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We have proposed a comprehensive model based on a Cosserat curve to investigate the strain-driven
self-rolling mechanism for anomalous coiling of multilayer nanohelices from the biaxial-torque
point of view. Special attention has been paid to the edge effects, which dominate the anomalous
coiling and decrease the helicity angles to as small as 0. By quantitatively explaining the
experiments, we have demonstrated that the edge effects not only generate the torsion torque,
together with the initial stress perpendicular to the preferential winding direction, to turn the
nanobelts, but also offset part of the initial uniaxial bent torque. Our derived expressions can be used
experimentally to determine the geometry of multilayer nanohelices with all helicity angles. The
present work has provided useful information for the future experimental investigation on multilayer
nanohelices as well as their application in meta-/quantum-devices. © 2009 American Institute of
Physics. �doi:10.1063/1.3267866�

I. INTRODUCTION

Nanostructures offer many opportunities for the assem-
bly of nanoscale devices and arrays with potential applica-
tion in engineering, electronics, electromechanics, and
optics.1–5 Since Prinz et al.6 fabricated the InGaAs/GaAs
nanotubes and nanohelices based on a strain-driven self-
rolling mechanism, the method combining of “top-down”
and “self-organization” has been extended to make more
complex multilayered hybrid structures composed of metal,
dielectric, and magnetic-material layers as well as semicon-
ductor heterostructures.7–13 Nanohelices, used as springs,
inductors, sensors, and actuators, constitute a broad and ac-
tive research field in the micro-/nanoelectromechanical sys-
tems �MEMS/NEMS� due to their unique superelasticity
behavior14–17 and piezoresistive, piezoelectric effects.18–20

Generally, the multilayer films persist rolling along the
preferential winding direction determined by the orientation
of the smallest Young’s modulus, and form the helices with
the helicity angles not less than 45° under the uniaxial bent
torque induced by the initial stress partially relaxing along
the rolled-up direction.11 To make best use of nanohelices in
MEMS or NEMS, it is necessary to decrease the helicity
angles adequately to leave enough room for deformation.
This desirable concept has been materialized in the SiGe/Si
and SiGe/Si/Cr nanohelices due to the additional torque
coming from the edge effects of stress relaxation at the sides
of the nanobelts.21 The existed closed-form theories,22–25

however, failed in presenting an accurate description of the
strain-driven self-rolling mechanism of nanobelts under the
biaxial torque and therefore the geometry of the formed

nanohelices, though they can estimate the curvature radius
and strain components of the rolled nanohelices in the
uniaxial stress relaxation condition.

In this paper, we establish a theory for exploring the
biaxial-torque-drive mechanism of the nanohelices made up
from multilayer structures by employing the concept of the
extensible and shearable Cosserat curve.26 We not only ex-
plain the experimental observation in the literature,6–12,21,27

but also demonstrate that the essence of edge effects lies in
the capability of bringing a torsion torque to turn the nano-
belts and offsetting part of the initial uniaxial bent torque.
We have also discussed the effect of the edge effects on the
diameters of nanohelices with infinitesimal helicity angles
and the relative stretch of nanobelts.

II. THE MECHANICAL CURVE MODEL

The concept of the Cosserat curve was introduced by
Cosserat et al.28 for a directed curve with an orthonormal
triad of directors and specified by four vector fields. Whit-
man and DeSilva26 further developed the theory of the curve
as a special case of the nonlinear, dynamical theory of elastic
directed curves and gave the basic equilibrium equations

�̂� − ������W� = 0, �1a�

m̂� − �����m�W� + ��y�� = 0, �1b�

where � and m are the total force and torque across the cross
section of the curve, respectively, � is the permutation tensor,
W and y are the director and position deformation measure,
respectively. The Greek subscripts �, �, and � take on the

values 1, 2, and 3. � �ˆ =� /�S=�� �˙ =�� /�s and �=�s /�S is
the stretch of the curve with S the arc length along a fixed
reference configuration and s the one along a deformed con-
figuration.

a�Author to whom correspondence should be addressed. Electronic mail:
wzshen@sjtu.edu.cn.
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As shown in Fig. 1, to establish the Cosserat curve
model for exploring exactly the three-dimensional helices
formed from the strained multilayer nanobelts, we suppose
that a multilayer nanobelt L with a width w and thickness
t �w� t� is fixed at one end to a substrate, e.g., Si�001�, and
has misalignment angle �1 degrees from �100�. After the wet
etching, the nanobelt L detaches from the substrate and re-
leases the internal strain to form a helix H with a radius a
and helicity angle �2. Its chirality is determined by the com-
petition among the initial biaxial stress F�100�, F�010� along
�100�, �010� directions, and a force F� along the longitudinal
axis of the nanobelt, which are induced from the stress
relaxation in �100� and at the sides of the nanobelt,
respectively.21 In this case, due to the cubic symmetry of the
semiconductor �100� is the preferential winding direction for
the right-handed helix, named as R-helix, while �010� is the
one for the left-handed helix, named as L-helix. Since a line
along the preferential winding direction, the black or red one
on the nanobelt displayed in Fig. 1, lies in the cylindrical plat
of the helix H, it also forms a helix H� with a radius a� and
helicity angle �3. Thus the helix H� can be regarded as a
helix rolled from a nanobelt L� along the preferential wind-
ing direction with a rectangle cross section of width w�, and
thickness t, where for the R-helix w�=w /cos �1 and for the
L-helix w�=w /sin �1.

In order to give an appropriate description of the rolling
behavior for the multilayer nanobelts, we study H� in the
Cosserat curve model. The geometry parameters of the helix
H can be got from those of the helix H� through the trans-
form relation:

a = a�, �2 = ��1 − �3� . �2�

In this model L� is the fixed reference configuration and H�
is the deformed one, whose director basis Di�i=1 ,2 ,3� and
di illustrated in Fig. 1 are defined by a set of Euler angles 	0,

0, and �0 and 	, 
, and �, respectively.29 For the configu-

ration of helix 	0, 
0, �̇0, 	, 
, and �̂ are all constants,30 the

director deformation measures W�0� of L� and W of H� have
the form of

W1
�0� = W2

�0� = W3
�0� = 0, �3a�

W1 = �̂ sin 
 cos 	 ,

W2 = �̂ sin 
 sin 	, W3 = �̂ cos 
 . �3b�

We choose the third director D3 of L� along the tangent
to the centerline of the nanobelt axis, and d1 and d2 along the
direction of the greatest and lowest bending stiffnesses of the
cross section in L�, respectively. As a result, the material
parameters of di are the ones of �100�, which are remain the
same due to the cubic symmetry of the semiconductor. For
such a case the force and torque in Eq. �1� yields

�1 = E1y1, �2 = E2y2, �3 = E3�y3 − 1� , �4a�

m1 = AW1, m2 = BW2, m3 = CW3, �4b�

where E1=E2=KGt�d, E3=Et�d, A=EI1, B=EI2, and C
=GJ. K is the Timoshenko shear coefficients and related to
the Poisson’s ratio � through K= �5+5�� / �6+5��.31 E and
G=E /2�1+�� are the equivalent Young’s and shear moduli
of the nanobelt, respectively.32 I1=w�3t /12 and I2=w�t3 /12
are the moment of inertia and J= I1+ I2 is the polar moment
of inertia of the cross section.

The force � is assumed along the e3 axis of the fixed
Cartesian basis. We use that condition in the equilibrium
equation Eq. �1b� and obtain

BŴ1 − �B − C�W2W3 − �E2 − E3�y2y3 − E3y2 = 0, �5a�

�A − B�W1W2 = 0. �5b�

Since A�B, Eq. �5b� tells that for a helical solution W1=0 or
W2=0. Taking into account the stability of a helix, W1=0 is

energetically favored, which suggests that W2= �̂ sin 
 in Eq.
�3b�. Through Eq. �4b�, the torque obeys the expression with
respect to the director deformation measure W

m1 = 0, m2 = B�̂ sin 
, m3 = C�̂ cos 
 . �6�

The position vectors obtained from Eq. �1a� of HF satisfying
y1=0, y2=� sin 
 /E2, and y3=� cos 
 /E3+1, from which we
can have not only the stretch �

� =� �2

E2
2sin2 
 + 	 �

E3
cos 
 + 1
2

, �7�

but also the radius, pitch, and helicity angle of H� in terms of
the Euler angles

a� =
1

�̂
�	 �

E3
cos 
 + 1
 −

�

E2
cos 
�sin 
, b�

=
2


�̂
� �

E2
sin2 
 + 	 �

E3
cos 
 + 1
cos 
� ,

FIG. 1. �Color online� Configuration of the nanohelices H rolled-up from
the multilayer nanobelts L. The chirality is determined by the competition
between the initial biaxial stress and the edge effects.
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�3 = arctan�b�/2
a�� . �8�

By virtue of Eqs. �3� and �5a� and the position vectors, the
force � subjects to the constraint

	 1

E3
−

1

E2

cos 
�2 + � + �B − C��̂2 cos 
 = 0. �9�

It turns out that with the knowledge of the force � or the
torque m, the radius a�, pitch b�, and the stretch � of a helix
can be derived through Eqs. �6�–�9�. Vice versa, when the
geometry parameters of a helix are the given physical quan-
tities, those equations also provide us a method to give a
picture of the force � and torque m on the helix. By scanning
electron microscope �SEM� observations of the multilayer
rolled-up nanostructures, the latter application is very useful
for understanding the biaxial-torque characteristics induced
from the stress relaxation.

III. CONVENTIONAL SITUATION WITHOUT EDGE
EFFECTS

We start the demonstration of the proposed Cosserat
curve in the conventional situation, that is, the nanobelt rolls
along the preferential winding direction when the stress re-
laxation at the sides of the nanobelt can be omitted. In such
a case, F�100� and F�010� generate two bent torques M�100� and
M�010�, respectively. It is thought that the initial biaxial stress
in the nanobelt is partially relaxed along the rolled-up direc-
tion, i.e., a uniaxial bent torque condition, and m2=M�100�

and m3=0 for the chosen director basis of di. However, the
real multilayer nanostructures suffer the biaxial bent torque
�the stress relax in the direction of both preferential rolling
and the one perpendicular to it�, which leads to another
torque along d3 :m3=M�010��0.

For the uniaxial bent torque case, we simulate the ex-
perimental results of an R-helix formed from a p-type
SiGe/Si bilayer heterofilm of the width w=1.3 �m, layer
thickness tSiGe=11 nm, tSi=8 nm, and misalignment angle
�1=50°.21 Following Tsui et al.,33 we have M�100� in the
form of

M�100� =
F�100�

2

t

2
, �10�

where F�100�=�SiGeESiGew�tSiGe with w�=w /cos �1 for �100�
and w�=w /sin �1 for �010�. �SiGe is the lattice mismatch and
ESiGe is Young’s modulus of SiGe layer. Using Eqs. �2� and
�6�–�10� and m2=M�100�, m3=0, we can fit both the SEM
observations of the helicity angle �2 of 50° and the diameter
of the helix of 1.26 �m, with the geometry parameters of
misalignment angle and layer thickness as well as ESi

=130.2 GPa, ESiGe=161.2 GPa, and �SiGe=1.6%.21 With
further considering the biaxial bent torques of m2=M�100� and
m3=M�010�, we find that the helicity angle and diameter al-
most remain the same as that of the uniaxial stress relaxed
condition with the additional material parameters of �SiGe

=�Si=0.27.34 It suggests that the bent torque along d3 is not
large enough to drive the nanobelt roll away from the pref-
erential winding direction as most experimental results have
shown.6–12 Thus by quantitatively explaining the experimen-

tal observation in the literature, we have demonstrated that,
without the edge effects, the nanohelices with helicity angles
less than 45° cannot be achieved even though the initial bi-
axial stress both relaxed as bent torque.

IV. FUNCTION OF THE EDGE EFFECTS

A. Anomalous coiling of nanobelts induced by biaxial
torque

The helices with the helicity angles less than 45° result
from the relaxation of stress perpendicular to the nanobelts
orientation, where the force F� dominates the deviation be-
havior of the nanobelts. We now concentrate on the biaxial
torque induced by the two components along �100� of F�:
F�100�� and F�010�� . The component of F� perpendicular to the
preferential winding direction turns the nanobelt and gener-
ates a torsion torque MT along d3 together with the initial
stress of the same direction, while the component of F� along
the preferential winding direction prevents the other initial
stress from driving the nanobelt roll in �100� and brings a
bent torque MB along d2.

As a numerical example, Figs. 2�a�–2�d� present the the-
oretical calculations �squares� of the torque m2 and m3 versus
the width of nanobelts w, deduced from Eqs. �5a�, �5b�, �6�,
�8�, and �9� with the experimental results of diameter and
helicity angle, for the four sets of multilayer nanohelices: S1,
the SiGe/Si with layer thickness 11/8 nm, �1=50°; S2, the
SiGe/Si with 11/8 nm, �1=55°; S3, the SiGe/Si/Cr with 11/
8/10 nm, �1=50°; and S4, the SiGe/Si/Cr with 11/8/21 nm,
�1=55°.21 To make an accurate description of the torque, we
study the data of the R-helix for S1 and S2, and L-helix for
S3 and S4 with the material parameters of Si and SiGe, to-
gether with ECr=377 GPa and vCr=0.31.35 As shown in
Figs. 2�a� and 2�b�, the torque m2 of both the R-helix and
L-helix decreases linearly with the width of nanobelts w.

According to the definition of the bent torque MB, for the
bilayer nanobelts we have

0

1

2

3

4

0
4
8
12
20

22

0

20

40

60

80

0

50

100
520

560

0.4 0.8 1.2

0

1

2

3

0.4 0.8 1.2
0

2

46.2

6.4

S1
S2

m
2·1
0-
13
(N
·m
) S3

S4

�L
S

m
3·1
0-
12
(N
·m
)

width of nanobelts w (�m)

L-helixL-helix

R-helix

(e) (f)

(d)

(b)

(c)

(a)

R-helix

(‰
)

FIG. 2. �Color online� Theoretical calculations �squares� based on the
Cosserat curve model of the torque m2, m3, and the relative stretch �LS vs
the width of nanobelts w for ��a�, �c�, and �e�� S1, S2 and ��b�, �d�, and �f��
S3, S4, together with the fitting results �lines and curves�.
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MB =
F�100� − F�100��

2

t

2
, �11�

while for the trilayer ones MB can be expressed as33

MB =
F�100� − F�100��

2
	3

2
tCr − �
 , �12�

where �=ESiGetSiGe
2 −ESitSi

2 /2�ESiGetSiGe+ESitSi� and F�100�

= ��SiGeESiGetSiGe+�CrECrtCr�w�. �Cr=0.95% is the lattice mis-
match of Cr layer.35 Since F� is independent of the width for
a given nanobelt, we can use Eqs. �11� and �12� and the
relation of m2=MB to fit the theoretical results of the
Cosserat curve model, as the curves displayed in Figs. 2�a�
and 2�b�, and get F� for the three kinds of multilayer nano-
belts: F�=3.8�10−6 N for S1 and S2 �average value�, F�
=1.6�10−5 N for S3, and F�=5.6�10−5 N for S4. Obvi-
ously, F� increases with the Cr film thickness, i.e., adding a
strained isotropic film will strengthen the effects of stress
relaxation at the sides, in good agreement with the
experiments.21

The torque m3 has a more complex variation with the
width of nanobelts than that of m2. It is illustrated in Figs.
2�c� and 2�d� that for the R-helix, the torque m3 increases
with decreasing w, while for the L-helix m3 varies in the
contrary way. We can understand that phenomenon through
the torsion torque MT along d3 with MT= �F�100�+F�100�� �r,

where r is the torsion width. In the R-helix, the force F� is
not strong enough to turn a rather wide nanobelt, whereas
with a decreasing w the force F� makes a rising effect, which
broadens the torsion width r to all the width of nanobelt and
leads to an increasing m3 even the initial stress decreases. In
the L-helix, because the torsion width r equals to the width
of nanobelt, we can estimate m3 by m3= �F�100�+F�100�� �w�
with the force F� deduced from m2. The calculated results
�curves� are shown in Fig. 2�d�, where in S4 agreement with
the data derived from the Cosserat curve model is perfect,
while in S3 the surface-stress effects we omitted in MT are
the possible sources of the small deviation.

B. Stretch and nanoring

The particular importance of the Cosserat curve model
lies in the ability in deducing the stretch of a nanobelt after it
strolls to a helix. In order to make a detailed description of
the stretch for a nanobelt, we have further calculated the
relative stretch �LS=�−1 based on Eq. �7�. Figures 2�e� and
2�f� display how the relative stretch depends on the width of
nanobelts w for the four sets of multilayer nanohelices. It is
found that for the nanobelts of different width �LS obeys a
similar trend of variation with that of the torque m3, i.e., a
narrower nanobelt results in a larger stretch in the R-helix
and a smaller one in the L-helix. We note that the relative
stretch of a helix with helicity angle smaller than 45° is about
several thousand percents. Now that a nanobelt has such an
amount of stretch without a load, its extension will play a
key role in the high-strain region of MEMS/NEMS.

It is well known that with an appropriate small width, a
nanobelt oriented away from �100� can form a ring by scroll-

ing along its longitudinal axis, and different size rings can be
achieved by using nanobelts with further decreasing width.
We finally talk about the relation between the width of a
nanobelt and the diameter of the formed ring, since the helix
with infinitesimal helicity angle has its unique advantages in
MEMS/NEMS. Although Zhang et al.21 have not performed
such experiments on the multilayer nanobelts of SiGe/Si and
SiGe/Si/Cr, we can investigate theoretically the variation in
nanoring size with the nanobelt width based on the estab-
lished Cosserat curve model. Figure 3�a� presents the diam-
eter of nanorings versus the width of nanobelts w deduced
from Eqs. �5a�, �5b�, and �6�–�9� for S1–S4. For all the four
sets of nanorings, their diameters increase significantly with
decreasing w to the rather large values, which suggests that
F� may offset part of the initial stress F and weaken the
rolling behavior of narrow nanobelts. To better understand
the joint effect of the two kinds of forces on the geometry of
nanorings, we suppose that a typical nanohelix of the same
physical parameters as S1 has the ratio between F� and F
equaling to 10%, 5%, and 1% as presented in Fig. 3�b�. A
large F� /F of 10% brings an increasing diameter with the
decrease of w, while a small F� /F of 1% leads to a decreas-
ing one �similar experimental results have been reported in
Si/Cr nanorings27�. Nevertheless, for F� /F=5%, the diam-
eter no longer monotonously change with w. It is clear that
choosing the material with proper F� is helpful to form a
self-contact helix in nanoscale. We hope that the present
study can stimulate further experimental investigations on
the complicated influence of the edge effects on nanohelices
geometry.

C. Impact to experiments

Our investigation of the anomalous coiling of multilayer
nanohelices provides the experimenters a guide to acquire
better growth technology. Although the nanohelices and
nanorings with helicity angles less than 45° could be fabri-
cated, the mechanism of the edge effects was still unclear. By
quantitatively explaining the experiments, we have demon-
strated that the present mechanical curve model can give a
detailed analysis of the edge effects, with the aid of the SEM
observations of the multilayer rolled-up nanostructures. Most
importantly, since the geometry of nanohelices and nanorings
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FIG. 3. �Color online� Nanobelt width w dependence of nanoring diameter
deduced from the Cosserat curve model for �a� S1-S4 and for �b� a typical
nanohelix with the ratio between F� and F equaling to 10%, 5%, and 1%.
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can be foretold with the knowledge of the function of the
edge effects according to our model, any morphology of
those structures can be designed as the proper materials are
chosen. Then a controllable growth process can be achieved
for all nanohelices and nanorings of complex multilayered
hybrid structures based on strain-driven self-rolling mecha-
nism. Moreover, due to the small sizes and three-dimensional
structures of nanohelices and nanorings, it is difficult to get
the direct measures for the stretch of nanobelts during the
strolling process from experiments. That difficulty can be
solved by employing our model to have an accurate evalua-
tion.

V. CONCLUDING REMARKS

In summary, we have elucidated the strain-driven self-
rolling mechanism of multilayer nanohelices from the
biaxial-torque point of view through proposing the Cosserat
curve model. By explaining the experimental observation in
the literature, we demonstrate that, without the edge effects,
the nanohelices with helicity angles less than 45° cannot be
achieved even though the initial biaxial stress both relaxed as
bent torque. The edge effects not only generate the torsion
torque, together with the initial stress perpendicular to the
preferential winding direction, to turn the nanobelts, but also
offset part of the initial uniaxial bent torque. A complicated
influence is therefore found for the dependence of the diam-
eters of nanohelices with infinitesimal helicity angles on the
width of nanobelts. From the relative stretch of nanobelts
during the rolling process, it is predicted that the extension of
materials will play a key role in the high-strain region. With
the knowledge of the biaxial-torque-drive mechanism of
multilayer nanohelices, our present work applies a reliable
reference for the further design and fabrication of meta-/
quantum-devices for the potential applications in MEMS/
NEMS.
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