

Compared with the investigation on actual devices, it
costs less time and money and is more convenient to opti-
mize a device by simulation. And above all, it has been
proved to be effective and accurate to simulate the perfor-
mance of HIWIP FIR/THz detector in terms of the previous
research.18 In this paper, we will focus on discussing the top
mirror based on the existing n-GaAs detector with gold bot-
tom mirror by simulation. A design of top mirror for the RCE
n-GaAs HIWIP detectors was proposed and its effect on the
quantum efficiency is analyzed in detail. We first discuss the
possibility of a single layer as a top mirror. Then a design of
top mirror was suggested and the parameters were optimized
by simulation. Finally, some elementary thoughts and sug-
gestions on fabricating of such a top mirror are presented, as
well as some concluding remarks and discussions.a�Electronic mail: yuehzhang@sjtu.edu.cn.
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II. RESULTS AND DISCUSSION

A. Discussion on a single layer as the top mirror

To acquire high quantum efficiency, the design of an
ideal resonant cavity should consider the following aspects
simultaneously: �1� the reflectivity of the bottom mirror of
the resonant cavity should be as high as possible; �2� the
choice of the top mirror should be appropriate to balance
between the transmission for front side illumination of FIR/
THz light and high internal reflection to ensure excellent
resonant effect. That is to say that the reflectivity of the top
mirror should match with the detector and the bottom mirror,
too high or too low reflectivity would hamper the resultant
effect; �3� the mirror itself should absorb as little energy as
possible. In our previous work,13 for an optimized n-GaAs
HIWIP detector main structure, a thin gold layer has been
suggested as a bottom mirror. The reflectivity of such a bot-
tom mirror is 0.92, which is the highest reflectivity of the
bottom mirror of HIWIP FIR/THz detector so far. Therefore,
further investigation to improve the quantum efficiency of
this n-GaAs HIWIP detector consisting of the optimized
main structure with gold bottom mirror �we call it “the half-
optimized detector” for short in this paper� should concen-
trate on the second aspect, i.e., proper selection of the top
mirror. Previous research shows when the amplitude reflec-
tivity Rt and phase shift �t of top mirror for the half-
optimized detector are around 0.8 and zero, respectively, the
quantum efficiency would be increased significantly and
could be as high as 29.0%.13 Therefore, the main purpose of
this paper is to design a top mirror approaching such
matched reflectivity and phase shift by simulation, based on
the half-optimized detector. In fact, the analysis method
about the top mirror for all HIWIP FIR/THz detectors is
quite similar, only with some modifications. The designing
ideas may also be applied to other FIR/THz devices for ref-
erence.

The schematic structure of the RCE detector after device
processing is illustrated in Fig. 1. It mainly consists of N
periods of heavily doped emitter layers and intrinsic layers,
which is sandwiched between the top mirror and the bottom
gold mirror. By being reflected between the top and bottom
mirrors, the incident FIR/THz light travel through the ab-
sorbing area repeatedly �depicted in Fig. 1�, forming a reso-

nant effect. The amplitude reflectivity of top mirror is de-
fined as Rt= �Er /Ei� and the corresponding phase shift is
defined as �t=arg�Er /Ei� �Ei and Er are the internal incident
and reflective electric field vector at the lower interface of
top mirror, depicted in Fig. 1�. According to the detection
mechanism of HIWIP detectors,13 the quantum efficiency �
should be the product of the photon absorption probability in
the detector cavity A, the efficiency that internal photoemis-
sion of photoexcited carriers across the junction barrier �b,
and barrier collection efficiency �c, giving the formula �
=A�b�c. The photon absorption probability A of the
multilayer structure is calculated by the Fresnel matrix ap-
proach, which presents techniques for the calculation of
complex reflectivity and/or absorption of multilayer
medium.19,20 All the related parameters used in calculation
can be found in Ref. 13. To compare with the previous re-
sults, one simplification is made that the light is normally
incident without considering any light polarization effects
and all the simulation is calculated at �=60 �m, if not
pointed out specially.

It is known that, under the Fresnel matrix approach,
some multilayer structure �for example, some kind of the
symmetrical structure� can be equivalent to a single layer
with a certain refractive index nt and thickness dt, which
provides the amplitude reflectivity Rt and phase shift �t.
Based on such a reason, it is natural to start with a single
layer as the top mirror for convenience. According to the
condition �3� mentioned above, the top mirror is assumed to
be nonabsorbing medium �it is approximately reasonable if
intrinsic semiconductor is applied�. Considering the possibil-
ity of practical fabrication, proper thickness of the top mirror
is restricted to less than 50 �m. The reflectivity Rt and phase
shift �t, as well as the quantum efficiency � under different
dt and nt when the single layer top mirror is applied to the
half-optimized detector are necessary to be understood. It is
found that the main features are similar, i.e., Rt, �t, and �
change periodically with dt at different nt. Therefore, in Fig.
2, we only present the dependence of Rt, �t, and � on dt,
when nt is 2.0, 3.0, 3.5, 4.5 for demonstration. It is noted that
the average Rt increases with the increase in nt. When nt is

ErEi

FIG. 1. The schematic structure of n-GaAs HIWIP FIR/THz detector after
device processing. n++, n+, and i denote the contact layer, emitter layer, and
intrinsic layer, respectively. The optical window is opened on the top. Ei and
Er are the internal incident and reflective electric field vector at the top
mirror.
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FIG. 2. The dependence of the reflectivity Rt, phase shift �t, and the quan-
tum efficiency � on the thickness dt of top mirror when the refractive index
of a single layer �genuine or equivalent� top mirror is �a� 2.0, �b� 3.0, �c� 3.5,
�d� 4.5, respectively.
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smaller than the refractive index of the top emitter �3.2
+0.3i at �=60 �m�, e.g., nt=2.0, 3.0, the top mirror only
serves as a refractive index transitional layer from air to the
top emitter layer, resulting in the peak value of Rt merely
close to the reflectivity �0.53� at the native interface between
air and the top emitter which corresponds to the case without
the additional top mirror. Such low reflectivity cannot pro-
vide ideal resonant effect at all, leading to the low quantum
efficiency. This kind of top mirror is obviously meaningless.
In contrast, when nt is larger than the refractive index of the
top emitter layer �e.g., nt=3.5 and 4.5�, the peak value of Rt

increase significantly. However, the resonant phase shift �i.e.,
�t corresponding to the peak value of Rt� is then far away
from the expected phase shift �near zero�. This can be under-
stood in terms of the light superposition principle. The peak
value of Rt happens when the resultant reflected beam is the
constructive superposition, which means different reflected
rays at the lower interface of top mirror are in phase. The
resultant resonant phase shift �t is equal to the phase shift in
the reflection at the lower interface. When nt is smaller than
the refractive index of the top emitter, reflection occurs from
optically denser layer to optically thinner layer and no half-
wave loss happens, making the resonant �t staying around
zero. In contrast, when nt is larger than the refractive index
of the top emitter, reflection at the lower interface occurs
from optically thinner layer to optically denser layer and
half-wave loss happens, making the resonant �t being away
from zero and close to �. Though the resonant �t is not
precisely to be zero or � due to influence of complex refrac-
tive index’s imaginary part of the top emitter, the qualitative
analysis above is correct. That is to say, if a single layer is
employed as the top mirror, proper reflectivity, and the ex-
pected phase shift cannot be obtained simultaneously, lead-
ing to no improvement of the quantum efficiency. Therefore,
a single layer cannot be used as a perfect top mirror.

B. Discussion on two-dimensional „2D… periodical
reversed pyramidal structure as the top mirror

Now that a genuine or equivalent single layer as the top
mirror has been proved to be unqualified, we turn to a com-
plex structure that cannot be equivalent to a single layer.
According to the above analysis, to obtain high quantum
efficiency proper reflectivity and the desired phase shift
should be satisfied simultaneously. However, it seems to be
in a dilemma, because for one hand the top mirror should
have large refractive index difference from both sides me-
dium to ensure high reflectivity; on the other hand at the
lower interface of the top mirror reflection should occur from
optically denser medium to optically thinner medium to sat-
isfy the condition of desired phase shift. Therefore, any de-
sign that could solve this contradiction would be qualified no
matter what the material and structure of the top mirror is. It
is known that some kind of 2D periodical structure, such as
2D periodical pyramidal structure which is often used as an-
tireflection layer of substrate21 or solar cells,22,23 may lead to
the refractive index vary continuously from air to the me-
dium itself. This makes it possible to solve the above con-
tradiction if such a 2D periodical structure is reversed placed

at the top of the detector. In the following, we discuss the 2D
periodical reversed pyramidal structure of intrinsic GaAs as
the top mirror.

Figure 3 illustrates the schematic structure of the re-
versed pyramidal intrinsic GaAs top mirror. � is the length
of period and dp is the height of pyramid. Due to the appli-
cation of intrinsic GaAs, the absorption of the top mirror
itself could be ignored. This structure can be regarded as the
composition of many extremely thin layers whose effective
refractive index is dependent on the volume ratio of reversed
pyramid material and air. We assume that the reversed pyra-
midal structure is divided into M layers along the growth
direction. Thus the thickness of each layer is equal to dp /M.
It is easy to understand that larger M must lead to more
precise results. However, when M is large enough, e.g., M
	500 in the case of dp less than 50 �m, it may not affect
the precision of calculation any more. In calculation, we uni-
formly divide this structure into 5000 layers, i.e., M =5000,
regardless of the value of dp. The effective refractive index

of each layer is nef f =�f 
nGaAs
2 + �1− f�
nair

2 , where f is the
filling factor �volume fraction� of intrinsic GaAs in each thin
layer and nGaAs=3.7.21 With the thickness and effective re-
fractive index of each thin layer, the calculation can also be
performed by Fresnel matrix method. It is clear that the re-
fractive index of the top mirror changes continuously from
the upper extremely thin layers with large filling factor
�nef f �nGaAs� to the lower extremely thin layers with small
filling factor �nef f �nair�. In calculation, the 2D periodical
structure is treated as a zeroth-diffraction-order grating,
which is appropriate when ��� /nGaAs �normal incidence�,
with � incident wavelength in vacuum.21,24 As far as the
investigated detector is concerned, � should be less than
16.2 �m. In the following, we assume � to be 10 �m. It is
noted that the unique feature of this kind of top mirror is that
it possesses two interfaces, i.e., the upper and lower inter-
faces, both of which offer abrupt variation in refractive index
with almost the same abruptness. The upper interface sepa-
rates the air and the extremely thin layer with the very large
GaAs filling factor �nef f �nGaAs�. And the lower interface
separates the extremely thin layer with very small GaAs fill-
ing factor �nef f �nair� and the top emitter layer. Obviously,
reflection at the lower interface of top mirror occurs from
optically denser layer to optically thinner layer.

The dependence of the reflectivity Rt and phase shift �t

on the height dp of such a top mirror is investigated in Fig. 4.

top mirror

top emitter

ΛΛ

dp

FIG. 3. The schematic structure of the 2D periodical reversed pyramidal
intrinsic GaAs top mirror. � is the length of period and dp is the height of
pyramid.
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It is clear that Rt and �t also change periodically �though not
strictly� with dp when dp is larger than 13 �m. This is be-
cause: from the lower interface to the upper interface the
difference of effective refractive index is fixed, increasing dp

means the refractive index changes more and more gently,
that is to say the top mirror becomes more uniform in the
unit depth along the growth direction. Therefore, at large dp

the reflection resulted from the inner part of such a top mir-
ror is much smaller than that of the upper and lower inter-
faces with abruptly changing refractive index due to its fea-
ture of continually changing refractive index. The increase in
dp mainly affects the phase shift �t. So when dp is larger than
13 �m, it plays a similar role of dt in the case of a single
layer discussed in Fig. 2 where Rt and �t change strictly
periodically with dt. It is obvious to see in Fig. 4 that the
peak values of Rt is around 0.8, and the corresponding reso-
nant phase shift �t is near zero, which approaches the desired
reflectivity and phase shift. The reasons why such a 2D pe-
riodical reversed pyramidal top mirror can realize the com-
bination of Rt of about 0.8 and �t close to zero, while a
single layer top mirror was proved unable, can be explained
in a simple way. The reflection by the lower interface alone
has already provided Rt of 0.53. Another upper interface
where the refractive index also changes abruptly �with al-
most the same abruptness� may further increase resultant re-
flection. By changing the thickness dp, constructive superpo-
sition condition can be satisfied, which makes the reflectivity
be enhanced once again by the reflection at the upper inter-
face, leading to a rather high peak value of Rt. In addition,
reflection at the lower interface is from optically denser layer
to optically thinner layer, so no half-wave loss happens, re-
sulting in resonant phase shift �t approaching zero. Whereas,
in the case of a single layer top mirror, either the upper and
lower interfaces can not provide abruptly changing refractive
index with enough abruptness �low refractive index of nt�,
leading to low reflectivity, or half-wave loss occurs �high
refractive index of nt�, resulting in the resonant phase shift �t

far from the desired one. In a word, no matter what the
structure of the top mirror is, it should not only possesses
interfaces where the refractive index change abruptly enough
to obtain a high peak value of reflectivity Rt but also make
sure that reflection occurs at the lower interface is from op-
tically denser medium to optically thinner medium to ensure
the resonant �t close to zero. Figure 5 demonstrates the de-
pendence of quantum efficiency � on dp after the 2D peri-

odical reversed pyramidal intrinsic GaAs top mirror is ap-
plied to the half-optimized detector. It can be clearly seen
that � changes periodically with dp and reaches its peak val-
ues at 15, 28, 42 �m and so on �where the peak values of Rt

and resonant �t happen�. From the view point of fabrication
simplicity, dp is considered to be 15 �m and the correspond-
ing � is as high as 29.0%. Further calculation shows when �
is 29.0% the power reflectivity of the whole detector drops to
1.6%, indicating a significant effect of anti-reflection of the
top mirror.

To know the performance over broad wavelength cover-
age of this fully optimized RCE detector �the half-optimized
detector with the 2D periodical reversed pyramidal top mir-
ror when dp is equal to 15 �m�, the yielded quantum effi-
ciency � as a function of wavelength is calculated. Figure 6
shows the dependence of � on incident wavelength of this
fully optimized RCE detector as well as the half-optimized
detector. After the application of reversed pyramidal top mir-
ror, � shows an approximately symmetrical distribution cen-
tered at 60 �m over a wide radiation range, showing an
excellent resonant effect. Though the quantum efficiency � is
enhanced significantly near 60 �m, the bandwidth is nar-
rowed. Its full width at half maximum is only about 5 �m,
which is less than that of the half-optimized detector in our
previous work �about 22 �m�. This means higher quantum
efficiency will sacrifice broad bandwidth of the detector to
some extent. Though such a top mirror shows no sign of
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improvement of the net response, it should be noted on the
other hand that such kind of 2D periodical reversed pyrami-
dal top mirror can be easily designed to match different de-
tect wavelength as need.

C. Tentative solution to 2D periodical reversed
pyramidal top mirror

It is known that 2D periodical upright silicon pyramidal
structure can be realized by crystallographic wet etching
method.21 Researches show that GaAs upright pyramidal
structure can also be obtained.25 Therefore, it provides the
possibility to realize the proposed GaAs reversed pyramidal
top mirror. Here we just conceive a tentative solution to the
realization of such a top mirror. Figure 7 illustrates the imag-
inable processing procedure of three steps. First, the 2D pe-
riodical upright pyramidal structure on an intrinsic GaAs
substrate �with lower brim� is fabricated. Then, it is mounted
upside down on the top emitter by using copper foil at the
border to support, just like the method in Ref. 26. The thick-
ness of the copper foil is set rather precisely to enable the
tips of the pyramids touch the surface of the top emitter
exactly. Finally, the unwanted part of this substrate is etched
to reduce the topmost surface to an appropriate level both to
fit to design and to maintain enough mechanical strength.
The 2D periodical reversed pyramidal intrinsic GaAs top
mirror could be thereby finished. If the 2D periodical re-
versed pyramidal top mirror cannot be strictly fabricated, a
more realistic 2D sparse periodical reversed quadrangular
frustum pyramid structure may also do well as top mirror.
Figure 8 demonstrates such a structure, � is the period

length, dq is the height of quadrangular frustum pyramid, lb

is the length of bottom square of quadrangular frustum pyra-
mid, and lt is the length of top square of quadrangular frus-
tum pyramid. According to calculation, when �, dq, lb, lt are
equal to 10 �m, 15 �m, 7.8 �m, 2 �m, respectively, the
quantum efficiency of the corresponding RCE detector is
27.3%, which is also satisfactory. The idea about the design
of top mirror may also be applied to other FIR/THz devices
for reference.

III. CONCLUSION

In this paper, the top mirror is investigated based on an
existing half-optimized n-GaAs HIWIP FIR/THz detector. A
genuine or equivalent single layer is first discussed and
proved to be unqualified. It is found that an ideal top mirror
is expected to have comparatively high reflectivity and a
desired phase shift approaching zero. This requires the top
mirror should possess interfaces where the refractive index
changes abruptly. At the same time, reflection at the lower
interface should occur from optically denser layer to opti-
cally thinner layer. Accordingly, we proposed a 2D periodical
reversed pyramidal intrinsic GaAs as the top mirror. The
highest quantum efficiency can be as high as 29%, which
meets the practical requirements. However, the fully opti-
mized detector acquires higher quantum efficiency by sacri-
ficing broad bandwidth of the detector to some extent. Fi-
nally, a tentative solution to fabricate such a 2D periodical
reversed pyramidal structure is suggested. The idea about the
design of top mirror may also be applied to other FIR/THz
detectors as reference.
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A strong enhancement of terahertz �THz� response in a GaAs/AlGaAs quantum well photodetector
�QWP� is observed under perpendicular magnetic field. Photocurrent spectra show that besides
partial contribution from an increase in the detector differential resistance, improvement of
photoconductive gain induced by electron localization and Landau quantization of the in-plane
electron motion in quantum wells is the predominant underlying mechanism. This study sheds light
on the transport mechanism in THz QWPs and provides a possible means for enhancing THz QWP’s
response. © 2010 American Institute of Physics. �doi:10.1063/1.3462300�

Rapid advances in terahertz �THz� quantum-cascade la-
ser �QCL� research in recent years have stimulated the de-
velopment of THz semiconductor detectors.1–3 Both QCL-
like and conventional quantum well infrared photodetector
�QWIP� structures are candidates for THz detection.4–6

Though the former has advantages in working voltage and
dark current,7 QWIP structure is of special interest in reach-
ing high performance THz detectors because of its well-
known design and widely established application in the mid-
infrared region.8,9 A THz detector could be realized by
extending the operating wavelength of a QWIP structure into
the THz region through lowering the aluminum fraction of
barrier layer of a properly designed GaAs/AlGaAs quantum
well �QW�. Liu et al.10 have reported such a QW photode-
tector �QWP� with THz responsivity up to 1.0 A/W. How-
ever, for the low output power of THz sources coupled with
the relatively high levels of thermal background radiation, it
is desirable to further enhance the responsivity.11 Practically
we see limited room and avenue to pursue for improving the
response by device design or materials improvement and
other intrinsic methods. On the other hand, an appropriate
external magnetic fields could tune the localization of pho-
togenerated carriers and transportation of photocurrent �PC�
and, consequently, the responsivity �Rp� in a QWP,8,12 pro-
viding a possible means to improve the detection perfor-
mance of THz QWPs. Based on this assumption, in this let-
ter, we perform a PC spectral study of THz response of a
GaAs/AlGaAs QWP detector in magnetic field perpendicular
to the epitaxial layer and demonstrate that the THz respon-
sivity could be strongly enhanced by sixfold to about 2.0
A/W.

The QWP structure consists of 30 periods of 15.5 nm
GaAs and 70.2 nm Al0.03Ga0.97As layers, with the center
10 nm of each well doped with Si to give rise to a two-
dimensional electron density of around 6�1010 cm−2.13 The

THz detector was processed into a mesa structure with a 45°
facet and packaged in a double-pass back illuminated geom-
etry shown in the right inset to Fig. 1�a�. The PC spectral
measurements were performed in a liquid helium cryostat
with the sample mounted at the center of a superconducting
solenoid capable of a maximum field of 10 T. The measure-
ment setup included a Bruker IFS 113V fast-scan FTIR spec-
trometer equipped with an Hg lamp source, black poly filter,
and a Ge/Mylar beam splitter.14

a�Electronic mail: bozhang@mail.sitp.ac.cn.
b�Electronic mail: luwei@mail.sitp.ac.cn.

FIG. 1. �Color online� �a� PC spectrum for the GaAs /Al0.03Ga0.97As QWP
under magnetic field from 0 to 10 T at liquid helium temperature. The left
inset shows the zero-magnetic-field PC spectrum. The right inset shows the
measurement geometry. �b� Magnetic field dependence of PC intensity at
peak response �p. Intensity resonance of �p are marked with arrow B2, B3,
and B4.
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The PC spectrum for the detector at a bias voltage of
0.15 V at liquid helium temperature under zero magnetic
field is shown in the left inset to Fig. 1�a�. The peak response
��p� of the detector is at around 5.4 THz. It originates from
the intersubband transition from the ground state E0 to the
first excited state E1 confined in the bound-to-quasi-bound
QW structures of the detector, agreeing reasonably with ex-
pected value when many body effects are considered.13 De-
tailed descriptions of zero-magnetic-field behaviors for the
detector have been described elsewhere.10 Here we focus on
the magnetic-field effects on the PC characteristics. In the
magnetic field measurements, THz radiation was adjusted to
travel along the magnetic field direction �Faraday configura-
tion� and normal to the epitaxial layers of the detector, shown
in the right inset to Fig. 1�a�. When magnetic field strength
increased from 0 to 10 T with a step of 0.20 T, corresponding
PC spectra were recorded and peak PC intensities at �p for
different magnetic fields were obtained as shown in Fig. 1�a�.
The plot of magnetic field dependence of PC intensity at �p
in Fig. 1�b� shows an approximately sixfold enhancement,
from 4.8 to 28.9. Considering the linear relationship between
PC intensity and responsivity �Rp�, Rp of the detector was
therefore, enhanced by about six times when magnetic field
was applied. Knowing the Rp value of 0.33 A/W under zero
magnetic field,10 we can roughly estimate the highest Rp to
be about 2.0 A/W.

The first common attribution to the enhancement of PC
intensity of Rp at �p is the increase in the differential resis-
tance �R0� of the detector with magnetic fields because it
helps to lower dark current and increase the ratio of PC to
dark current in the detector.8,15 We have also performed mea-
surement of magnetic-field dependence of R0 with same ex-
perimental geometry under illumination by THz radiation.
The measurement result �not shown� indicates that R0 and
thus the product of differential resistance and area �R0A, a
figure of merit for photodetector� increase with magnetic
field and contribute at most a twofold enhancement. This
observation prompts us to further clarify the specific under-
lying mechanism for the remaining fourfold enhancement of
PC intensity of Rp at �p under magnetic fields. Considering
that the PC intensity and Rp of a photodetector is propor-
tional to the product of PC gain �gphoto� and absorption quan-
tum efficiency ���, the strong enhancement could be evalu-
ated through analyzing magnetic-field effects on gphoto and �,
respectively.

The simple physical process of gphoto mechanism in
QWP structures under zero magnetic field is well known,9,12

shown in Fig. 2. The collected total PC �5� flowing through

the detector includes direct photoemission of electrons �4�
from QWs produced by absorption of the incident radiation
and the extra injected current �3�, which is the remainder of
the extra injection �1� from the contact for balancing the
“holes” in QWs �2, shortly named extra trapping� produced
by photoemission of electrons. The amount of extra injection
�1� should be sufficiently larger than the “holes” produced in
the QWs so that such a balance process �2� could take effect.
Extra injected current �3� that is collected by external circuit
is indistinguishable from the direct photo emission �4� and
will equally contribute to the total PC �5�. Once a magnetic
field is applied, the semiclassical localization of transport
electron wave function will decrease the effective interplay
range between extra injection �1� and holes in QWs, leading
to a decrease in capture probability of electron traversing a
QW with energy larger than the barrier height and an in-
crease in a greater extra injection �1�. Consequently, the extra
injected current �3� will increase and a larger PC �5� directly
collected by external circuit will occur. Briefly, we could
attribute the improvement of gphoto in QWPs by magnetic
field to the decreasing of capture probability induced by elec-
tron localization. It should be pointed out that, though lower
dark current and higher R0 will benefit the performance of
the detector, we have not taken them into account in above
discussions in Fig. 2.

More detailed analysis of the intensity resonances as
marked with B2, B3, and B4 in Fig. 1�b� will provide further
insight into the understanding of magnetic field effects on
gphoto and �. A perpendicular magnetic field to the epilayer
of the detector will break the free-electron in-plane two di-
mensional parabolic energy into a set of equidistant Landau
levels �LLs� identified with �i,n=Ei+ �n+ �1 /2����c, where
i=0, 1 is the subband index, n=0, 1, 2,… is the Landau
index, and ��c is the cyclotron energy. This physical process
is also named as Landau quantization of the in-plane electron
motion.1,16,17 When the lowest LL, E1,0, of the upper subband
crosses E0,2, E0,3, and E0,4 of the ground state subband as
shown in Fig. 3�a�, an enhancement in mixing of the two
subbands and therefore, in capture probability occur. Excited
electrons on the upper subband could more readily transfer to
the ground state subband,7,17–20 leading to the intensity reso-
nances at �p. Short-range disorder caused by interface rough-

FIG. 2. �Color online� Schematic of the PC gain mechanism in QWP struc-
tures. The improvement of PC gain is a result of decreasing of balance
probability through magnetic field effects on the process of extra injection.
The influence of dark current is not considered.

FIG. 3. �Color online� �a� Laudau levels in magnetic fields for the
GaAs /Al0.03Ga0.97As QWP. Intensity resonances at magnetic field of B2, B3,
and B4 satisfy condition of �1,k−�0,l=n��c �n=2, 3, and 4�. �b� Magnetic
field dependence on linewidth �FWHM� of PC spectrum for the
GaAs /Al0.03Ga0.97As QWP. Short-dashed line is used for visual aid only.
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ness or impurities is responsible for the mediation of mo-
mentum transfer required for inter LL scattering. Yet, at other
nonresonant magnetic fields, electron transitions from upper
subband will be suppressed. Since Auger scattering is the
governing intersubband nonradiative process and its rate
scales inversely with the separation between neighboring
equidistant LLs, the nonradiative relaxation channel will be
more suppressed with increasing of magnetic field. This sup-
pression will lead to increase in the value of �, which is
defined as the radiative transition rate over the sum of radia-
tive and nonradiative transition rates.8,18 Meanwhile, it con-
tributes to the improvement of gphoto as a result of increase in
the lifetime of excited electrons on upper subband.20,21

The effect of electron localization and Landau quantiza-
tion of the in-plane electron motion could be further appre-
ciated by the magnetic field dependence on the linewidth of
the PC spectrum. The LL scattering rate is found to decrease
with the electron localization induced by the magnetic field.
This will lead to a narrowing of the intersubband transition
and to a transition from a homogeneously broadened system
to an inhomogeneously broadened one resulting from a zero-
confinement dimension.1,22 In experiment, we observe that
the measured linewidth shows a strong monotonic decrease
with some oscillations when applied magnetic field increases
as shown in Fig. 3�b�. The field-free full width at half maxi-
mum �FWHM� of PC spectrum for the detector is about 3.0
meV, slightly larger than the typical values of intersubband
absorption linewidth in THz QWs,10,12 indicating the charac-
teristic of transition from bound ground state to quasibound
excited states. It decreases by 60% down to 1.5 meV at a
magnetic field of 10 T. This phenomenon agrees well with
previous reports on THz QWs,19,21,23 supporting our reason-
ing and argument of the underlying mechanism for the strong
enhancement of THz response in the GaAs/AlGaAs QWP.
The origin of linewidth oscillations should be connected with
PC intensity resonances. More discussions on linewidth will
be given in future study.

It should also be noted that the spacing between neigh-
boring resonance such as B2, B3, and B4 as shown in Fig.
1�b� and Fig. 3�a� tends to decrease with increasing of Lan-
dau index of crossing LLs of ground state subband. This
should be the main reason for the absence such a strong PC
intensity and response enhancement in midinfrared QWIPs.
The energy separation of intersubbands in midinfrared
QWIPs is much larger than in THz QWPs. Under same in-
tensity of magnetic field as this experiment, only very high
index LLs of ground state subband could cross upper sub-
band. The spacing between resonances associated with these
high index LLs will be so small that the transition of excited
electrons to ground state subband can take place quasicon-
tinuously with magnetic field. Therefore, the suppression of
nonradiative relaxation channel will be negligible and im-
provement of gphoto and � will not be observable.

In summary, we have shown that the application of a
perpendicular magnetic field strongly enhances the PC inten-
sity and THz response of a GaAs/AlGaAs QWP. The THz
responsivity is increased by six times to about 2.0 A/W at a
magnetic field of 10 T. Magnetic field decreases the capture

probability of an electron traversing QWs with energy larger
than the barrier height as a result of electron localization.
Landau quantization of in-plane electron motion in quantum
wells improves the PC gain and absorption quantum effi-
ciency. These effects, together with increase in the differen-
tial resistance of the detector, contribute to the observed
strong enhancement of THz response. This study reveals the
transport mechanism in THz QWPs under magnetic field and
provides a possible means for enhancing THz response of
QWP.
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a b s t r a c t

A facile, low-temperature, and low-cost chemical route has been developed to prepare ZnO nanowire and
nanosphere compound structures. The morphology, structure, and composition of the yielded products
have been examined by field-emission scanning electron microscopy, transmission electron microscopy,
and X-ray diffraction measurements. We have systematically investigated the optical properties of the
ZnO nanostructures by micro-Raman, photoluminescence, and transmission spectroscopy. The results
demonstrate that the yielded ZnO nanostructures possess good optical quality with high light absorption.
We have further successfully employed the obtained ZnO compound nanostructures in dye-sensitized
solar cells. The light-to-electricity conversion results show that the compound nanostructure exhibits a
significant enhancement of short-circuit current density due to the increased surface area and light scat-
tering in the compound nanostructures. The present chemical route provides a simple way to synthesize
various compound nanostructures with high surface area for nanodevice applications.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The synthesis and application of nanostructures in dye-
sensitized solar cells (DSSCs) have attracted much attention, since
DSSCs were firstly reported by O’Regan and Grätzel [1]. Up to now,
various metal oxide nanostructures such as TiO2, ZnO, Fe2O3, ZrO2,
Nb2O5, Al2O3, and CeO2 have been successfully employed as pho-
toelectrodes in DSSCs [2–14]. Among the above-mentioned metal
oxide nanostructures, the study of TiO2 and ZnO is of particular
interest due to the fact that they are the best candidates as photo-
electrode used in DSSCs. At present, TiO2 nanoparticle-based DSSCs
demonstrate the highest efficiency (∼11%) [3]. Compared with TiO2,
ZnO shows higher electron mobility with similar bandgap and con-
duction band energies. Therefore, ZnO is an alternative candidate
for high efficient DSSCs.

There are a variety of reports on the application of ZnO nanos-
tructures as photoelectrodes in DSSCs [11–20]. Among the various
nanostructures, the application of highly ordered ZnO nanowires in
DSSCs is of great interest. The single crystalline ZnO nanowires have
been proved to significantly improve the electron transport in the

∗ Corresponding author. Fax: +86 21 54747552.
E-mail address: wzshen@sjtu.edu.cn (W.Z. Shen).

photoelectrode films by providing a direct conduction pathway for
the photogenerated electrons [15], as schematically demonstrated
in Fig. 1(a). However, the ZnO nanowires-based DSSCs usually
show low current density compared with that made of random
nanoparticle network. The low current density in the ZnO nanowire
photoelectrode is due to the fact that the surface area of the ZnO
nanowire photoelectrode is limited [21,22]. On the other hand, as
for the ZnO nanospheres-based DSSCs [Fig. 1(b)], although the film
made of ZnO nanospheres can provide large surface area, the pho-
togenerated electrons will interact with a lot of traps when they
walk through the random network [15]. It is therefore interesting
to synthesize photoelectrodes made of nanowire and nanosphere
compound structures, in which one keeps two merits of the pre-
vious mentioned structures, as shown in Fig. 1(c). In this kind
of photoelectrode, the surface area can be increased without sig-
nificantly slowing down the electron transport in photoelectrode
films. The overall efficiency of the compound nanostructures-based
DSSCs is expected to be increased.

In this paper, we have developed a simple and low-cost chemical
route to prepare ZnO nanowire and nanosphere compound nanos-
tructures. The key point of the present method is that we employ a
certain concentration of trisodium citrate to control the nucleation
and growth rate of ZnO crystal for producing nanospheres in the
interstices between the nanowires. There are two purposes for the

0169-4332/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.apsusc.2010.05.092
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Fig. 1. Schematic diagram of photoelectrodes made of (a) nanowires, (b) nanoparticles, and (c) nanowire and nanosphere compound nanostructures.

deposition of nanospheres in the interstices between the nanowire
arrays. On one hand, the surface area of the photoelectrode will be
increased after filling the interstices between the nanowires. On
the other hand, the introduction of nanospheres in the photoelec-
trode will promote the light scattering and enhance the photon
absorption. Compared with the nanowires-based counterpart, the
compound nanostructure DSSC exhibits a significant enhancement
of the short-circuit current density. We will show that the improved
performance does benefit from the enhanced light absorption by
depositing nanospheres in the interstices between the nanowires.

2. Experimental details

2.1. Synthesis of ZnO nanowire arrays on conductive substrates

A simple and low-cost chemical route has been adopted to pre-
pare ZnO nanowire arrays. FTO (fluorine doped tin oxide, SnO2:F)
glass cleaned by sonication in ethanol and water was employed as
substrate. The seed layer on the FTO glass was formed by thermally
decomposing zinc acetate at 350 ◦C. In a typical process, FTO glass
is wet with a droplet of 0.005 M zinc acetate dihydrate in ethanol,
and then dry in a conventional laboratory oven. The dry substrate
with a thin layer of zinc acetate is heated to 350 ◦C in a Muffle fur-
nace in an air atmosphere. In order to make sure that the FTO glass
is covered by a layer of ZnO nanocrystal, we repeat the above step
two times. Next, the seeded FTO glass substrate was employed to
grow highly ordered ZnO nanowires by immersing the substrate
in an aqueous solution containing 10 mM zinc nitrate hexahydrate
(Zn(NO3)2·6H2O) and 10 mM hexamethylenetetramine (C6H12N4).
During the growth process, the temperature of the solution was
maintained at 92 ◦C.

2.2. Synthesis of ZnO nanowire and nanosphere compound
structures

In this step, a facile, low-temperature, and low-cost synthetic
method has been developed to prepare nanospheres. Because the
citrate ions can strongly bind to the Zn atoms on the ZnO (0 0 1)
surface and limit the growth rate of 〈0 0 1〉 orientation [23], high
concentration of trisodium citrate is used in this step to control the
nucleation and growth rate of ZnO crystal. The strategy employed
here to produce spherical structure is similar to that reported in the
previous work [24]. To synthesize compound structures, we trans-
ferred FTO substrate with the first step prepared highly ordered ZnO
nanowires into a glass bottle containing of 25 mM Zn(NO3)2·6H2O,
1.7 mM C6H5Na3O7·2H2O, and 0.25 mL ammonia with concentra-
tion of 25%. During this step, the solution was heated to 85 ◦C for
4.5 h. The final products on the substrates were washed repeat-
edly and then dried at 60 ◦C for the next step to prepare DSSCs and
further characterization.

2.3. Characterization of the samples

The morphology and structure of the samples were character-
ized using a field-emission scanning electron microscope (FESEM;
Philips XL30FEG) with an accelerating voltage of 5 kV and a
high-resolution transmission electron microscope (HRTEM; JEOL
JEM-2100F). The selected area electron diffraction (SAED) and
energy-dispersive X-ray (EDX) microanalysis were also performed
during the transmission electron microscope (TEM) measure-
ments. X-ray diffraction (XRD) was carried out on a D-max/2550
(Rigaku) X-ray diffractometer system equipped with a Cu K� source
(� = 1.5406 Å). Micor-Raman and photoluminescence (PL) spectra
were recorded at room temperature by a Jobin Yvon LabRAM
HR 800UV micro-Raman/PL system under an Ar+ (514.5 nm) and
He–Cd (325.0 nm) laser excitation, respectively. In order to demon-
strate that deposition of ZnO nanospheres in the interstices
between the nanowires can improve light harvesting, we per-
form the optical transmission measurements on a Jobin Yvon 460
monochromator in the wavelength range of 400–900 nm.

2.4. Fabrication and characterization of DSSCs

The prepared ZnO photoelectrodes were sensitized by immers-
ing them in 0.5 mM N719 dye in anhydrous ethanol solution
for 1.5 h. The counter electrode was a FTO glass coated with a
layer of sputtered Pt. In order to prevent short circuit of the two
electrodes, we have separated the photoanode and the counter
electrode by a spacer (100 �m in thickness) and pressed by
clamps. The electrolyte was introduced into the two electrodes by
capillary action. The electrolyte solution used here was consist-
ing of 0.6 M tetra-butylammonium iodide, 0.1 M lithium iodide,
0.1 M iodine, and 0.5 M 4-tert-butylpyridine in acetonitrile. The
photocurrent–photovoltage measurements were performed using
a CHI-660 electrochemical working station by varying an external
load voltage. A Newport-Oriel 69911 (150 W) solar light simula-
tor was used as a white light source. The intensity of incident light
was calibrated to be 100 mW/cm2 by radiometer. During measure-
ments, a mask was adopted to create an exposed area of 0.15 cm2

for all samples (the device size is about 1 cm × 2 cm).

3. Results and discussion

3.1. Structural characterization of highly ordered ZnO nanowires

Fig. 2(a) shows cross-sectional SEM image of the ZnO nanowire
array. It is clear that the alignment is good and the length of
nanowires is about 7.5 �m. The highly ordered ZnO nanowires were
directly grown on the FTO glass substrates. Fig. 2(b) demonstrates
the top-view SEM image of the ZnO nanowire array. From the figure,
one can see that there are large interstices between the nanowires.
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Fig. 2. (a) Cross-sectional and (b) top-view SEM images of the ZnO nanowire array; (c) TEM image of the ZnO nanowires (inset: the corresponding selected area electron
diffraction pattern); and (d) HRTEM image of the ZnO nanowire.

As a result, the surface area of this kind of photoelectrode is limited.
If the interstices between ZnO nanowires could be filled with other
ZnO nanostructures, the surface area of the photoelectrode would
be increased. It is reported that the diameter and the density of the
nanowires grown on the FTO substrate have significant impact on
the performance of DSSCs [25]. From Fig. 2(b), one can easily obtain
the diameter and density of the yielded nanowires is about 150 nm
and 1013 m−2, respectively.

TEM measurements have also been carried out for further inves-
tigation of the ZnO nanowires. Fig. 2(c) shows the TEM image of the
obtained ZnO nanowire array, which is consistent with the SEM
observation shown in Fig. 2(a). The corresponding SAED pattern
displayed in the inset of Fig. 2(c) suggests the single crystallinity
nature of the yielded ZnO nanowires. The HRTEM image shown
in Fig. 2(d) confirms that the obtained ZnO nanowires are single
crystalline. The lattice fringe spacing in Fig. 2(d) is measured to be
0.26 nm, which corresponds to the distance between two adjacent
ZnO (0 0 0 2) planes, indicating that [0 0 0 1] is the growth direction
of the nanowires [26].

3.2. Structural characterization of ZnO nanowire and nanosphere
compound structures

The main achievement in the present work is to synthesize
nanowire and nanosphere compound structures for increasing the
short-circuit current density of the ZnO DSSCs. As we know, the
direct fabrication of ZnO nanowire and nanosphere compound
structures remains a significant challenge. The difficulty lies in
the fact that ZnO nanospheres do not easy to obtain and fill the
interstices between the nanowires without sticking to the top-
most nanowires. Since solution can easily infiltrate the interstices
between the nanowires, the synthesis of nanowire and nanosphere
compound structures can be realized by using the solution that pro-
duces ZnO nanospheres, where the total ZnO surface area of the
photoelectrode increases.

We have successfully synthesized the ZnO nanowire and
nanosphere compound structures. Fig. 3(a) presents the low-
magnification FESEM image of the ZnO compound nanostructures.

It is clear that large-scale uniform nanospheres have been obtained.
The diameter of the nanospheres is about 400 nm. From the
high-magnification FESEM image of the compound nanostruc-
tures [Fig. 3(b)], one can see that the nanospheres do deposit
in the interstitial space between the ZnO nanowires. Though the
Brunauer–Emmett–Teller (BET) surface area measurement and/or
dye loading characterization can demonstrate the total surface area
of ZnO nanocomposites, the increase of ZnO surface area is obvi-
ous after forming ZnO compound nanostructures. Before depositing
ZnO nanospheres in the interstices between the ZnO nanowires,
the total surface area of the ZnO nanowires-based photoelectrode
[Fig. 2(b)] is the sum of the surface area of ZnO nanowires grown
on FTO substrate. After depositing nanospheres in the interstices
between the ZnO nanowires, the total surface area of the ZnO com-
pound nanostructures-based photoelectrode [Fig. 3(b)] is the sum
of the surface area of ZnO nanowires and the surface area of ZnO
nanospheres. Therefore, the surface area of the photoelectrode is
increased by filling the interstitial space. Fig. 3(c) and (d) shows
the side-view SEM image of the obtained ZnO compound nanos-
tructures at the edge of photoelectrode. We can also observe that
ZnO nanospheres have been filled in the interstitial space and some
flake-like structures are grown on the ZnO nanowires at the edge
of the photoelectrodes. These flake-like structures deposited on
the nanowires also increase the surface area of the photoelectrode,
which will contribute to the increase of short-circuit current den-
sity of the yielded DSSCs.

XRD characterization can further demonstrate the crystal struc-
ture of the obtained compound nanostructures. Fig. 4 represents
the diffraction patterns of a bare FTO glass [shown in Fig. 4(a)],
highly ordered ZnO nanowires grown on a FTO glass [Fig. 4(b)],
ZnO nanowire and nanosphere compound structures on a FTO glass
[Fig. 4(c)], and ZnO nanospheres prepared on a bare FTO glass sub-
strate [Fig. 4(d)]. From Fig. 4(a), it can be clearly observed that
only the peaks corresponding to the tetragonal SnO2 structure
[powder diffraction file (PDF) No. 77-0450] are detected, confirm-
ing that the bare FTO are consist of polycrystalline SnO2. Since
we have employed bare FTO glass as substrate, the diffraction
patterns corresponding to SnO2 have also been detected in the
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Fig. 3. (a) Low- and (b) high-magnification top-view FESEM images of the ZnO nanowire and nanosphere compound nanostructures; (c) low- and (d) high-magnification
side-view SEM image of the ZnO compound nanostructures at the edge of photoelectrode.

following synthesized nanostructures. The diffraction peaks of the
hexagonal ZnO structure [PDF No. 36-1451] appear after the ZnO
nanowires grown on a bare FTO glass [Fig. 4(b)], indicating the for-
mation of a layer of ZnO on the FTO substrate. The obtained ZnO
nanowires show a dominant strong (0 0 0 2) peak, indicating the
film exhibits a preferred orientation of (0 0 0 2) direction, which is
consistent with the SEM results shown in Fig. 2(a). After deposit-
ing ZnO nanospheres in the interstices between the nanowires,
the other diffraction peaks corresponding to the hexagonal ZnO
became strong [Fig. 4(c)]. This is originated from the polycrys-

talline nature of the newly deposited ZnO nanospheres. In order to
further confirm this argument, we have conducted the XRD charac-
terization of ZnO nanospheres deposited on a bare FTO [Fig. 4(d)],
where the obtained ZnO nanospheres are polycrystalline without
any dominant orientation.

3.3. Optical properties of the yielded ZnO nanostructures

To examine the optical properties of these yielded ZnO nanos-
tructures, we first perform the room-temperature micro-Raman

Fig. 4. XRD spectra of (a) a bare FTO glass, (b) highly ordered ZnO nanowires grown on a FTO glass, (c) ZnO nanowire and nanosphere compound structures on a FTO glass,
and (d) ZnO nanospheres prepared on a bare FTO glass substrate.
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Fig. 5. (a) Raman, (b) PL, and (c) transmission spectra of ZnO nanowires (NWs) and compound structures (CSs). (d) Photocurrent–photovoltage characteristics of the ZnO
NW and CS DSSCs.

scattering measurements. The results are shown in Fig. 5(a). From
this figure, it is clear that there are high peaks located at 437 cm−1,
which are typical Raman active branches corresponding to the
nonpolar optical phonon E2(high) mode of wurtzite ZnO. The
other two relatively weak peaks at 332 and 581 cm−1 correspond
well to the ZnO multiple-phonon (MP) scattering process and E1
[longitudinal-optical (LO)] mode, respectively [27]. The appear-
ance of the characteristic Raman peaks demonstrates that the
obtained ZnO nanostructures are of good crystalline wurtzite struc-
ture, which is consistent with the XRD observation.

We have further carried out the room-temperature PL investiga-
tion to show the optical properties of the obtained nanostructures.
From Fig. 5(b), we note that there are mainly two peaks in the stud-
ied samples with a strong ultraviolet (UV) emission at ∼380 nm and
a relatively weak green peak at ∼560 nm. The UV peak could be
generally attributed to the near-band-edge emission of the wide-
bandgap ZnO, which originates from the recombination of free
excitons. Although the origins of the broad visible luminescence are
still controversial, it is generally believed that the green emission
comes from the recombination of a photogenerated hole with the
singly ionized oxygen vacancy [28]. In comparison with the com-
pound nanostructures, the intensities of the green emissions are
rather weak in ZnO nanowires, implying the relatively low defects
there.

The main reason for the low current density of ZnO nanowire-
based DSSCs is that the surface area of the nanorod array is limited.
The low surface area of the photoelectrode results in low dye load-
ing and light harvesting. The key point of the present work is that by
depositing nanospheres in the interstices between the nanowires
to improve the surface area of the photoelectrode and to even-
tually improve the performance of the ZnO nanostructure-based
solar cells. In order to confirm whether or not the introduction of
ZnO nanospheres in the photoelectrode enhances the light har-
vesting, we have also performed the transmission spectroscopy
before and after the nanosphere deposition. Fig. 5(c) illustrates the
transmission spectra of ZnO nanowires (NWs, curve a) and ZnO
compound structures (CSs, curve b), where the transmission of the
ZnO compound structures is lower than that of ZnO nanowires. The
lower light transmission of the compound structures should be due
to the fact that the photoelectrode becomes more compact after

depositing nanospheres in the interstices between the nanowires.
On the other hand, due to the spherical structure and large size, the
nanospheres in the photoelectrode can also act as light scattering
center when light passes through the photoelectrode [29].

After dye loading, the dye molecules are adsorbed onto the
surface of the ZnO nanostructures. The transmission of the dyed
ZnO nanostructures is, as expected, much lower (curves c and d).
From Fig. 5(c), it is clear that the transmission corresponding to
the dyed compound structures (curve d) is lower than that of the
dyed nanowires (curve c). The additional broad absorption peaks at
around 535 nm correspond to the absorption of the N719 dye used
in the present work [30]. This observation demonstrates unam-
biguously that, by depositing ZnO nanospheres in the interstices
between the nanowires, the fraction of light harvesting is increased,
and the performance of the ZnO compound nanostructure-based
solar cells is expected to be better than that of ZnO nanowires.

3.4. Application of the obtained ZnO nanostructures in DSSCs

The obtained ZnO nanowires and nanowire/nanosphere
compound structures were employed to fabricate the ZnO
nanostructure-based DSSCs. We show in Fig. 5(d) the photocur-
rent density (J)–voltage (V) characteristics of the ZnO nanowire-
and compound nanostructure-based DSSCs. It is clear that there
is a significant enhancement of the short-circuit current density
(from 0.55 to 1.43 mA/cm2) in the ZnO compound nanostructure-
based solar cell, as compared with the ZnO nanowire counterpart.
The increase in the short-circuit current density is mainly due to
the fact that the surface area of the photoelectrode is increased
by depositing nanospheres in the interstices between nanowires
(Fig. 3). The increased surface area of the photoelectrode would
adsorb much more dye molecules than the ZnO nanowire-based
photoelectrode. The light harvesting in the compound nanostruc-
ture would increase [Fig. 5(c)], and consequently, more photons
would be absorbed in the compound nanostructures, resulting in
an increase in the generation of electron-hole pairs and therefore
the short-circuit current density. However, the open-circuit volt-
age does not change much after depositing nanospheres, since it
depends on the potential difference between the ZnO photoelec-
trode and the Pt counter electrode. Although the yielded efficiency
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of the ZnO compound nanostructure DSSCs is enhanced to be 0.40%
from 0.14% of the ZnO nanowire ones, further work should be on
the optimization of the photoelectrode synthesis and DSSC fab-
rication. For example, in the present DSSC device, a spacer with
100 �m thickness was used but the length of the nanowire is 7.5 �m
only. The electrolyte is introduced by capillary action so the con-
tact between the counter electrode and electrolyte may be poor.
By decreasing the thickness of the spacer between the two elec-
trodes and using longer nanowires as photoelectrode, we expect
significant increase of the overall efficiency of the ZnO compound
nanostructure-based solar cell.

4. Conclusions

In summary, we have developed a facile two-step method
to prepare ZnO nanowire and nanosphere compound nanostruc-
tures. During the synthesis process, we firstly prepare highly
ordered nanowires via a chemical route and then use subse-
quently the first step prepared sample as the substrate for forming
ZnO nanowire/nanosphere compound structures. The prepared
nanostructures have been successfully used in dye-sensitized solar
cells. Compared with the nanowire-based counterpart, the com-
pound nanostructure DSSC exhibits a significant enhancement
of the short-circuit current density. We attribute the improved
performance to the increased surface area and light scattering
of compound nanostructures. Optimized process to prepare the
ZnO DSSCs is expected to further enhance the overall efficiency.
Although the current work focuses on the synthesis and application
of ZnO compound nanostructure in dye-sensitized solar cells, this
kind of nanostructures are also expected to be used in other nan-
odevices such as gas sensor, photocatalyze, and so on, in which high
surface area is preferred. The present two-step chemical method
opens up possibilities to synthesis of various nanostructures with
high surface area for extensive study of the physical and chem-
ical properties of the obtained nanostructures, broadening their
potential nanodevice applications.
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a b s t r a c t

Controllable humidity sensitive nanoporous anodic aluminum oxide (AAO) films were prepared by the

stable high field anodization in the oxalic acid electrolyte. The sensitivity of this AAO-based sensor can be

enhanced at the low humidity region by pore widening and annealing. Exposing more anions to pore wall

surface by pore widening assists the surface electron tunneling effect. The hydrolyzation of carbon

dioxide generated by decompositing oxalic anions in AAO during annealing facilitates the protonic

conduction. These could be responsible for the improvement of sensitivity. Different hysteresis types of

AAO sensors prepared by the high field anodization were explained by the capillary condensation and

lateral moisture diffusion. This study provides a new approach to fabricate high performance metal oxide

humidity sensors by incorporating stable and accessible proton sources into humidity sensing materials.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

In recent years, nanoporous anodic aluminum oxide films with
the self-organized hexagonal arrangement of monodisperse nano-
pores have been intensively investigated for its wide applications
such as energy storage [1], solar cell [2], photonic crystal [3] and
biosensor [4], especially used as templates for the fabrications of
many nanomaterials [5–7]. The application of AAO film for
capacitive humidity sensors has also attracted many attentions
due to its excellent performance including high sensitivity at the
high humidity, quick response, good mechanical strength and low
cost [8]. However, this sensor still suffers from insufficient
sensitivity over wide humidity ranges and drifts with times, as
well as lacks of reversibility [8,9]. So, many studies have been made
for improving sensor performances of AAO-based sensors [10,11].

Recently, Kim et al. [12] investigated AAO-based humidity
sensors integrated with a microheater. Heating improved perfor-
mance parameters such as linearity, hysteresis, response time and
temperature dependence, but reduced the sensitivity. Juhász and
Mizsei [13] fabricated AAO-based sensors for on-chip integration,
which showed a maximum sensitivity of 15 pF/RH%. But the pores
distribution is out-of-order and irregular, which may confine
humidity behaviors.

In order to improve the performances of the AAO sensor, the
film should be high ordered pore structure, anionic incorporation
ll rights reserved.
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and porosity which can be adjusted by changing anodizing
conditions. As reported in Refs. [14,15], the capacitance versus
humidity characteristic of the sensor fabricated at the low current
density shows a weak response at the low humidity, while the
sensor prepared at the high current density or re-anodization
reveals a much steeper response at the low humidity. Since the
high current density can be acquired by high field anodization, the
AAO sensor with high sensitivity can be realized by means of it.
Chu et al. [16] successfully formed AAO film by high field
anodization based on an aged sulfuric acid solution. The porosity
of this AAO film increases with the incensement of the anodizing
potential. But AAO films have insufficient mechanical stabilities
and are apt to crack [17]. So the applications of AAO sensors
prepared by this method are limited. Previously, Yao et al. [18]
fabricated high performance AAO sensor by anodizing aluminum
at 195 V in a phosphoric acid solution and isotropic chemical
etching. This kind of AAO sensors shows a wider humidity range
and a higher sensitivity than traditional AAO sensors.

In the present work, we propose an effective approach to
optimize the sensitivity and the near-linear response of AAO
humidity sensors. Firstly, we discuss the effect of anodizing
conditions in oxalic acid electrolyte on the humidity performance
and choose the proper condition to fabricate AAO films in order to
obtain excellent behaviors of the AAO sensor. Secondly, exposing
more anions to the pore wall surface via pore widening can
enhance the low humidity sensitivity. Lastly, we annealed
samples to form CO2, which can generate protons relatively easy.
Two different hysteresis types of AAO sensors prepared at the
high field anodization have also been discussed afterward.
2
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2. Experimental details

AAO films were fabricated via a typical two-step anodizing
procedure, which was described in Refs. [18–21]. High purity
(99.999%) aluminum foils with a radius of 1 cm2 were degreased
in acetone, washed in de-ionized water and put into a tailor-made
holder. This holder is made of Teflon making sure that only the
right side of aluminum foil with an area of 2.15 cm2 exposes to
the electrolyte solution. Before the anodization, aluminum foils
were electro-polished at a constant voltage 10 V in a 1:4 volume
mixture of perchloric acid and ethanol at room temperature. All
high field experiments were carried out using an electrochemical
cell equipped with a cooling system. A plane graphite electrode
was used as cathode. The distance between two electrodes is
about 10 cm. The samples were anodized at the target voltage for
a certain time in a mixture of ethanol and water with a ratio of 1:4
in volume in which the concentrations of oxalic acid were 0.3 M,
and temperature of the electrolytes was kept at �5 1C. After that,
the foil was immersed in a mixture of 5 wt% H3PO4 and 1.8 wt%
H2CrO4 at 60 1C for 4 h to remove the alumina layer. The resulting
aluminum specimens were anodized again for 2 min under a
constant voltage. Pores of AAO films were widened by dipping
into a 5 wt% H3PO4 solution for a particular time at 35 1C. After
that, annealing was conducted using a muffle (Thermo Thermo-
lyne F48020-33) at 500 1C under the ambient air condition for 3 h.
To fabricate the Au–AAO–Al sandwich structure, a gold layer with
the thickness of 40 nm was deposited on the surface of AAO film
by an ion sputter coater (Hitachi E-1045). The surface area of gold
layer is about 1 cm2. Fig. 3f shows the surface image of AAO film
with Au layer.

A Philips Sirion 200 field emission scanning electron micro-
scope (FE-SEM) was employed for the morphological character-
ization of the AAO films. The controlled humidity environment
was realized by a self-built humidity chamber. The schematic of
the experimental setup is exhibited in Fig. 1. Adjusting the flows
of dry air and moisture, a range 0%–95% RHs was obtained in a
glass chamber. A hygrometer (Beijing, WS508D) was used as a
reference sensor. The sensors were placed at steady RHs at least
5 min before recording the values of capacitance. This is enough
time for stabilizing sensors signals. The capacitance character-
istics were acquired by an LCR meter (Agilent, 4284A) with the
frequency 1 kHz. The temperature of the experimental environ-
ment was maintained at 25 1C. Fourier transform infrared
spectrums (FT-IR) were measured by a spectrometer (Nicolet
Nexus 870) at room temperature.
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Fig. 2. Current–time transients of AAO films. (a) At different applied fields and

(b) enlarged current fluctuation curves.
3. Result and discussion

3.1. Optimization of anodizing conditions

AAO films fabricated by the high flied anodization posses a
great many advantages for preparing the high performance
humidity sensor. Firstly, with the increase of anodizing voltages,
the current density will be large; the sensitivity of sensor also
increases which attributes to the trapping of anions of electrolytes
in pore wall at the high current density [9,22]. Because the high
current density or the high electric-field strength is one of key
factors for the self-ordering of AAO films [23], AAO films prepared
by the high field anodization will be more orderly and have larger
pore diameters. What is more, the response and recovery behavior
of AAO sensors with smaller pore sizes require longer periods of
time for diffusion of water molecules, so AAO sensors prepared by
the high field anodization has a fast response [8,18].

However, higher electrical fields may bring many problems.
Recently, Su and Zhou [24] suggested the equifield strength model
183
in which the porosity of AAO films can be calculated by

P¼
2pffiffiffi

3
p

r

D

� �2

¼
3

nþ3
ð1Þ

where r is the pore radius, D is the pore interval or the cell size, and n

depends on the field strength and increases with the field strength.



Z. He et al. / Physica E 43 (2010) 366–371368
From the Eq. (1), we can acquire that the porosity decreases when
the applied voltage increases. Since the porosity is one of key factors
which affects the sensitivity of the humidity sensor, the control of
the applied anodizing voltage is necessary. When the applied voltage
becomes large, e.g. 150 V, the maximum current density is very large
(more than 600 mA cm�2), which usually results in catastrophic
events such as surface pitting (spot with dark brown color). This
kind of film is not suitable for the fabrication of devices for it needs a
large area. At the same time, the control of the film thickness is very
difficult because the current of anodization oscillates obviously. The
spontaneous current oscillations often lead to the formation of
irregular pore channel structures [25]. These irregular pores will
affect performances of sensors such as response times and the
degradation of the sensitivity [26].
Fig. 3. FE-SEM images of nanoporous AAO films prepared in 0.3 M oxalic acid solution. (

�5 1C, and pore widening for 5 min; (d) prepared at 120 V, �5 1C, and pore widening

surface image of AAO film with Au layer.
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Fig. 2 gives typical current–time transients of AAO films
anodized at different voltages and temperatures without any
pretreatments such as the pre-anodization. From Fig. 2a, current–
time transients show an initial pronounced increase in the current
density followed by an exponential decrease as a function of time.
The evolutions of the current in our system are similar to the
result reported by Lee et al. [21] where an oxide layer (pre-
anodization) should be formed on the surface of the aluminum
substrate before hard anodization to suppress breakdown effects
and enable the uniform oxide film growth. During the anodiza-
tion, current density oscillations have also been found when the
electrolyte was stirred in the rate of 400 rpm, and become violent
when applied voltages increase (in Fig. 2b). Here, we did not
find any irregular microstructures in pore channel, for the
a) As-prepared at 40 V, 5 1C; (b) as-prepared at120 V, �5 1C; (c) prepared at 120 V,

for 10 min; (e) prepared at 120 V, �5 1C, and pore widening for 15 min; (f) the

4
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electrohydrodynamic convection origining from the instability
produced by the electric force was disturbed by vigorous stir.

Considering advantages and disadvantages of AAO sensors
fabricated at different voltages, the typical well-organized
hexagonal pore structure AAO films were prepared by anodizing
aluminum at 120 V, as shown in Fig. 3b. The pore diameter is
86 nm and the porosity is 8.91% approximately. We also prepared
the AAO film with pore diameter 48 nm and porosity 10.84% at
40 V for comparison (Fig. 3a).

3.2. Effect of pore widening

As Khanna and Nahar [9] and Nahar and Khanna [14] have
suggested, a phonon-assisted electron tunneling mechanism takes
place at low humidity levels, which electron tunneling occurs from
one water molecule to another and it is closely related the surface
anions of pore walls. The electron tunneling distance is responsible
for the low humidity sensitivity. Increasing the surface anionic group
density, the electron tunneling distance between donor water sites
will decrease. This increases the surface conductivity and thereby
the low humidity sensitivity. Usually, the pore wall of nanoporous
alumina consists of an inner layer composed of pure alumina and an
outer oxide layer. The anion complex incorporated in the outer layer
is concentrated in the intermediate part of the outer oxide layer
[18,27]. Because anions on the surface of pore walls exert a strong
influence on electronic and ionic surface conductivities of the AAO
film, as well as capacitance, exposing more anions to the surface by
pore widening may enhance the sensitivity at the low humidity.
Here, the different surface anions concentration of pore wall were
obtained by changing chemical etching time (5, 10 and 15 min).
Fig. 3c–e show typical SEM images of the AAO films (120 V) treated
by chemical etching for different times.

Fig. 4 shows the capacitance characteristics of AAO sensors
with different pore widening times. A distinct improvement of the
low humidity sensitivity and a more linear response can be
obtained after pore widening for 10 min. This indicates that the
pore widening for suitable time is an effective approach to
optimizing anions concentration distribution of pore wall surface.
Besides, the sensitivity of the high humidity decreases when pore
widening is performed. At the high humidity, the permittivity
constant and ionic strength of solution increase due to the high
density of surface anions. The absorbed water has a lesser
freedom of orientation, so the high humidity sensitivity decreases
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Fig. 4. Capacitance characteristics of AAO films formed in 0.3 M oxalic acid
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[9,14]. Because the low humidity sensitivity improved and the
high humidity sensitivity decreased, the linearity of AAO sensor
can be improved. And after pore widening for 15 min, the sensor
displays the poor sensitivity, this may be because the outer layer
is etched mostly by the H3PO4 solution, and the relatively pure
alumina layer is left behind.

3.3. Effect of annealing

From Fig. 5, we can see that a distinct improvement of the
humidity sensitivity can be acquired by annealing. The high
sensitive range of AAO sensor improves to the 25% relative
humidity (RH) after annealing for 3 h (Fig. 5c), while the sensor
without annealing begins at the 45% RH (Fig. 5a). And a similar
result can be observed when samples were treated by pore
widening and annealing (Fig. 5d) compared with that of AAO
sensor treated only by pore widening (Fig. 5b).

During annealing, g–AlOOH formed and crystallized. The grain
boundary in polycrystalline materials can act as a site for the
carrier trapping, which hinders the transportation of electrons
from a grain to the neighboring ones. Meanwhile, oxygen in air
can enter into the AAO film and fill oxygen vacancies during the
heat treatment. This might restraint transportation of electrons by
jumping over the barrier or tunneling through the AAO film with
more difficultly [28,29]. The improvement of sensitivity 25–45%
RH range may ascribe to the proton conduction, for it cannot
account for the electron tunneling mechanism.

To further confirm our deduction, FT-IR spectrums were
measured as shown in Fig. 6. Two absorption structures ranging
from 1500 to 1700 cm�1 in AAO films are the characteristics of
C¼O stretching vibrations in carboxylate ions and carboxylic
groups [29,30]. Moreover, a notable absorbed peak appears after
annealing. In Fig. 6c and d, the 2342 cm�1 peak is contributed to
the formation of CO2 inside in AAO rather than from the air
[29,30]. The formation of CO2 molecules may due to the
decomposition of C2O2�

4 in AAO during annealing [28]. Because
C2O2�

4 are concentrating around the pore wall surface after pore
widening, CO2 molecules would be trapped in the surface of pore
wall after annealing. Meanwhile, CO2 molecules will not react
with Al(OH)3 or Al2O3 at the aqueous solution. So the dissociation
of Al(OH)3, H2O [8,31] and H2CO3 molecules may be principal
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sources of protons. Dissociation chemical equations and dissocia-
tion equilibrium constants of these molecules in the aqueous
solution are as follows:

H2O"Hþ þOH� Kw ¼ 1:0� 10�14
ð2Þ

AlðOHÞ3"Hþ þAlO�2 þH2O KaðAlðOHÞ3Þ � 4:0� 10�13
ð3Þ

CO2þH2O"H2CO3 ð4Þ

H2OþH2CO3"Hþ þHCO�3 KaðH2CO3Þ
¼ 4:2� 10�7

ð5Þ

HCO�3 þH2O"CO2�
3 þHþ KaðHCO�3 Þ

¼ 5:6� 10�11
ð6Þ

Compared with others, the dissociation equilibrium constant
of H2CO3 KaðH2CO3Þ

is the largest. This means that the generation of
protons is easier after CO2 trapped in pore wall. After initial water
layers are physically absorbed on the pore wall, CO2 molecules
begin to hydrolysis and protons release. And then, proton hoping
between adjacent water molecules in the continuous water layer
takes place which increases the conductivity of AAO sensor. So
appeared CO2 molecules may be responsible for the high
sensitivity at the relative low humidity range.

3.4. Hysteresis

The capillary condensation might cause hysteresis in the
characteristics. Timar-Horvath et al. [32] explain the hysteresis by
it recently. If capillary condensation plays the main role in the
hysteresis, the capacitance of desorption should be larger than the
absorbed capacitance according to the Kelvin equation. However,
our results show that the capillary condensation may be one of the
reasons for hysteresis of AAO sensors prepared by high fields. From
Fig. 7, the absorbed capacitance of as-prepared at 120 V is larger
18
than that of desorption, but the sample prepared at 120 V with pore
widening for 10 min and annealing for 3 h and the sample as-
prepared at 40 V is smaller. Previously, Nahar [26] explained the
degradation or the drift of performance of AAO sensor at the high
humidity by the lateral moisture diffusion. He found that virtual
pore widening due to the wetting of the pore wall can decrease the
capacitance after exposure of the sensor at the high humidity. This
can also explain our results of two different hysteresis types.
Because of the lager current density, the outer part of outer layer is
loose for a large number of anions permeating during the
anodization. In other words, the permeation of water molecules
through this part of the pore wall during the absorption is easier.
Because the permeation of water during the absorption, the amount
of water molecules of absorption is more than the amount of
desorption. This causes the absorbed capacitance is larger than the
desorbed capacitance at the same humidity. After this less dense
part is removed, the dominating factor of hysteresis is back to the
capillary condensation. And after annealing, microstructures inside
the cell structure of the porous film were partial sealed [33]. Heating
the sensor to desorb the moisture inside the pore wall by a
microheater, the effect of the hysteresis could be reduced [12].
4. Conclusion

We proposed an effective approach to optimize the sensitivity
of AAO-based humidity sensors. By pore widening, more anions
would expose to the pore wall surface, which facilities electrons
to hop along the surface of the pore wall. The generation of
protons from the hydrolyzation of CO2 formed by annealing the
AAO is in favor of the protonic conduction. Therefore, the
sensitivity and the linear response of AAO sensors were improved
by pore widening and annealing. The different hystereses of AAO
sensors have also been observed. This work has significance in the
design of diverse humidity sensors for practical applications.
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Zn1�xMgxO (ZMO) thin films have been successfully prepared using metal organic chemical vapor

deposition (MOCVD). The structural, electrical and optical properties of ZMO thin films deposited under

a series of conditions have been investigated. X-ray diffraction (XRD) studies indicate that the ZMO and

ZMO:B films in this work are of the hexagonal wurtzite ZnO structure with (1 0 1) plane preferential

deposition. In addition, the B2H6 flow rate can influence the interplanar distance and the grain size of

the ZMO:B films. By varying the B doping concentration, the resistivity of a ZMO:B thin film can be

reduced to about 10�5 O cm. The optical measurements reveal a blue shift of the absorption edge, a

high transmittance of about 90% in visible regions and a high absorption of about 100% in UV regions.

Tuning of the band gap energy is obtained from 3.32 to 3.74 eV for ZMO films and 3.58 to 3.88 eV for

ZMO:B films, which demonstrates that these films have potential application in UV detectors and as the

window layer of thin film solar cells.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

Zinc oxide (ZnO) is a II–VI compound semiconductor with a
wide direct band gap of 3.32 eV and a large exciton binding
energy of 60 meV at room temperature [1,2]. ZnO thin films have
been used as transparent conducting films for different optoelec-
tronic devices such as liquid crystal displays and solar cells [3,4].
However, there are some limitations in the application of ZnO in
integrated optical devices since its band gap is not wide enough.
Research shows that the band gap of ZnO can be tuned by alloying
with Cd or Mg. The resultant band gap energies of the Zn1�yCdyO
and Zn1�xMgxO alloys can be tuned to between 2.80�3.32 and
3.32�4.50 eV, respectively [5–7]. As a result, Zn1�xMgxO (ZMO)
with a wider band gap has recently received a lot of attention due
to its potential application in ultraviolet optoelectronic devices
[8]. It is an ideal material for the window layer of chalcopyrite-
based solar cells as it improves the overall efficiency by increasing
the absorption of short wavelengths [9,10]. Intrinsic ZMO is a
weak n-type material, whose electrical properties are similar to
undoped ZnO films. In most cases, ZMO could be doped with IIIA
(e.g., B[11], Al[12], Ga[13] ), IIIB (e.g., Sc), IV (e.g., Si [14] Ge [15])
and VII (e.g., F) elements. In this research B2H6 was selected as the
dopant to produce low-resistivity B-doped ZMO (ZMO:B) thin
ll rights reserved.
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films. ZMO:B is found to be a key functional oxide with high
transparence to visible light and high conductivity.

ZMO thin films can be prepared by many techniques, including
magnetron sputtering [16,17], molecular beam epitaxy (MBE)
[18], pulsed laser deposition (PLD) [19], sol–gel [20] and metal
organic chemical vapor deposition (MOCVD) [21,22]. In this work,
ZMO and ZMO:B thin films were produced on quartz substrates
using MOCVD, which is a kind of film growth process without
introducing ion damage.

This paper investigates the structural, electrical and optical
properties of ZMO and ZMO:B thin films grown using a series of
deposition conditions. The influence of Mg content and B doping
concentration on the properties of ZMO thin films is also
discussed.
2. Experiment

MOCVD was used to grow ZMO and ZMO:B thin films on
quartz substrates. H2O, diethyl-zinc (DEZn), methylcyclopenta-
dienyl-magnesium (MeCp2Mg) and borane (B2H6) were used as
source materials. Each source was bubbled into the reaction
chamber using a high-purity Ar carrier. In the process of growing
ZMO thin films, the experimental conditions were: substrate
temperature 254 1C, DEZn temperature 20 1C, MeCp2Mg tempera-
ture 74 1C, H2O temperature 40 1C, total pressure 1.5 Torr, growth
time 1 h, H2O flow rate 50 sccm and DEZn flow rate 10 sccm,
respectively. The only variable factor was the MeCp2Mg flow rate.
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ZMO thin films were prepared with different Mg content by
maintaining the MeCp2Mg flow rate at 20, 47, 60, 80, 125, 150 and
180 sccm. Similarly, in the process of growing the ZMO:B thin
films, the conditions were: substrate temperature 227 1C, DEZn
temperature 20 1C, MeCp2Mg temperature 74 1C, H2O tempera-
ture 40 1C, total pressure 1.5 Torr, growth time 1 h, H2O flow
rate 50 sccm, DEZn flow rate 10 sccm and MeCp2Mg flow rate
100 sccm, respectively. The only variable factor was the B2H6 flow
rates. At a series of different B2H6 flow rates (1.0, 2.0, 3.0, 4.0
and 5.0 sccm), ZMO:B thin films with different B concentrations
were grown.

The crystal quality of the ZMO and ZMO:B thin films was
analyzed by XRD in y–2y geometry. A Ni-filtered Cu Ka source
(l¼1.5406 nm) was used, and the scanning range was between
2y¼301 and 801. The film thickness was measured by step
profiler. The resistivity of the film was measured by a four-point
probe resistivity method at room temperature (25 1C). Optical
properties in the wavelength range of 200–900 nm were studied
by a UV–vis spectrometer.
3. Results and disscussion

3.1. Structural properties

3.1.1. ZMO thin films

The crystal structures of the ZMO thin films were investigated
by XRD. The normalized XRD patterns of the ZMO films prepared
under different Mg flow rates are presented in Fig. 1. When the
Mg flow rate ranges from 20 to 60 sccm, no obvious diffraction
peaks are observed. The main reason for this is the films are too
thin to get sufficient X-ray diffraction. When the Mg flow rate is
more than 80 sccm, one peak corresponding to the (1 0 1) plane of
Fig. 1. XRD patterns of ZMO films prepared under different Mg flow rates: 20, 47,

60, 80, 125, 150 and 180 sccm.
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ZnO appears, and no other diffraction is observed, suggesting that
the films are preferentially oriented along the (1 0 1) plane. As the
Mg flow rate is increased above 125 sccm, another small
diffraction peak corresponding to the (1 1 2) plane of ZnO
becomes visible. Both the (1 0 1) and (1 1 2) peaks are enhanced
as the Mg flow rate increases; however, the intensity of the (1 1 2)
peak is always smaller than the (1 0 1) peak for Mg flow rates
between 80 and 180 sccm. Diffraction peaks from other phase
such as MgO are not detected, indicating that the ZMO thin films
are composed of a single-phase wurtzite ZnO structure up to a Mg
flow rate of 180 sccm. Since the Mg content of the ZMO films is
small, the ZMO wurtzite structure is not changed. The Mg content
x in the Zn1�xMgxO films we prepared under different Mg flow
rates is 0.01rxr0.20, which could be inferred according to
the relationship of band gap energy and the Mg content in the
ZMO alloy [23]. The enhancement of the (1 0 1) and (1 1 2) peaks
is due to an improvement of the crystalline quality and an
increase in the film growth rate. The crystalline quality could be
demonstrated by the FWHM of the diffraction peaks. Fig. 2 shows
that the ZMO film growth rate gradually increases with an
increase in the Mg flow rate. The film thickness divided by the
growth time is the average growth rate. And the growth time for
all the films is the same. The XRD pattern of the thicker ZMO thin
films display stronger diffraction peaks.

3.1.2. ZMO:B thin films

The crystal structure of the ZMO:B thin films was investigated
by XRD. The normalized XRD patterns of the ZMO:B films prepared
under different B2H6 flow rates are displayed in Fig. 3. When the
B2H6 flow rate ranges from 0.8 to 5.0 sccm, we can observe two
diffraction peaks corresponding to the (1 0 0) and (1 0 1) plane of
ZnO, respectively. The intensity of the (1 0 1) peak is strong while
that of the (1 0 0) peak is weak, suggesting that the films are
preferentially orientated along the (1 0 1) plane. Another small
diffraction intensity peak corresponding to the (2 0 1) plane of ZnO
is also detected when the B2H6 flow rate ranges from 0.8 to
1.0 sccm; this peak disappears when the B2H6 flow rate is greater
than 2.0 sccm. The intensity of the (1 0 1) diffraction peak is
gradually weakened as the B2H6 flow rate increases, suggesting
degradation of the film crystallinity. However, it is noted that
diffraction peaks from another phase such as MgO are not
detected, indicating that the ZMO:B thin films are still composed
of a single-phase wurtzite ZnO structure. This is mainly because
the Mg and B content of the ZMO:B films is small and therefore
Fig. 2. The relationship of ZMO film growth rate with Mg flow rate within the

range of 20–180 sccm.
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Table 1
Various parameters of the (1 0 1) diffraction peak for ZMO:B thin films prepared

under different B2H6 flow rates.

B2H6 (sccm) 2y (deg.) FWHM (deg.) dhkl (nm) D (nm)

0.8 36.422 0.430 0.28622 23.2

1.0 36.526 0.440 0.28543 22.7

2.0 36.835 0.836 0.28312 11.7

3.0 37.042 0.820 0.28159 11.9

4.0 36.784 0.765 0.28350 12.8

5.0 36.732 0.779 0.28388 12.6

Fig. 4. The interplanar distance (d) and grain size (D) as a function of the B2H6 flow

rate in the range of 0.8–5.0 sccm.

Fig. 3. XRD patterns of ZMO:B films prepared under different B2H6 flow rates. The

B2H6 flow rates are 0.8, 1.0, 2.0, 3.0, 4.0 and 5.0 sccm.

C. Li et al. / Journal of Crystal Growth 312 (2010) 1929–1934 1931
does not alter the ZMO wurtzite structure. The Mg content x in the
B doped Zn1�xMgxO films is x¼0.11 [23].

The ZMO:B thin films are composed of a hexagonal wurtzite
ZnO structure when the Mg content is low. The interplanar
distance and the diffraction angle follow Bragg’s law [24]:

2d sin y¼ nl ð1Þ

where d is the interplanar distance, y is the diffraction angle and l
is the wavelength. We can also derive the grain size (D) from XRD
using the Debye–Scherrer formula [25]:

D¼
Kl

b cos y
ð2Þ

where K is the correction factor (0.89), l is the X-ray wavelength
(l¼1.540600 nm), b is the y–2y peak width, and y is the Bragg
diffraction angle. We choose the (1 0 1) peak to calculate the grain
size since it is prominent in all of the profiles. The parameters
of the (1 0 1) diffraction peak for the ZMO:B thin films are shown
in Table 1.

The interplanar distance (d) and grain size (D) as a function
of the B2H6 flow rate in the range of 0.8–5.0 sccm are shown
190
in Fig. 4. The interplanar distance first decreases and then
increases as the B2H6 flow rate increases. We observe that the
grain size of the ZMO:B thin films decreases sharply and then
remains almost constant as the B2H6 flow rate increases.

3.2. Electrical properties

The electrical properties were investigated using the Hall effect
measurement technique. Fig. 5 shows how the electrical
resistivity (r), Hall mobility (m) and carrier concentration (n) of
the ZMO:B thin films are related to the B2H6 flow rate. There is a
positive correlation between the B2H6 flow rate and the B content
of the ZMO:B films. Fig. 5 shows the variation of resistivity of the
ZMO:B films with respect to the B2H6 flow rate. The resistivity is
approximately 2.58�10+ 3 O cm for the undoped ZMO film. The
introduction of B in ZMO greatly reduces the electrical resistivity
to approximately 10�5 O cm, which is eight orders of magnitude
lower than that of the undoped ZMO films. This indicates that, in
order to produce highly conducting ZMO:B films, B doping is
necessary. The resistivity (r) is proportional to the reciprocal of
the product of the electron concentration (n) and the mobility (m),
which could be expressed as

r¼ 1

s ¼
1

nem ð3Þ

Here, s is conductivity and e is electron charge.
The carrier concentrations of ZMO:B thin films are also shown

in Fig. 5. The electron concentration of undoped ZMO film is
6.0�10+ 14 cm�3, which could be enhanced drastically by the B
incorporation. As the B2H6 flow rate increases, the electron
concentration increases to about 10+22 cm�3, which is eight
orders of magnitude higher than that of the undoped ZMO films. B
is a trivalent element, and it mainly contributes to donor dopants.
This is the main reason that the resistivity of ZMO:B films is much
lower than that of their undoped counterparts.

Fig. 5 shows that the Hall mobility (m) of the ZMO:B films
gradually decreases with an increase in B2H6 flow rate from
3.60 cm2 V�1 s�1 for pure ZMO to 1.54 cm2 V�1 s�1 for the
ZMO:B film. The carrier mobility is determined by a few scattering
mechanisms and for ZMO:B films may be expressed as

1

m ¼
1

mi

þ
1

mg

þ
1

ml

ð4Þ

Here, mi, mg and ml are the mobilities due to ionized impurity
scattering, grain-boundary scattering and lattice vibration
scattering, respectively.
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Fig. 5. Resistivity, carrier concentration and Hall mobility of ZMO:B films as a function of B2H6 flow rate in the range of 0–5.0 sccm.
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3.2.1. Ionized impurity scattering (mi):

The ionized impurity scattering mobility is expressed as
[12,17]

mi ¼
2

m�

� �1=2 e1=2E3=2
F

pe3NiZ2
ln 1þ

eEF

N1=3
i Ze2

 !2
24 35�1

ð5Þ

where EF is the Fermi level, e is static dielectric constant, e is
electron charge, Z is ion valence, mn is the electron effective
mass in conduction band, and Ni is the concentration of the
scattering centers. Fig. 5 shows the Hall mobility gradually
decreases as the B2H6 flow rate increases. This change is mainly
due to the enhanced concentration of ionized impurity because
of the B incorporation. For highly degenerate semiconductors,
the ionized impurity scattering is the main scattering mechanism,
independent of temperature in the low temperature range. The
Hall mobility of the ZMO:B films decreases from 3.60 cm2 V�1 s�1

for pure ZMO to 1.54 cm2 V�1 s�1 for the ZMO:B film. This
variation is relatively small, compared with carrier concentration.
3.2.2. Grain-boundary scattering (mg):

According to the scattering model of grain-boundary, the
grain-boundary scattering mobility is given by [17,26]

mg ¼ m0T�1=2exp �DE=kT
� �

ð6Þ

Here, DE is the potential barrier of grain-boundary, k is the
Boltzmann constant, and T is the temperature. The grain-
boundary scattering is dominant only when its grain size is
comparable to the free-electron mean free path of the carriers in
films.
3.2.3. Lattice vibration scattering (ml):

The lattice vibration scattering mobility is written as [17,27]

ml ¼
p
3

� �1=3 eh3Cl

m�ð Þ2E2
dkT

1

n1=3
e

p
1

T
ð7Þ

Here, Ed is the deformation potential constant and Cl is the
elasticity modulus. The lattice vibration scattering is dominant
only in the high-temperature range. As a result, its contribution
could be negligible at room temperature.
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3.3. Optical properties

Optical transmission was measured using a UV–vis spectro-
photometer. Fig. 6 gives the spectra for all of the ZMO and ZMO:B
thin films. Fig. 6(a) shows the spectra of the ZMO films prepared
under different Mg flow rates, and Fig. 6(b) shows the spectra of
ZMO:B films prepared under different B2H6 flow rates. We observe
the fluctuation, which is principaly due to the interference effect
owing to the reflection at the interfaces, in the spectra in Fig. 6(b).
A similar effect is not observed in Fig. 6(a) because the ZMO films
are too thin to have the interference effect. The thicknesses of ZMO
films in Fig. 6(a) are �100 nm, while the thicknesses of ZMO:B
films in Fig. 6(b) are �1000 nm. Sharp fundamental absorption
edges are observed in all the spectra for the ZMO and ZMO:B thin
films. These films have a high transmittance of about 90% in visible
regions and a high absorption of about 100% in UV regions. We
also notice the distinct ‘‘blue shift’’ of the absorption edges to the
short wavelengths in Fig. 6(a) and (b) with an increase of Mg or
B2H6 flow rate.

The fundamental absorption corresponding to electron excita-
tion from the valance to the conduction band is used to determine
the value of the optical band gap (Eg). As direct band gap
semiconductors, ZMO and ZMO:B have an absorption coefficient
(a) obeying the Tauc relation as follows:

aðhnÞ ¼ Cðhn�EgÞ
1=2

ð8Þ

where C is a constant, h is Planck’s constant, n is the photo
frequency and Eg is the energy band gap. The transmittance (T)
and reflectivity (R) of the film follow the relation:

T ¼ ð1�RÞ2expð�atÞ ð9Þ

As a result, a can be calculated from Eq. (6):

a¼�1

t
ln

T

ð1�RÞ2

" #
ð10Þ

The optical band gap values can be determined from Eq. (4) by
plotting the square of the optical absorption coefficient as a
function of the photon energy and by extrapolating the linear part
of the curves to the energy axis as shown in Fig. 7. The calculated
optical band gap values are shown in the figure inset.

From Fig. 7, we notice that the band gap of the ZMO films first
increases and then decreases, reaching a maximum value of
3.74 eV at an Mg flow rate of 150 sccm. The trend of band gap of
1
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Fig. 7. (a) Plot of square of the absorption coefficient as a function of photon

energy for ZMO films prepared under Mg flow rates of 20, 47, 60, 80, 125, 150 and

180 sccm. The inset shows the optical band gap values as a function of the Mg flow

rates. (b) Plot of square of the absorption coefficient as a function of photon energy

for ZMO:B films prepared under B2H6 flow rates of 0, 1, 2, 4, and 5 sccm. The inset

shows the optical band gap values as a function of the B2H6 flow rates

Fig. 6. (a) Optical transmission spectra of ZMO thin films prepared under different

Mg flow rates of 20, 47, 60, 80, 125, 150 and 180 sccm. (b) Optical transmission

spectra of ZMO:B thin films prepared under different B2H6 flow rates of 0.8, 1.0,

2.0, 4.0 and 5.0 sccm.

C. Li et al. / Journal of Crystal Growth 312 (2010) 1929–1934 1933
ZMO:B films is similar to that of ZMO films, reaching a maximum
value of 3.88 eV at a B2H6 flow rate of 2 sccm. This movement of
the band gap can be explained by the combined action of the
Burstein–Moss shift [28] and the effect of band gap renormaliza-
tion. The cause of Burstein–Moss shift (BM shift) is an energy
band widening (blue shift) effect resulting from the increase of
the Fermi level in the conduction band of degenerate semicon-
ductors. The band gap renormalization is an effect that electrons
of the conduction and valence bands interact with impurities and
defects of the forbidden band gap, resulting in a narrowing of the
energy band. It is noted that the Mg atom loses electrons more
easily than the Zn atom due to a difference in Pauling electro-
negativities (1.31 for Mg is smaller than 1.65 for Zn) [29]. As a
result, the Mg impurity in ZMO films plays a similar role of
electron-provider as the B donor element in ZMO:B films. The
optical band gap is given by the following formula:

Eg ¼ E0
gþDEBM

g �DEN
g ð11Þ

where Eg and E0
g are the band gap energies of doped and intrinsic

films. DEBM
g is the energy band gap widening due to the BM shift,

which is related to the electron concentration [28,30]. DEN
g is the

energy band gap narrowing induced by the effect of band gap
renormalization.
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4. Conclusion

In summary, stable hexagonal ZMO and ZMO:B thin films have
been successfully prepared on quartz substrates using MOCVD.
We have studied the structural, electrical and optical properties of
ZMO films prepared under different Mg flow rates and ZMO:B
films prepared under different B2H6 flow rates.

XRD patterns reveal that the ZMO and ZMO:B films are
composed solely of the wurtzite ZnO structure. By using B2H6 as a
dopant, we obtain highly conducting ZMO:B thin films. The
resistivity decreases from 10+ 3 O cm for the undoped to approxi-
mately 10�5 O cm for doped ZMO films. The scattering mechan-
isms related to the Hall mobility and the relationship between
resistivity and carrier concentration of the ZMO:B films were also
studied. The variations in optical absorption edges and band gap
energies of ZMO and ZMO:B films were also investigated. Tuning
of the band gap has been obtained from 3.32 to 3.74 eV for ZMO
films and from 3.58 to 3.88 eV for ZMO:B films. These properties
demonstrate that the films are an ideal material for the window
layer of solar cells and also have potential application in UV
detectors.
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1. Introduction

ZnO has attracted great attention in recent years due to its
potential applications in optoelectronic and transparent electronic
devices [1,2], owing to its direct wide band gap (Eg ∼3.37 eV at room
temperature) and large exciton binding energy (∼60 meV). How-
ever, ZnO is still not widely used in practical devices to date because
of the difficulty in obtaining stable p-type conductivity in a
reproducible way. Until now nitrogen (N) is considered to be the
most promising p-type dopant for ZnO due to its similar ionic radius
to oxygen and its resistance to forming AX center, a deep defect
complex compensating for acceptors [3]. Carrier recombination and
phonon scattering processes are important issues in a semiconduc-
tor because they have a significant influence on the optical and
electrical properties of the material. Two powerful optical charac-
terization techniques, photoluminescence (PL) and Raman spec-
troscopy, are commonly employed for fast and nondestructive
studying carrier recombination and transport processes, respective-
ly. Studies on PL [4] and Raman scattering [5] in N-doped ZnO (ZnO:N)
has been reported recently, however, the understanding of fundamen-
tal properties in ZnO:N is still relatively incomplete. To further
understand the effects of extrinsic defects caused by N doping on the
optical and vibrational properties of ZnO, investigations on PL and
resonant Raman scattering (RRS) in ZnO:N thin films were carried out
at room temperature in this work. Obvious changes in the PL and RRS
properties were observed in ZnO:N, and the underlying mechanisms
accounting for the effects of N doping on the optical and vibrational
properties of ZnO were discussed in detail.

2. Experiments

The ZnO:N thin films were deposited by a reactive electron beam
(e-beam) evaporation system at low temperature [6]. Considering
the potential application of ZnO based transparent thin film
transistors in the flat-panel display industry [7], amorphous glass
was used as substrate in our experiment. High-purity (99.99%) ZnO
was used as an evaporation source. During the deposition process,
NH3 gas with 99.999% purity was introduced into the growth
chamber as an N-dopant source. Collisions between the high energy
e-beams or particles sputtered off the ZnO target and the NH3

molecules can ionize NH3 gas partially, and the ionized N atoms are
expected to be incorporated into the ZnO lattice thus ZnO:N can be
obtained. In the experiment, increasing NH3 gas partial pressure in
the range of 1.0×10−2 to 5.0×10−2 Pa was employed to acquire
ZnO:N with different N concentration. For the comparison of the
optical characteristics in N-doped and undoped ZnO, another
reference sample without N doping was grown with high-purity
(99.999%) O2 gas. The substrate temperature during deposition was
optimized to be 250 °C. After growth, all samples were cut into two
parts: one half was retained as an as-grown standard, while the
other half was annealed at 500 °C for 30 min in O2 ambience before
characterization. The measured resistivity values of all the annealed
ZnO:N samples are nearly 4 orders of magnitude larger than that of
the reference sample, which may be attributed to the expectation
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Fig. 1. The X-ray diffraction (XRD) spectra of the as-grown and post-deposition annealed
N-doped ZnO sample (N2), and the inset shows the XRD patterns of the as-grown and
post-deposition annealed undoped ZnO reference sample (O2), where the “2T” denotes
the peak center and the “B” denotes the full width at half maximum.
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that the addition of NH3 during growth could compensate oxygen
vacancies thus decrease the carrier concentration in ZnO films. The
specific growth parameters, film thicknesses, and resistivity values
for all ZnO film samples are listed in Table 1.

The ZnO film thicknesses were characterized using a Tencor Alpha
Step 200 profilometer by etching a step following film growth. The
crystalline structures of the deposited ZnO films were analyzed by a
Rigaku D/max-rA X-ray diffractometer with Cu Kα radiation
(λ=0.15406 nm). The PL measurements were carried out on a
Jobin Yvon LabRAM HR 800UV micro-Raman system at room
temperature, using the 325 nm line of a He–Cd laser as an excitation
source. Non-resonant and resonant Raman measurements were also
performed on the Jobin Yvon LabRAM HR 800UV micro-Raman
system at room temperature, using the 514.5 nm line of an Ar+ laser
and the 325 nm line of a He–Cd laser as excitation sources,
respectively. The number of grating grooves in the Raman spectrom-
eter was 1800 for the visible laser and 2400 for the UV laser. And the
laser excitation power was kept low enough to minimize sample
heating which could result in thermal-induced Raman peak red shift.
All Raman spectra of the ZnO films were recorded in the z(x,−)z

−

backscattering configuration, where the z-coordinate is normal to the
sample surface. Thus the polarization of the incident light was parallel
to the sample surface. The scattered light was not analyzed for its
polarization.

3. Results and discussion

The X-ray diffraction (XRD) patterns of the as-grown and post-
deposition annealed ZnO:N sample N2 are shown in Fig. 1, and the
XRD curves of the as-grown and annealed undoped ZnO reference
sample O2 are plotted in the inset. For the as-grown undoped ZnO, an
intense peak at 34.56° was observed, which corresponds to the (002)
diffraction peak of ZnO. Its full width at half maximum (FWHM) value
decreased from 0.321° to 0.308° after annealing, implying that the
film quality was improved by post-growth heat treatment. According
to the Scherrer's formula, the average grain size estimated from the
(002) peak is about 25.9 nm in the as-grown ZnO film, and it increases
to 27.0 nm after annealing. The slight shift in the peak position 2θ
toward lower angle upon annealing may be attributed to the partial
release of stress in the film.

For the as-grown ZnO:N, the dominant (002) diffraction peak of
ZnO reveals that the ZnO:N film deposited on amorphous glass at low
temperature still shows a preferred c-axis orientation. Larger FWHM
values of the (002) peaks were observed in both the as-grown and
annealed ZnO:N compared with those of the undoped ZnO, respec-
tively. The broadening of the (002) peak caused by N doping can be
interpreted as due to the incorporation of extrinsic defects, e.g.
substitutional N atoms and/or N–H complexes [8,9] on O sites, in the
ZnO lattice. And the slightly larger 2θ values for ZnO:Nmay arise from
the fact that the bond length of Zn–N(1.88 Å) [3] is smaller than that of
Zn–O (1.93 Å). The average grain size is about 20.1 nm in the as-grown
ZnO:N film, and it increases to 22.6 nm after annealing.

Fig. 2 shows the room temperature PL spectra of the as-grown
undoped and N-doped ZnO film samples. An intense ultraviolet (UV)
Table 1
Deposition parameters for ZnO thin films on amorphous glass at 250 °C by e-beam
evaporation system.

Sample Growth
ambience

Partial pressure/Pa Thickness/nm Resistivity after
annealing/Ω·cm

O2 O2 2.0×10−2 220 1.68×10−1

N1 NH3 1.0×10−2 470 2.37×103

N2 NH3 2.0×10−2 345 6.96×105

N3 NH3 3.0×10−2 220 4.18×105

N5 NH3 5.0×10−2 330 1.65×106
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peak at 3.286 eV (377.4 nm) was observed from the undoped ZnO.
This peak was considered as a superimposition of multiple peaks due
to the convergence of the A- and B-exciton peaks, and the coupling of
the 1LO-phonon replica with the line broadening of each of these
peaks at room temperature [10], so it can be attributed to a free-
exciton related transition. For the ZnO:N sample N1, with the lowest
NH3 partial pressure in the growth process, the UV peak appeared at
3.280 eV (378.0 nm). Its peak position red-shifted 6 meV and its
intensity decreased by 75% compared to those of the undoped ZnO,
respectively. The origin of the peak is still related to the free excitonic
transition, and the slight shift of the peak may stem from the strain
induced by N doping, resulting energy change of the band structure.
As the NH3 partial pressure was increased further, the UV peak
became rather weak and broad, and its peak position red-shifted
gradually to around 3.0 eV. According to recent reports that
substitutional nitrogen on oxygen site (NO) induces a shallow
acceptor level which is about 165 meV above valence band [11] and
Zni–NO complex is a shallow donor at about 30 meV [12], the weak
broad PL line at about 3.0 eV can be attributed to a donor–acceptor-
pair (DAP) recombination, i.e., related to the Zni–NO shallow donor
Fig. 2. Room temperature PL spectra of the as-grown ZnO samples, and the high energy
region also shows resonant LO phonon peaks due to 325 nm Raman excitation.
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and NO acceptor. The weak and broad luminescence band in the range
of 2.0 to 2.7 eV in ZnO:N has previously been attributed to deep level
defects such as oxygen vacancies (VO) in the crystal structure [10]. In
addition, it is interesting to note that several evenly spaced peaks
were observed at 3.460, 3.532, 3.603, and 3.673 eV, with intervals of
about 71 meV, on the high energy side of the PL spectra for ZnO:N.
These peaks were attributed to multiple longitudinal optical phonon
RRS modes excited by the 325 nm laser line.

It has been established that the PL intensity I can be expressed as
[13,14]

I = ηIα0 ð1Þ

where I0 is the excitation laser power, η is the emission efficiency, and
exponent α is a coefficient associated with radiative recombination
mechanism. For excitonic recombination, 1bαb2, and for DAP
transition, αb1 [13]. Furthermore, exciton lifetime is an important
parameter related to material quality, becoming longer as crystal
quality improves, and efficiency of radiative recombination is strongly
related to lifetime of particular transition. For the comparison of the
PL features in N-doped and undoped ZnO, identical measurement
conditions were employed for each film sample. As can be seen in
Fig. 2, the obvious decrease in the UV emission intensity for the ZnO:N
sample N1, compared to that of the reference sample O2, can be
interpreted as due to the degradation of the ZnO crystal quality caused
by N doping, which can result in the decrease of exciton lifetime thus
reduce the emission efficiency of the excitonic radiative recombina-
tion η. However, the further decrease in the PL intensity for samples
N2, N3, and N5, compared to that of the sample N1, mainly arises from
the different recombination origins, since the exponent coefficient α
for the DAP transition is smaller than that for the excitonic one.

The würtzite ZnO belongs to the space group C6v
4 with two for-

mula units in the primitive cell, and group theory predicts the zone-
center optical modes are A1, 2B1, E1 and 2E2 [15]. The A1 and E1
modes are polar and Raman and infrared active, while the two E2
modes (E2low, E2high) are nonpolar and Raman active only. The vibra-
tions of the polar A1 and E1 modes can polarize the unit cell, which
creates a long-range electrostatic field splitting the polar modes into
longitudinal optical (LO) and transverse optical (TO) components.
The B1 modes are Raman and infrared inactive (silent modes).

Fig. 3 shows the Raman scattering (RS) spectra of the as-grown
N-doped and undoped ZnO, excited by the 514.5 nm laser line
(2.410 eV). The energy of the excitation photon is lower than the Eg
Fig. 3. Room temperature non-resonant Raman scattering spectra of the as-grown un-
doped ZnO sample (O2) and the N-doped ZnO sample (N5) excited by the 514.5 nm
laser line.
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value of ZnO, and accords with the non-resonant RS condition.
According to thewell-knownRaman selection rules, only E2 and A1(LO)
modes, determined at 437 and 574 cm−1 for single crystal ZnO [16],
respectively, can be observed in the backscattering geometry employed
in our measurements. As can be seen in both spectra, a broad peak
ranging from 500 to 740 cm−1 appeared at about 559 cm−1, whichwas
excited from the glass substrate as a result of the high transmittance for
the visible laser line in the ZnO thin film. For the undoped ZnO
reference sample O2, the E2high mode at 437 cm−1 was distinctly
observed, but the A1(LO) mode expected at 574 cm−1 was too weak to
be observed due to its rather small scattering cross section [17] and the
interference from the strong background signal. For the ZnO:N sample
N5, three anomalous Raman modes at 275, 510, and 577 cm−1 were
observed except for the E2high mode. Based on both the theoretical and
experimental studies, the Raman mode at 275 cm−1 was attributed to
the localized vibration of Zn atoms, where parts of their first nearest
neighbor O atoms are replaced by N atoms in the ZnO lattice [18].
Moreover, the intensity of themodewas found to be correlated linearly
with the N concentration in both the N-doped and N+-implanted ZnO
[5,18]; so the N concentration in the ZnO:N sample N5 grown with the
highest NH3 partial pressure can be estimated to be approximately
1018 cm−3 by the occurrence of the mode. The anomalous mode at
510 cm−1 only appeared in ZnO:N and can be interpreted as due to the
presence of N atoms in the ZnO lattice [19,20]. The Raman mode at
around 577 cm−1, which just falls between the A1(LO) (574 cm−1) and
E1(LO) (590 cm−1) modes [16] of single crystal ZnO, may be
interpreted as an LO quasimode with mixed A1 and E1 symmetry
induced by defects, which will be discussed in detail later.

RRS [21,22] is a well-known phenomenon that occurs when the
excitation energy is close to or larger than the optical gap of a
semiconductor. In this case, the virtual states participating in the
scattering processes are substituted by real electronic states. This leads
to an enhancement of the scattering cross sections for phonons that
couple to electrons via the Fröhlich interaction. Fig. 4(a) represents the
room temperature RRS spectra of the as-grown and post-deposition
annealed undoped ZnO, excited by the 325 nm laser line (3.815 eV).
Compared to the non-resonant RS spectra, as shown in Fig. 3, the LO
phononwas enhanced greatly which implied the strong contribution of
Fröhlich interaction to the LO phonon scattering efficiency [23]. For the
as-grown sample, three evenly spaced Raman modes dominated at
around 569, 1138, and 1708 cm−1, which can be attributed to the nth-
order (n=1, 2, 3) A1(LO) phonons of ZnO, respectively. Interestingly,
the intensities of these modes decreased evidently after annealing. The
enhancement of the A1(LO) mode, compared to that of the annealed
one, may arise from the point defects existing in the as-grown film
which can contribute to the RRS processes via defect-induced Raman
scattering. In addition, phonon peak red shifts were clearly observed for
the A1(LO) and 2A1(LO) modes in the as-grown sample, compared to
those of the annealed one, respectively. Considering the previous XRD
results that the (002) peak of the as-grown ZnO film shifted slightly
upon annealing, as shown in the inset of Fig. 1, the red shifts observed in
the Raman peaks may be caused by the tensile stress which probably
exists in the as-grown ZnO film deposited on amorphous glass. The
weak mode at 321 cm−1 corresponds to a second-order Raman
scattering process, which has been proven to be the E2high−E2low

difference mode [16].
Fig. 4(b) shows the room temperature multiphonon RRS spectra of

the four as-grown ZnO:N samples under the 325 nm excitation. The
RRS feature of the as-grown ZnO:N sample N1, with the lowest NH3

partial pressure in the growth process, was quite similar to that of the
undoped ZnO. Three-order LO phonon modes and a sharp rise in the
scattering intensity, which is attributed to the strong PL signal excited
from ZnO, were observed in the whole spectrum.With the NH3 partial
pressure further increasing, the order number of the RRS reached up
to six and the intensities of the 1LO phonons enhanced evidently. The
1LO phonons of the as-grown ZnO:N were fitted by Lorentzian line



Fig. 4. Room temperature resonant Raman scattering spectra of (a) the as-grown and
post-deposition annealed undoped ZnO and (b) the four as-grown ZnO:N samples with
the 325 nm excitation.
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shapes and the peak centers were determined at 571, 576, 577, and
576 cm−1 for samples N1, N2, N3, and N5, respectively.

The underlying mechanism accounting for the intensity enhance-
ments of the 1LO phonons in ZnO:N could be understood in the
following way: In ZnO:N, impurities (extrinsic defects) were
incorporated into the ZnO lattice, such as substitutional N atoms
and/or N–H complexes [8,9] on O sites, which may cause the
breakdown of the translation symmetry of the lattice. Thus the
momentum conservation is relaxed and phonons with wave vectors
throughout the whole Brillouin zone can participate in the Raman
scattering [24]. Since the intensity of the Raman scattering for the
Fröhlich interaction mechanism is proportional to the magnitude of
phonon wave vector [25], those larger wave vectors can greatly
enhance the intraband Fröhlich interaction [26,27] and therefore
increase the corresponding scattering cross section. As the NH3 partial
pressure increases in the growth process, more impurities and defects
were expected to be formed in the ZnO lattice and so the 1LO phonons
enhanced further. Moreover, the PL background signal decreased
evidently with the NH3 partial pressure further increasing, which was
in agreement with the previous PL results, as shown in Fig. 2. And the
enhancements of the multiphonon RRS processes in ZnO:N may be
related to the sharp decrease in the PL intensity, which offers better
conditions for observing higher order overtones.
19
As can be seen in Fig. 4(b), the 1LO mode of the sample N1 locates
at 571 cm−1, which is quite close to that of the reference sample O2
(569 cm−1). However, the 1LO modes of the other ZnO:N samples
blue-shifted to similar values of 576 cm−1. The observable difference
between the two phonon peak positions for ZnO:N implies that they
probably have different origins. Asmentioned above, only the polar A1

(LO) mode dominates in the RRS spectrum in a backscattering
geometry with the incident light parallel to the c axis of single crystal
ZnO. For the as-grown ZnO:N sample N1, the PL intensity was really
strong whereas the 1LO phonon intensity was rather weak, which
demonstrated that few impurities and defects were formed in the film
and the würtzite structure was still maintained well. So the 1LOmode
of sample N1 can be interpreted as the A1(LO) mode of ZnO. With the
NH3 partial pressure further increasing, more impurities and defects
may be formed in the ZnO:N film as indicated by the above
discussions, which can induce the lattice disorder thus the degrada-
tion of the crystal quality. As shown in Fig. 1, the FWHM value of the
(002) peak for the as-grown ZnO:N sample N2 (0.415°) was much
larger than that of the as-grown reference sample O2 (0.321°), which
also indicated that the c-axis orientation of some crystallites may
deviate from the direction normal to the film surface. From a recent
report [28], a quasimode occurs in Raman scattering if the phonon
propagating direction does not overlap exactly with the crystal
symmetry axes (a or c axes of the würtzite structure). According to
the Loudon's model [29], the LO quasimode has mixed A1 and E1
symmetry and propagates between the a and c axes in würtzite
crystals. And so the 1LOmode observed at 576 cm−1 can be attributed
to an LO quasimode with mixed A1 and E1 symmetry.

4. Conclusion

In summary, ZnO:N thin films have been deposited on amorphous
glass at low temperature by e-beam evaporation, with an increasing
partial pressure of the doping gas NH3 during growth. The XRD results
indicated that the ZnO:N films grown on glass still maintained c axis
orientation preferred würtzite structure. The room temperature PL
and RS properties in ZnO:N films were studied systematically. A
transformation of radiative recombination mechanism from free-
exciton to donor–acceptor-pair transition was observed in the PL
spectra of ZnO:N. The comparison of the non-resonant RS spectra
between N-doped and undoped ZnO distinctly showed the incorpo-
ration of N atoms in the ZnO lattice by NH3 doping. Enhancements of
the RRS processes and LO phonon overtones up to the sixth order
were observed in ZnO:N at room temperature. And the nature of the
1LO phonon underwent a transformation from a pure A1(LO) mode to
a quasimode with mixed A1 and E1 symmetry. The underlying
mechanisms accounting for the observed phenomena were found to
be related to the extrinsic defects incorporated into the ZnO lattice by
N doping.
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