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We show that the counterrotating, neglected in the previous studies of the quantum Zeno effect (QZE)
in atomic decay, can have a large impact on the short-time evolution. We calculate the electron self-
energy, the Lamb shift, and the QZE without making the rotating-wave approximation (RWA) and show
that, for hydrogen in free space, the Zeno time is longer by 2 orders of magnitude than that obtained from
the RWA. We also show that there is no anti-Zeno effect as the counterrotating terms and rotating terms
represent the opposite processes in the higher frequency region. Consequently, the experimental mea-
surement of the QZE may be much easier than what was determined with the RWA results.
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It is well known that the counterrotating terms are
important in obtaining the correct Lamb shift. However,
their contribution is insignificant in the calculation of the
decay rate for the excited state of an atom in the long time
limit. In this Letter, we address the following question:
What is the effect of the counterrotating terms on the
dynamical evolution of the atom at short times, particularly
on the quantum Zeno and anti-Zeno effects? We find the
surprising result that the effect of the counterrotating terms
can lead to a longer Zeno time by 2 orders of magnitude
and that there is no anti-Zeno effect.

The quantum Zeno effect (QZE) and anti-Zeno effects
(AQZE) have been widely discussed theoretically [1-6]
and experimentally [7]. In the experiment of Itano et al.
[7]1, the QZE was observed on the coherent population
transition from lower to the upper levels via frequent
measurements, and the time interval is of the order of
ms. In the experiment of Fischer et al. [7], the QZE and
AQZE of frequent measurements on the escaped numbers
of atoms tunnelling away from a trap were presented, and
the reported time interval was about 1 us. For the decay
from an excited level of an atom interacting with an
environment, frequent measurements at an extremely
short-time interval slow down the decay process (the
QZE) because the decay of the excited state is almost
zero at the beginning of the decay process [1,2]. It is also
found that if the measurement time interval is short, but not
extremely short, the decay of the excited state could be
accelerated [2] (the AQZE). Let P(7) denote the survi-
val probability (after a short-time interval 7) at the initial
state, which can be written as P(7) = exp[—y(7)7]. After
N time measurements at equal 7 (N7 = ¢), the survival
probability of the excited level reads P(t) = PN(r) =
exp[—y(7)N7] = exp[—7y(7)t] with y(7) the effective de-
cay rate. If N =1, P(¢r) = exp[—y(#)t], which goes to
P(1) — exp(—7yot) for large enough 7, where 7y, is the
decay rate under the Weisskopf-Wigner approximation.
We will have the QZE if y(7) < vy, and the AQZE if
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v(7) > y,. However, the experimental investigation of
QZE and AQZE on the decay of a real atom has not been
reported so far due to the extremely short measurement
time interval predicted from previous theoretical studies
(<1075 ).

It is well known that the whole spectrum of the environ-
ment (not only the part around the atomic transition fre-
quency) is important for the QZE and AQZE. In the
previous studies on QZE and AQZE [1-6], usually the
two-level model with the rotating-wave approximation
(RWA) is used. An interesting problem relates to a real
multilevel atom with the counterrotating terms that are
neglected in RWA.

In this Letter, we study the effect of the counterrotating
terms on QZE and AQZE in the decay of a real multilevel
atom without the RWA (the decay from 2P to 1S of the
hydrogen atom as a concrete example). We show that the
neglected terms in RWA can have the same order contri-
bution as the spectral components off-resonant with the
atomic transition frequency. This is particularly important
for the QZE where the measurement time interval is ex-
tremely short [1,2,4].

Usually, the environment is described by some quantum
field, which may be in an infinite space [4] or in a confined
box [2,5]. The high frequency region of the spectrum of
these two cases is different. In infinite space, we may have
the ultraviolet (UV) divergence, so we need a renormaliz-
able theory. The interaction for a real multilevel atom
interacting with the electromagnetic (EM) field in free
space can be described by the Hamiltonian H =
Hy + H; [8,9] (setting i = 1),

Hy = S EliXil + Y wb] by, (1)
i k
Hy =33 gi(bl + bolil, 2)
i j#i ok

where summation Y ; is for all levels i =0, 1,2,... and
> =i for all levels j except j = i. b,:r (by) is the creation
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(annihilation) operator of EM mode with frequency w; (k
including the polarization), and g, ;; = —es/1/2€pw, Ve, -
p;;/m is the coupling between the atom and the EM field,
with e, the polarization vector and p;; the transition matrix
element of momentum operator between the levels i and j.
Usually, the coupling can be characterized by the interact-
ing spectrum [2,4,9]: Gj(w) = X,g; ,;6(0 — ).

The Hamiltonian H cannot be solved exactly, and usu-
ally the RWA is used [2,4,8], which leads to the following
results. Starting from the initial state |¢(0)) = |)|[{0;})
(the atom in level I, |I), and the EM field in the vacuum,
[{0;})), the survival amplitude of finding the system still in
[4(0)) at 7> 0 is [2,4]

pPT
Xrwa(T) = ZL dp O
B p+iE + 2k X<l pTiw, TIE,
where B is the so-called Bromwich path and the summa-
tion 3, is for all levels j with E; < E;. Here, RWA is to
drop all counterrotating terms with factor exp[*i(w; +
|E; — E;|)]. The survival probability in the initial state is

Prwa(7) = lxrwa(7)|* = exp[—yrwa(7)7] and the effec-
tive decay rate yrwa (7) for a short time 7 is given by [2],

Yrwa(r) = 27 L " 4o G (@) F(0 — w7, (4)

i<t

Flo — w5, 1) = 23in2[% 7']/77'7'(0) —wr)? (5)
where w;; = E; — E;. Since F(w — 0, 7) — 6(w —
wy;) for large enough 7, we have the decay rate y, =
2my ;<G i(wy;) in the Weisskopf-Wigner approximation.

When the counterrotating terms are included, the above
method is no longer valid. Here, we present an analytical
approach, based on unitary transformation and perturba-
tion theory to calculate the survival amplitude and the
effective decay rate for Hamiltonian (1) in order to clarify
the impact of the counterrotating terms on the short-time
evolution and on the QZE and AQZE.

First, we take a unitary transform [10] on H, H' =
exp(iS)H exp(—iS), with

S = Zzzgkl/gkl/ (b-f

i j#i

bl (6)

where £, ;; is a k-dependent function. The transform can be
done order by order, H' = H,, + H’ + H) + 0(g?), where
O(g}) contains terms of order g} and h1gher and will be
neglected. By choosing the following functional form for

fk,ij’

W
P T e o1 7
the first order terms (of order g;), H{ = H, + [iS, Hy],
become
281iékij N “.
HY = 33 R, = EIiNGIb] + iXilb). )
k j>i

Note that H/ is of the same form as in the RWA coupling.
The second order terms are Hj) = [iS, H]+3 X
{iS, [iS, Hyl},

, —E,
Zzzgk j{szll fklj - sz] }|l><l|

i j#i
+ Vaa ©9)

where V4 contains the nondiagonal terms, |i){j| (i # j) for
the atom and b b/, byby, bl by, and bbl, (k # k') for the
EM field. Since the contribution of these nondiagonal
terms to the physical quantities is of the fourth order in
gr and can be neglected, we will drop V4 in the following
calculation.

The summation Y, can be replaced by the integral [9]

2
8k.ij 2a
> = h(wy) =
w

k k 37T(mc)2 pl/ j da)kh(a)k) (10)

where h(wy) is any function of w; and « is the fine struc-
ture constant. Then, it can be easily seen that the first term
in H} is linear divergent in the UV limit. The divergence
comes from the self—energy of the free electron due to the
vacuum fluctuations, E, = Zk X ziler i/ @dliXil =

=D i 3727‘("’:1)2 pljll><l| (w. = mc? is the UV cutoff), which
does not depend on the atomic level structure. The diver-
gence can be removed by the mass renormalization with a
subtraction of the self-energy E . [9],

zzzgk”

i jFi

X {Zérkvi/ - klj —-1- fkl]
3a(me)? Z{Zp?jwu

i hj<i

E;

Ei}|i><i|

37T(mc

W, + |wi'| N/

+ ZR3(E; -~y il
J#i |wzj|

The transformed Hamiltonian can be divided into unper-

turbed part and a perturbed part as H' = H{ + H/. Here,

H| = H, + H), — E,, is the unperturbed part,
= Y EiXil + > wb] by, (12)
i 3
E —E.
i~ Ei 377'(mc)2 ;p”
o Flo;il
2 ij
i (E; —~ E)InZe . (13)
37T(mc)2]§ |l

and H| in Eq. (8) represents the perturbation.

The ground state of H' = H| + H is |0)[{0};), where
|0) is the lowest state of the atom. The initial state for the
QZE is the excited state |/)|{0};). Then, the survival am-
plitude of finding the system in the initial state is x(7) =
{031l exp(—iH'T)|)I{0;}). Since H' = H| + H| is of

200404-2



PRL 101, 200404 (2008)

PHYSICAL REVIEW LETTERS

week ending
14 NOVEMBER 2008

the form of the RWA Hamiltonian, x(7) can be calculated
in the same way as above for xgwa(7) in Eq. (3),

1 ef’d
x(r) = >— L a9

2
p + lEl + Zk Z/<1 p+1wkklﬁrtE’

where Vk,lj = 2w1jgk,]j§k,[j/wk‘ The Lamb shift of the
level I can be obtained from the imaginary part of the
pole of integrand in (14),

v
EQ = E) + 7"“

+ loyl
= zp El)hl /
377 mc)zﬁt] |w11|

- (15)
The second term is the Lamb shift of level I, which is ex-
actly the same as obtained by the previous authors [9]. The
superscript O for EY means the observed energy of level /.

The survival probability in the initial state is P(7) =
|x(7)|> = exp[—y(7)7], and the effective decay rate y(7)
for a short time 7 is

v(r) =27 /OOO deG}j(w)F(w — w;, 7), (16)
J<I

where G’,j(a)) = 4G1,(w)(w11)2/(w + wlj)2

f1j(w) and Gj(w) = 3772(0[7(;)21’11

The spectrum is modulated by the function f;;(w) =
[1 - (0 — w;))/(w + w;;)*, where the second term is due
to the counterrotating terms which is proportional to
1/(w + w;;) and is zero at w = w;; because the decay
rate at large enough time does not depend on the counter-
rotating terms. In Fig. 1, we plot G;;(w)/G;(w;;) and
G1j(®)/Gj(w);) versus w/wy;. It is interesting to note
that both curves are independent of the prefactor
%pﬁj of Gj/(w). For the modification function
f1j(®), we have f;;(w) <1 for > w,;, and f;(w) < 1
for @ > w,;. This means that the counterrotating terms
greatly suppress the higher frequency part of the interact-
ing spectrum. This results in an important effect on the
short-time behavior of the system.

The above discussion is suitable for any multilevel
unstable quantum system. For numerical calculation, we
consider the 2P — 1S transition of the hydrogen atom [4].
Let/ = 2P and j = 1S in Egs. (3), (4), (14), and (16), and
the interacting spectrum is [4] G(w) = yw/[1+
(w/w.)*]*, where y is a constant. The transition frequency
is wg = E»p — E;5. InFig. 2, y(7)/ v, is plotted for w, =
Ep — Ejg = 155X 10"% rad/s and .= 0.85X
10" rad/s [4]. The dashed line is the result of RWA, and
we see that, for an extremely short time (7wg < 1.5 X
10~%), RWA predicts the QZE and for a short time (7w, >
1.5 X 107%) as well as the AQZE (the largest value of
vrwa(7)/vo = 38). However, by taking into account the

= G[j(w) X

10

N/

0 2 4 6 8 10

FIG. 1. G/;(w) (dotted line) and Gﬁj(a)) (solid line) versus w.

counterrotating terms, we only have the QZE and no AQZE
, in contradiction to the universality claim in [2].

The different behavior of y(7) and ygrwa(7) can be
understood by checking G(w) and G'(w) in Egs. (4) and
(16). The modification function f(w) due to the counter-
rotating terms on the spectrum G(w) is f(w) < 1 for w >
wo. When g is much smaller than the spectrum maximum
frequency w.,y, the spectrum G'(w) is greatly suppressed
compared with G(w), see Fig. 1. The dephasing function
[2] F(w — wg, 7) is mainly a single-peak function with
peak at w, and width ~1/7. Since the integrand in
Eq. 4) is G(w)F(w — wg, 7), when w is far below the
maximum of G(w), we find that ygwa(7) grows with
decreasing 7 (AQZE) because F(w — w, 7) is then prob-
ing more of the rising part of G(w). Our result is different
from Ref. [2] because the integrand in Eq. (16) is
G'(w)F(w — wq, 7) and y(7) decreases with decreasing 7
(QZE) since F(w — w, 7) already covers the main part of
G'(w). The physics will be discussed below.

For the short-time limit, the survival probability is qua-
dratic in 7: P(7) = 1 — 72/7% for 7 — 0, which is explic-

10
]
o
L
=
0.01
13 without RWA
1E-4 2 1 . 1 2 1 2 1 . I
0.0 0.2 0.4 0.6 0.8 1.0
TO)O

FIG. 2. Decay rate y(7) for wy/w,. = 0.001824. The dashed
line is the result of RWA.
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itly different from the exponential decay [2-5]. The “Zeno
time’’[3-5], 7, defines the time for the Zeno effect and can
be calculated by using Eq. (16),

= () | ([ awFeyw) "

i<i

™0
a7

while the Zeno time in the RWA is 75VA =

[[§ doY ;< ;Gj(w)]"'/2. By using the spectrum for hy-
drogen atom [4], we obtain T8VA = 4/6/yw_ ! and (for

w./wy>1)
1 o, 23\-1/2
- e —22) 18

z 2w0\/7(nw0 12) (%)

In Fig. 3, we plot 7, versus w(. Note that 7, is dependent
on the transition frequency w, due to the counterrotating
terms, while 784 is independent of w, as the integrand
G(w) does not depend on w,. The dependence of 7, on w
is physically correct, since the short-time evolution P(7) =
1 — 72/7% should depend on where the transition fre-
quency ®, is located in the interacting spectrum.
Compared with 78WA, the counterrotating terms lead to a
longer Zeno time, especially when the atomic transition
frequency is very small. For hydrogen atom, y = 6.4 X
1077, and we have 78WA =3.6 X 107 s [4] but 7, =
1.9 X 10713 5. The latter is nearly 2 orders of magnitude
larger than the former. Therefore, the real experimental
measurement of QZE is much easier than what was deter-
mined with the RWA results. Under current technology, a
measurement time interval of 10”'® s is achievable.

The physics can be easily understood. Consider the two
terms (one from the counterrotating and one from rotating
terms) in the original Hamiltonian in the interaction pic-
ture, bl e (|1S)2Ple~ o +[2P)(1S]e/“0"). For w; >
wg, the two terms are almost the same, but represent
opposite atomic processes, decay from the excited to
ground levels, and jumping from ground to the excited
levels. They cancel each other, which is consistent with
faris(@) =[1— (0 — wp) /(& + 0y) =0 for o/wy > 1.
Therefore, the counterrotating terms make the decay much
slower comparing with the decay with only the rotating-
wave terms in this case (in the higher frequency region).

In summary: We have shown that, besides the Lamb shift
and electron self-energy, the counterrotating terms have
great impact on the short-time evolution of the population
of the excited level, and thus on the quantum Zeno and
anti-Zeno effects (Our calculation is limited to those QZE
and AQZE where the rotating-wave approximation is
used). For the short-time evolution, the counterrotating
terms can be included, simply by multiplying the RWA
spectrum G(w) with the factor [1 — (0w — wy)/(w +
wo)]?. We present the analytical study for the multilevel
atom coupled to the EM field, based on the unitary trans-
formation and perturbation method. With this method, we

100
---- RWA
without RWA

N
l_)

(&)
3

o 10
b3
0.00 0.05 0.10

mo/ ®,

FIG. 3. The Zeno time as a function of the transition frequency
.

can simultaneously obtain the electron self-energy, Lamb
shift, and the short-time evolution (the QZE and AQZE).
The Zeno time depends on the atomic transition frequency
sensitively due to the counterrotating terms. For the hydro-
gen atom, we calculate the effective decay rate and find
that, because of the counterrotating terms, the Zeno time is
much longer than the Zeno time obtained with RWA, and
there is no anti-Zeno effect.
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