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nanowires and nanoholes, hence resulting 
in lower surface recombination. [ 7,8 ]  

 In general, Si pyramids are formed 
through anisotropic etching in alkaline 
solution and the typical sizes are  5–10 µm. 
To reduce the pyramid size and thickness 
loss, a thin dielectric mask such as SiO 2  
or SiN x  can be deposited on Si surface 
and then the Si wafer is directly etched 
in alkaline solution without lithography 
process. [ 9,10 ]  The produced Si pyramids 
have a size of 2–4 µm. Free of the mask, 
it is reported that small Si pyramids 
with sizes around 2 µm can be produced 
through using a special surface additive 
and controlling its ratio. [ 11 ]  And Li et al. [ 12 ]  
have fabricated Si pyramids with sizes of 
1–3 µm by replacing NaOH or KOH solu-
tion with NaClO, which is an alkaline 
and strong oxidizing reagent. Amazingly, 
pyramid structure can be also formed in 
acid solution (HF/H 2 O 2 /H 2 O) by the aid 
of Cu nanoparticles, but the pyramidal 
size is still larger than 2 µm with etching 

depth in the range of 1–5 µm. [ 13 ]  Though the above methods 
are simple, they are hard to generate uniform Si pyramids with 
nanoscale sizes. 

 The techniques to form Si nanopyramids have thus become 
a focus of concern. Nanoimprint lithography (NIL) method is 
one of the most popular methods for Si nanopyramid forma-
tion. [ 5,14,15 ]  And for most NIL process, fi rst, a dielectric layer 
(SiO 2  or SiN x ) is grown on Si surface as etching mask, followed 
by the deposition of photoresist layer and NIL to defi ne the 
etching pattern, and then reactive ion etching and HF solution 
are used to remove the residual photoresist and the dielectric 
layer in the opening window, and fi nally anisotropic etching 
is carried out to form Si nanopyramids. Another technique 
employing focus ion beam has been introduced by Koh et al. [ 16 ]  
The Si wafer surface is selectively irradiated by focus ion beam, 
and the Si nanopyramids are formed by utilizing the retarded 
etching rate of the ion beam exposed Si in N 2 H 4 H 2 O solu-
tion. Mavrokefalos et al. [ 7 ]  and Branham et al. [ 6 ]  have fabricated 
inverted nanopyramids based on interference lithography and 
wet Si etching. This technique needs to form a SiO 2  and pho-
toresist layers on the wafer surface fi rst, and then uses interfer-
ence lithography method to defi ne etching pattern, followed by 
wet etching in alkaline solution. As can be seen, most of the 
fabrication techniques of Si nanopyramid structures are either 
complicated or expensive, and the reported Si nanopyramids 
are periodic. 

 All-Solution-Processed Random Si Nanopyramids for 
Excellent Light Trapping in Ultrathin Solar Cells 

   Sihua    Zhong     ,        Wenjie    Wang     ,        Yufeng    Zhuang     ,        Zengguang    Huang     ,       and        Wenzhong    Shen   *   

 Si nanopyramids have been suggested as one of the most promising Si nano-
structures to realize high-effi cient ultrathin solar cells or photodetectors due 
to their low surface area enhancement and outstanding ability to enhance 
light absorption. However, the present techniques to fabricate Si nanopyra-
mids are either complex or expensive. In parallel, disordered nanostructures 
are believed to be extremely effective to realize broadband light trapping for 
solar cells. Here, a simple and cost-effective method is presented to form 
random Si nanopyramids based on an all-solution process, the mechanism 
behind which is the successful transfer of the generation site of bubbles 
from Si surface to the introduced Ag nanoparticles so that OH −  can react 
with the entire Si surface to naturally form random and dense Si nucleus. For 
optical performance, it is experimentally demonstrated that the random Si 
nanopyramid textured ultrathin crystalline Si (c-Si) can achieve light trapping 
approaching the Lambertian limit. Importantly, it is revealed, by numerical 
calculations, that random Si nanopyramids outperform periodic ones on 
broadband light absorption due to more excited optical resonance modes. 
The fi nding provides a new opportunity to improve the performance of 
ultrathin c-Si solar cells with a simpler process and lower cost. 

DOI: 10.1002/adfm.201505538

  Dr. S. Zhong, W. Wang, Y. Zhuang, Dr. Z. Huang, 
Prof. W. Shen 
 Institute of Solar Energy 
 Key Laboratory of Artifi cial Structures and Quantum 
Control (Ministry of Education) 
 Department of Physics and Astronomy 
 Shanghai Jiao Tong University 
  Shanghai    200240  ,   P. R. China  
E-mail:   wzshen@sjtu.edu.cn    
 Prof. W. Shen 
 Collaborative Innovation Center of Advanced Microstructures 
  Nanjing    210093  ,   P. R. China   

  1.     Introduction 

 Realizing excellent light trapping is the crucial point for 
ultrathin solar cells to maintain the comparable photon absorp-
tion and thus the effi ciency with their bulk counterparts. 
Among various light trapping strategies based on Si nanostruc-
tures, [ 1–3 ]  Si nanopyramids (including upright and inverted) 
have particularly attracted research interests. On the one hand, 
excellent light trapping effect of Si nanopyramids has been 
demonstrated in both experiment and simulation. [ 4–6 ]  On the 
other hand, their surface area is only 1.7-fold the planar sur-
face, far lower than that of other Si nanostructures such as 
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 However, periodic nanostructures with mirror symmetry 
such as regular Si nanopyramids will lead to the degeneracy of 
the optical resonance modes that contributes to the increased 
light absorption. [ 4,17 ]  In contrast, recent literatures argue that 
random nanostructures are more helpful to achieve broadband 
enhancement of light absorption. [ 18–21 ]  Sturmberg et al. [ 20 ]  have 
discerned that random Si nanowires with various radii perform 
better than the ones with identical radius on light absorption 
because of more excited resonance modes. Besides the size 
of nanostructures, it is also experimentally demonstrated that 
increasing disorder in position is more benefi cial for nano-
photonics to achieve broadband light trapping as compared to 
the periodic counterpart. [ 21 ]  

 Here, we propose a simple, cost-effective, and mass-produc-
tion compatible method to fabricate random Si nanopyramids 
based on a layer of Ag nanoparticles and wet Si etching. It does 
not involve the deposition of dielectric layers, photoresist, or ion 
etching process, and is an all-solution processing technique. 
The successful fabrication of the Si nanopyramids lies in the 
transfer of the resultant electrons in the etching process from 
Si to Ag nanoparticles, resulting in the formation of bubbles 
on Ag surface rather than on Si surface so that OH −  can react 
with the whole Si surface to naturally form random and dense 
Si pyramid nucleus. Utilizing the random Si nanopyramids 
as surface texture, near-Lambertian light trapping effect [ 22,23 ]  
is achieved in ultrathin crystalline Si (c-Si) with thickness of 
30 µm in experiment, showing a signifi cant enhancement of 
light absorption as compared with planar surface. We have 
also carried out simulations to further explore the advantages 
of our fabricated Si nanopyramids on 3 µm ultrathin c-Si sub-
strates and reveal that random Si nanopyramids can excite 
more optical resonance modes than periodic ones to realize 
outstanding broadband light absorption.  

  2.     Formation of Random Si Nanopyramids 

  Figure    1   shows scanning electron microscopy (SEM) images, 
digital photograph, as well as refl ectance of the silicon sur-
face treated with different texturing methods. Figure  1 a is 
the top view of random Si micropyramids formed by the 
conventional texturing method for single-crystalline Si solar 
cells. [ 24 ]  Although most of the Si pyramids have a lateral size 
of about 5 µm, one can still see that the pyramid sizes differ 
noticeably in the range of 1–10 µm. Note that for the con-
ventional texturing method, solution temperature needs to 
be maintained at about 80 °C and etching time 30–50 min. 
When decreasing the solution temperature to 65 °C and the 
etching time to 20 min, only several pyramids with sizes 
of 1–2 µm are sparsely formed on the Si wafer surface (see 
Figure  1 b), demonstrating that the surface texture is ineffec-
tive. However, if the Si wafer is decorated with a thin layer 
of Ag nanoparticles on the surface by being immersed in 
AgNO 3 /HF solution fi rst, and then etched in NaOH solu-
tion for 20 min at a temperature of 65 °C, it is amazing that 
its surface morphology is completely different from the two 
samples described above, as shown in Figure  1 c,d (zoomed-
in SEM image). The Si pyramids are densely and randomly 
distributed on the wafer surface (some are overlapped), 

exhibiting a perfect surface texture. Their lateral sizes mainly 
range from 300 to 600 nm. 

  To evaluate the optical performance of the nanopyramids, 
the refl ectance ( R ) and absorptance ( A  b ) spectra of different 
surface condition are compared in Figure  1 e. Compared to the 
micropyramid counterpart, the nanopyramid textured wafer 
has a little higher refl ectance over the whole wavelength range 
from 400 to 1100 nm due to its much smoother surface. But the 
gap between these two refl ectance spectra is reduced when the 
Si surfaces are coated by SiN x  antirefl ection layer. Also, from 
the view of fabrication process, the nanotexture has much less 
material loss (the thickness loss via the proposed nanotexture 
method can be controlled to 0.8–1.5 µm per side, while that of 
the micropyramid texture reaches around 5 µm per side), which 
is highly signifi cant for the application in ultrathin c-Si solar 
cells. For example, the nanopyramid textured c-Si fi lm with a 
thickness of 73 µm possesses a superior  A  b  in the long wave-
length than the micropyramid textured one despite its higher 
refl ectance, as shown in Figure  1 e. This is mainly ascribed to 
more absorber layer kept. We believe that the thinner the c-Si 
fi lm, the advantage of the nanopyramid texture is more promi-
nent. Micropyramid texture is not applicable for the c-Si fi lm 
with a thickness smaller than 10 µm. [ 6,7 ]  

 Our proposed new technique for random Si nanopyramid 
preparation is an all-solution-processed method and thus does 
not involve any electron or ion etching, or dielectric masking 
layers as are required in focus ion beam etching, interfer-
ence lithography, and nanoimprint lithography techniques. 
Although noble metal is contained, the concentration of AgNO 3  
is ultralow (7.8 × 10 −3   M ). Therefore, the fabrication method 
is very simple and cost-effective. It is worth mentioning that 
the nanopyramid texturing method can be applied to quasi 
156 mm × 156 mm wafers. As shown in Figure  1 f, different 
positions of the Si wafer have almost the identical refl ectance 
over the whole wavelength, demonstrating the uniform surface 
texture.  

  3.     Formation Mechanism of the Si Nanopyramids 

  Figure    2  a,b presents the top-view and cross-sectional SEM 
images of the textured Si surface without the removal of Ag 
nanoparticles after being etched in alkaline solution for 20 min 
under the temperature of 65 °C. Distinctly, the Ag nanoparticles 
are randomly distributed on the top, bottom, and slope facet 
of the Si pyramids, unlike the case that Ag nanoparticles are 
embedded at the bottom of Si nanopores in HF-H 2 O 2 /HNO 3 -
H 2 O etching system because of their catalytic role. [ 25,26 ]  There-
fore, in our alkaline etching system, the Ag nanoparticles are 
not a catalytic agent, or at least they do not locally accelerate the 
etching. However, the existence of Ag nanoparticles signifi cantly 
affects the anisotropic etching process of Si. On the one hand, 
Ag nanoparticles enhance the density of the pyramid nucleus. 
With Ag nanoparticles deposited on the surface, highly dense Si 
hillocks, which are the nucleus of Si pyramids, are formed after 
just being etched for 3 min under the solution temperature of 
65 °C, as illustrated in Figure  2 c, while the Si wafer without Ag 
nanoparticles has much sparse and smaller hillocks on the sur-
face under the same etching condition, as shown in Figure  2 d. 
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On the other hand, we fi nd that ultrasmall bubbles are gener-
ated and escape away rapidly from the Si wafer decorated with 
Ag nanoparticles through observing the etching process. In con-
trast to this, for the Si wafer without Ag nanoparticles, relatively 
larger bubbles in the etching process are produced and then 
escape away more slowly. Moreover, some bubbles adhere on 
the Si surface, which is obviously presented in Figure  2 e. From 
the observation, we speculate that the etching rate is faster for 
the Si wafer coated with Ag nanoparticles. To confi rm this, we 
have monitored the mass loss to calculate the effective thickness 
loss per side (Δ W ) and thus extract the etching rate. The Δ W  is 
calculated by the following equation 

 2
before after

before

W
m m

m

W
Δ =

−
×

  
  ( 1)

  

 where  m  before  and  m  after  represent the mass of wafer before and 
after etching, respectively, and  W  is the wafer thickness before 
etching (the thickness of polished wafer is around 180 µm). 
Figure  2 f explicitly shows that the Δ W  of the Si wafer with 
Ag nanoparticles is higher compared to the one without Ag 
nanoparticles no matter the etching time short or long. And 
through linearly fi tting the Δ W  versus etching time, the etching 
rate of Ag nanoparticles decorated Si wafer is calculated to be 
0.075 µm min −1 , indeed higher than that of the naked Si wafer 
(0.060 µm min −1 ). 

  To get insight into the phenomena above and understand the 
role of Ag nanoparticles in the study, it is necessary to know the 
etching mechanism of Si in alkaline solution. For example, for a 
(100) surface of Si, OH −  ions attack the Si surface and two ions 
are bound to per surface atom through dangling bonds with 
injecting two electrons into the conduction band, namely [ 27 ] 

Adv. Funct. Mater. 2016, 26, 4768–4777
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 Figure 1.    Top-view SEM images of the textured Si surface with different texturing condition. a) The conventional micropyramidal texture formed in 
alkaline solution with temperature of 80 °C and etching time of 40 min. b) The surface textured in alkaline solution with temperature of 65 °C and 
etching time of 20 min. c) The nanopyramids formed by immersing in AgNO 3 /HF solution for 10 s to form a thin layer of Ag nanoparticles, followed 
by etching in the alkaline solution with temperature of 65 °C and etching time of 20 min. d) Zoomed-in SEM image of (c). e) Comparisons of  R  and  A  b  
of the micropyramid and nanopyramid textured wafers with and without SiN x  coating. f) Refl ectance spectra of the different positions on a large-size 
nanopyramid textured Si wafer surface (quasi 156 mm × 156 mm). The numbers schematically show the measured positions.
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  ( 2)

  

   In the next step, the Si(OH) 2  groups transform into a posi-
tively charged silicon hydroxide complex by thermally exciting 
the electrons into the conduction band

     ( 3)  

   Then the positively charged silicon-
hydroxide further reacts with the OH −  ions 
producing soluble silicic acid

     ( 4)  

   At the same time, the excited electrons are 
transferred to water molecules near the Si 
surface, resulting in the following reduction 
reaction 

 4H O 4e 4H O2 2+ →− −     ( 5)  

  4H O 4OH + 4H 4OH + 2H2 2→ →− − −     ( 6)  

   As shown in the schematic diagram 
(Figure  2 g), for the Si wafer without Ag nano-
particles, OH −  ions attack the Si surface and 
react with Si atoms to form Si(OH) 4 . Mean-
while, the generated electrons are directly 
injected to the water molecules located near 
the Si surface, producing hydrogen atoms. 
Then the hydrogen atoms evolve into H 2  
molecules and adhere to Si surface, accumu-
lating to form H 2  bubbles. The bubbles have 
a mask effect so that the Si beneath them 
is prevented from reacting with OH −  ions, 
hence leading to the lower etching rate and 
the sparse Si pyramids. (Note that for con-
ventional micropyramidal texture process, 
the solution temperature is 80 °C, so the 
etching process is signifi cantly accelerated. 
Furthermore, the etching time is longer and 
the anisotropic factor is increased too. There-
fore, more Si surface is etched and compact 
micropyramids can be formed.) For the 
case with Ag nanoparticles (see Figure  2 h), 
instead of being injected into water mol-
ecules from Si directly, we believe that the 
generated electrons are extracted by the Ag 
nanoparticles fi rst due to the higher electron-
egativity of Ag than Si [ 25,28 ]  and thereby make 
the Ag negatively charged. Then the accumu-
lated electrons are transferred to the water 
molecules located near the Ag nanoparticles, 
which produces H 2  bubbles adhering on the 
Ag surface with much smaller size. Without 
large bubbles on the Si surface and that the 
Ag particles are nanoscale size, OH −  ions 

can react with nearly the whole Si surface to result in compact 
pyramid nucleation, thereby the dense Si nanopyramids. Also, 
the etching rate is greatly increased. However, it should be 
pointed out here that the Ag nanoparticles do not act as a cata-
lytic agent that accelerates the etching locally but mainly collect 
electrons from the conduction band, which is different from 
the case in acid solution. [ 25,26,29 ]  Moreover, we want to clarify 
that a wetting agent such as isopropyl alcohol (IPA) is needed 
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 Figure 2.    a) Top-view and b) cross-sectional SEM of the distribution of Ag nanoparticles on 
the Si nanopyramid textured surface. SEM image of the surface morphology of the Si etched 
in a temperature of 65 °C for 3 min c) with and d) without the deposition of Ag nanoparticles, 
which characterize the pyramid nucleus. e) Comparison of the etching process of the Si with 
and without the deposition of Ag nanoparticles on the surface. The bubbles are obviously 
different. f ) Effective thickness loss (Δ W ) of the Si wafer with and without Ag nanoparticles 
as a function of etching time. Schematic diagrams of the etching mechanism of Si wafer in 
alkaline solution g) without and h) with the deposition of Ag nanoparticles on the surface.

4



FU
LL

 P
A
P
ER

4772 wileyonlinelibrary.com © 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

to obtain suffi cient wettability for the Si sur-
face by reducing the Si/electrolyte interfacial 
energy. [ 24 ]  If there is no IPA, the wettability is 
not good enough. Thus the bubbles formed 
on the Ag nanoparticles will extend to Si sur-
face and combine the adjacent bubbles to 
form larger ones. Eventually, large bubbles 
will strip off the Ag nanoparticles and thus 
lead to the etching process similar to the case 
without depositing Ag nanoparticles. There-
fore, the success of forming the nanoscale 
Si pyramids is attributed to the comprehen-
sive effect of Ag nanoparticles and the IPA. 
Considering the fact that IPA is also needed 
to obtain good wettability in the micropy-
ramidal texturing technique, this study will 
mainly stress the impact of Ag nanoparticles.  

  4.     Infl uence of Solution 
Temperature and Etching Time 
on Morphology 

 In order to get more knowledge of the novel 
method, we have investigated the infl uence 
of solution temperature on the surface mor-
phology, solar spectrum averaged refl ectance 
( R  ave ), as well as Δ W  with a fi xed etching 
time of 25 min. When the solution temper-
ature is lower than 45 °C, the wafer surface 
looks almost the same as that before etching 
because the etching rate is too slow and 
thereby only ultrasmall hillocks are formed 
(whose SEM is not shown here). However, 
when the solution temperature is higher 
than 55 °C, the wafer surface looks dark gray 
color, suggesting effective surface texture. 
 Figure    3   shows the SEM images of the Si 
surface etched under the solution tempera-
tures of 55, 65, 75, and 85 °C as well as their 
statistical size distribution. It can be seen 
that all the surfaces are compactly covered 
with Si pyramids of different sizes. The Si 
pyramids fabricated under the temperature 
of 55 °C have sizes distributed from 100 to 
1100 nm with a mean value of 443 nm. The 
standard deviation (SD), which is a parameter to quantify the 
dispersion of a set of data, of the size of the Si nanopyramids 
is 206 nm, indicating that the pyramid sizes are mainly dis-
tributed from 250 to 650 nm. With regard to the ones fabri-
cated under the temperature of 65 °C, the sizes are distributed 
from 100 to 1200 nm but most of them are concentrated in 
250–670 nm because their mean value is 467 nm and SD is 210 
nm, showing an extremely slight increase of size as compared 
to that of the 55 °C case. However, when increasing the solu-
tion temperature to 75 °C, the mean value and SD of the size 
of the Si pyramids are also increased to be 579 and 329 nm, 
respectively. This means that the sizes are mainly  concentrated 

in 250–900 nm. The increase of size may be attributed to the 
increased difference of etching rate between the (100) and (111) 
crystallography plane as solution temperature increasing. [ 30 ]  
When the solution temperature is increased to 85 °C, the fabri-
cated Si pyramids have sizes distributed from several hundred 
nanometers to about 7 µm with a mean value of 2829 nm and 
SD of 1609 nm, presenting a dramatic increase of the pyramid 
size. In this case, the fabricated Si pyramids are similar to 
the ones formed by the conventional Si anisotropic etching 
method. Besides the increased difference of etching rate 
between the (100) and (111) crystallography plane, the failure 
in preparing Si nano pyramids under the temperature is also 
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 Figure 3.    SEM images of the surface morphologies of the Si wafers etched under the solution 
temperatures of a) 55 °C, b) 65 °C, c) 75 °C, and d) 85 °C. The corresponding statistical data 
of the pyramid size are shown in a’), (b’), c’), and d’), respectively.
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attributed to that a large number of electrons are fast generated 
from the intense reaction, resulting in the injection of electrons 
into the water molecules not only from Ag nanoparticles but 
also from Si surface directly, thus similar to the conventional 
etching process. 

  On the aspect of optical performance,  Figure    4  a shows that 
the  R  ave s of the Si wafers are almost equivalent (14.5%–15.2%) 
when the solution temperature is between 55 and 75 °C, which 
is ascribed to their similar surface morphology as discussed 
above. When the temperature further increases to 85 °C, the 
 R  ave  dramatically reduces to about 12%. However, Δ W  increases 
rapidly with solution temperature and reaches 4.5 µm at the 
temperature of 85 °C. And as discussed in Section 2, the refl ec-
tance gap between these wafers will diminish after the depo-
sition of antirefl ection coating. Therefore, based on the com-
prehensive consideration of surface micromorphology, optical 
performance, and material loss, from the view of application 
in ultrathin c-Si solar cells, the etching temperature should 
be selected as 55–65 °C, under which the formed Si pyramids 
possess stable surface morphology (due to its insensitive to the 
temperature in the range), good antirefl ection property, and low 
thickness loss. 

  We have also investigated the effect of etching time on 
surface micromorphology, refl ectance spectrum, and Δ W  
under the fi xed solution temperature of 65 °C. From Figure 
 4 b, it can be seen that the refl ectance curves of the wafers 
with different etching time are highly closed, indicating the 
insensitive of refl ectance on etching time. This can be also 
understood from their surface micromorphologies. All the 

surface coverage of Si pyramids fabricated 
with different etching duration approaches 
100% (Figure  4 c), even the etching time as 
short as 10 min. Moreover, the sizes of the 
Si pyramids are insensitive to the etching 
time. The mean values and SD of the Si 
pyramids fabricated with etching time from 
10 to 40 min are about 450 and 200 nm, 
respectively, indicating that most of the 
pyramid sizes are distributed from 250 to 
650 nm, as presented by the data in the 
boxes in Figure  4 d. Although the Si pyra-
mids have similar size distributions, the 
Δ W  increases obviously with the etching 
time, as presented in Figure  2 f. Hence, 
shorter etching time (10–20 min) is pre-
ferred to control the thickness loss without 
losing optical performance.  

  5.     Light Absorption in Ultrathin c-Si 

 One of the most important applications 
of the Si nanopyramids is to provide light 
trapping in ultrathin c-Si solar cells. In 
general, the absorber thickness of ultrathin 
c-Si cells is only a few tens of micrometers 
(<40 µm) or even several micrometers, 
whereas the formation of conventional 
micropyramids needs a material thick-

ness loss of several micrometers, making it unsuitable as 
the light trapping layer due to the concerns of retaining the 
absorber thickness. Instead, Si nanostructure textures can 
not only effectively reduce surface refl ection but also induce 
little optical absorber loss. However, the present Si nano-
structures either lead to high carrier recombination or need 
a sophisticated fabrication process. Here, we have success-
fully fabricated random Si nanopyramids, which have low 
surface area enhancement, on thin fi lm c-Si layer as surface 
texture through the all-solution-processed technique. Then 
both the front and rear surfaces are coated by SiN x  layer 
together with an Ag fi lm deposited on the rear side as the 
back refl ector.  Figure    5   shows that the Si nanopyramids are 
densely and randomly distributed on the ultrathin c-Si sur-
face with most lateral sizes of 250–650 nm. The height of the 
Si nanopyramids is only about 250–350 nm, far lower than 
the 30-µm-thick ultrathin c-Si layer, ensuring the minimal 
loss of the absorber volume. SiN x  layers are conformally 
coated on the nanopyramid surfaces with a layer thickness 
of 75 nm at the front side and 100 nm at the back side. Ag 
fi lm is also conformally deposited on the back SiN x  layer with 
a thickness of about 150 nm by electron beam evaporation 
technique. 

   Figure    6  a displays absorptance of the random Si nano-
pyramid textured and the planar ultrathin c-Si as a function of 
wavelength. The absorptance spectrum of the same ultrathin 
c-Si in the Lambertian light trapping limit is also calculated 
and presented as reference. With assumption that the external 
refl ectance of front surface is 0, internal refl ectance of rear 
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 Figure 4.    a) Variation of  R  ave  and Δ W  with solution temperature. b) Refl ectance spectra, 
c) pyramid coverage, and d) pyramid size distribution of the Si wafers etched under the tem-
perature of 65 °C varying with etching time from 10 to 40 min. In the fi gure, max and min 
represent the maximum and minimum data, respectively. M is the mean value of the data.
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 surface is 1, and considering the weak absorption condition, 
then the Lambertian limit is expressed as [ 22,23 ] 

 4

1 4
b

2

2A
n W

n W

α
α

=
+

    ( 7)  

 where  W  is device thickness and  n  and α rep-
resent refractive index and absorption coeffi -
cient, respectively. In this case, it is also often 
called Yablonovitch limit. [ 23 ]  It can be seen 
that the optical absorption of the planar thin 
fi lm c-Si layer depends strongly on photon 
wavelength, approaching 100% absorptance 
only in the destructive interference region 
(the thickness of the SiN x  layer on the 
planar ultrathin c-Si is about 83 nm), while 
decreasing rapidly outside the region. By con-
trast, the nanopyramid textured ultrathin c-Si 
shows high optical absorptance over a wide 
wavelength range, closely approaching the 
Lambertian limit, demonstrating the extraor-
dinary light trapping effect of our fabricated 
Si nanopyramids. Through the absorptance 
spectra, we calculated the potential short cir-
cuit current density ( J  SC ) of our experimental 
ultrathin c-Si samples based on the following 
equation 

 ( ) IQE( )dSC

AM1.5

bJ q A∫ λ λ λ= ⋅ ⋅     ( 8)  

    where  q  is elemental charge,  A  b ( λ ) is the absorptance spectrum, 
and IQE( λ ) is the internal quantum effi ciency spectrum (here, 
it is assumed to be 100% in the whole wavelength). Figure  6 b 
presents the calculated  J  SC  of the planar, random nanopyramid 
textured, and Lambertian absorbed ultrathin c-Si under AM1.5 
spectrum. Remarkably, the  J  SC  of the nanopyramid textured 
ultrathin c-Si sample is much higher than that of the planar 
one and is close to the Lambertian limit, reaching as high as 
38.6 mA cm −2  on an ultrathin c-Si with only 30 µm in thick-
ness. Though the absorption in Ag fi lm is not considered in 
the calculation above, we fi nd that it can be neglected compared 
to the absorption in the c-Si layer based on the simulation of a 
similar ultrathin c-Si solar cell with periodic nanopyramid tex-
ture by fi nite-difference time-domain (FDTD) calculation (see 
Figure  6 a), which also agrees with the result of Mavrokefalos 
et al. [ 7 ]  Such a result is attributed to our rational design of the 
rear SiN x  layer. We have carefully investigated the dependence 
of the Ag absorption on the thickness of the rear SiN x  layer by 
FDTD simulation, as presented in Figure  6 c. When the thick-
ness of the rear SiN x  layer is 0 nm, namely, no SiN x  layer, the 
Ag fi lm clearly has a high optical absorption in the long wave-
length range. Nevertheless, when the thickness of the SiN x  layer 
reaches 10 nm, the optical absorption in the Ag layer is dra-
matically reduced. It will be further decreased with increasing 
SiN x  layer thickness to the lowest absorptance of about 3% for 
SiN x  thickness larger than 30 nm, which benefi ts from the 
reduced coupling of evanescent wave into the Ag fi lm and thus 
the decreased excited surface plasmon resonance. [ 31 ]  Therefore, 
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 Figure 5.    a) Top-view SEM image and b) cross-sectional SEM image of 
the ultrathin c-Si structure. The right bottom images are close-ups of the 
blue and red boxed regions.

 Figure 6.    a) Comparison of the experimental absorptance spectra of the nanopyramid textured 
and planar ultrathin c-Si layer with a thickness of 30 µm. The absorptance spectrum in the 
Lambertian limit is also presented as a reference. The absorptance in the Ag fi lm is calculated 
by the FDTD method. b) Calculated  J  SC  of the ultrathin c-Si with planar surface, our silicon 
nanopyramid textured surface, and Lambertian surface based on the absorptance spectra in (a). 
c) Absorptance in the Ag fi lm varying with the thickness of the rear SiN x  layer by FDTD calculation.
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the optical absorption in the Ag layer can be neglected when 
the SiN x  layer thickness is 100 nm in our study. However, it 
should be pointed out that the SiN x  layer needs to be locally 
opened by laser to make the Ag layer locally contact the Si for 
collecting current in a real solar cell. Therefore, though the 
optical advantage of the SiN x /Ag bilayer is basically retained, 
the light absorption in a real cell should be smaller than the 
result claimed due to the large parasitic absorption in the local 
Ag/Si contacts.  

  6.     Advantage and Mechanism of Random Si 
Nanopyramids on Light Trapping 

 To further understand the advantage of our fabricated Si nan-
opyramids and the mechanism of excellent light trapping 
effect behind them, we have simulated the light absorption in 
3-µm-thick c-Si thin fi lm with planar, periodic, and random 
Si nanopyramid textured surface, respectively. In the case of 
random Si nanopyramids, both the size and position are disor-
dered (sizes are randomly distributed from 300 to 700 nm and 
some pyramids are overlapped), similar to our experimentally 
fabricated pyramids. In the periodic case, the size of the pyramid 
is 500 nm, approaching the average size of the experimental 
ones. All the ultrathin c-Si fi lms are single-side textured instead 
of double-side textured that is adopted in the experiment. As 
shown in  Figure    7  , double-side-textured c-Si fi lm is less effi cient 

in increasing light absorption in Si due to the higher absorp-
tion in the back Ag refl ector. One of the possible reasons is the 
increased Ag interface. Fortunately, real ultrathin c-Si solar cells 
are generally single-side textured. [ 1,6 ]  Therefore, it is more mean-
ingful to demonstrate the benefi t of the random Si nanopyramids 
by single-side texture design. The detailed structure confi gura-
tions are illustrated in Figure  7 a–c. As can be seen in Figure  7 d, 
the planar ultrathin c-Si has a high absorption only in a narrow 
wavelength range around 600 nm, while the Si  nanopyramid tex-
tured thin fi lms (both periodic and random ones) have excellent 
light absorption over a broad wavelength. Moreover, the absorp-
tion spectrum of the random nanopyramid textured Si is much 
smoother and higher than that of the periodic one in the long 
wavelength range, except lower at some peaks. The result explic-
itly demonstrates the outstanding light trapping effect of random 
Si nanopyramids in ultrathin c-Si, which is of paramount impor-
tance for application. As we know, without additional control 
(e.g., masking process), the naturally formed Si nanopyramids 
are randomized, such as our fabricated ones, because of the 
slight variation of reactants and temperatures as well as the 
disordered structure nucleus on the surface. The superior light 
trapping property of the random Si nanopyramids releases the 
necessary of the masking process to form periodic or ordered Si 
nanopyramids, and thus the fabrication process is much simpler 
and cheaper without losing the light absorption. 

  It is well known that random micropyramids also facilitate 
the realization of good light trapping in Si wafer by multiple 
internal refl ections. [ 32 ]  However, when the size of the Si pyra-
mids is comparable to light wavelength, such as our experi-
mentally fabricated and simulated ones, wave optics instead of 
geometrical optics should be used to explain the light trapping 
behavior. Here, we investigate the electric-fi eld-intensity distri-
butions in the ultrathin c-Si to reveal the origin of the excep-
tional light trapping effect of the Si nanopyramid textures, 
shown in  Figure    8  . At the short wavelength region (451 nm), the 
electric fi eld in the ultrathin c-Si is rather weak for the planar 
surface case because most of the light is refl ected back into the 
air by constructive interference from SiN x  layer, whereas in the 
case of Si nanopyramid textured surface, Si nanopyramids tend 
to provide Mie resonance scattering, thus leading to the local-
ized resonance of electric fi eld that contributes to the great light 
absorption enhancement. At the middle wavelength (603 nm), 
the electric fi eld in the ultrathin c-Si with planar surface is 
greatly enhanced due to destructive interference and Fabry–
Perot resonance. For Si nanopyramidal surfaces, besides Mie 
resonance and Fabry–Perot resonance, index-guided resonance 
is also excited by providing phase-matching of incident light 
to couple to the guided modes. [ 33 ]  Under this circumstance, all 
the ultrathin c-Si membranes have ultrahigh light absorption 
(see Figure  7 d). At the long wavelength (1058 nm), due to the 
deviation of destructive interference, the electric fi eld intensity 
in the planar ultrathin c-Si is decreased but Fabry–Perot reso-
nance is reserved, thus leading to the decrease of absorption 
in oscillation. While for the Si nanopyramid textured surface, 
strong Mie resonance, guided resonance, and Fabry–Perot reso-
nance can still be observed, thereby much higher light absorp-
tion than the planar counterpart. Furthermore, we can also 
observe that the localized resonances in the random nanopyr-
amid textured ultrathin c-Si are distorted as compared to those 
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 Figure 7.    Structural diagrams of the ultrathin c-Si with a) planar, b) peri-
odic Si nanopyramid, and c) random Si nanopyramid textured surface in 
the simulation by FDTD. The thickness of the ultrathin c-Si fi lm is 3 µm 
and all front surfaces are covered by SiN x  layer with 75 nm in thickness. 
The back sides are coated with both SiN x  layer (inner coating) and Ag 
layer (outer coating). d) Calculated light absorptance in the ultrathin c-Si 
with different surface textures as a function of wavelength ranging from 
300 to 1100 nm. Absorption of double-side periodic Si nanopyramid tex-
tured device is also presented for comparison.
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in the periodic counterpart but with a larger and more uniform 
spatial distribution, which may be attributed to the excitation 
of more resonant modes. We believe that random Si nanop-
yramids provide stronger light scattering to induce spectrally 
broadened resonances. [ 20,21 ]  Therefore, the random Si nanop-
yramid textured ultrathin c-Si possesses superior light absorp-
tion over the entire spectrum. In fact, in recent years, superior 
broadband light trapping effect indeed has been demonstrated 
in disordered nanostructures. [ 19,20,34 ]  Here, it is worth pointing 
out that the above optical mechanisms cannot be fully applied 
to an ultrathin c-Si fi lm with a rather large thickness. For 
instance, the Fabry–Perot interferences would not take place 
anymore. Also, the effect of guided resonance weakens or even 
disappears. And the shorter the wavelength, the weaker the 
resonance. These phenomena will incur much smoother light 
absorption spectrum such as the 30-µm-thick case in experi-
ment. However, our simulation results are still meaningful to 
understand the advantage and light trapping mechanisms of 
random nanopyramids in ultrathin c-Si fi lm, especially that 
with the thickness of only several micrometers. 

    7.     Conclusions 

 The proposed fabrication technique of random Si nanopyramids 
is all-solution processing, free of electron or ion etching pro-
cess or dielectric layer as etching mask, and thus is much sim-
pler and more cost-effective. Though Ag nanoparticles play an 
important role in the formation of Si nanopyramids, the etching 
mechanism is completely different from that in the acid solution 
system, where Ag nanoparticles locally accelerate the etching. In 
our case, the success to form the Si nanopyramids lies in the 
transfer of the generation position of bubbles from Si surface 

to Ag nanoparticles surface so that OH −  ions can react with the 
entire Si surface to naturally result in random and dense Si pyr-
amid nucleus. Focusing on the application in ultrathin c-Si solar 
cells, the Si nanopyramids should be fabricated under the solu-
tion temperature of 55–65 °C and a short etching time to limit 
the thickness loss while keep a good antirefl ection ability. Also, 
the Ag nanoparticles need to be thoroughly cleaned before the 
rest of the solar cell is processed in order to avoid destroying 
the electrical performance. One important character of our fab-
ricated Si nanopyramids is the randomization of both position 
and size (mainly in the range of 250–650 nm). Excitingly, we 
fi nd that the random Si nanopyramids facilitate achieving near-
Lambertian light trapping in ultrathin c-Si, performing far better 
than the planar surface and also better than the periodic ones 
due to more optical resonance modes excited. Therefore, the 
random Si nanopyramids fabricated by the novel all-solution-
processed technique open a new opportunity to enhance the 
light absorption of ultrathin c-Si solar cells with lower cost.  

  8.     Experimental Section 
  Sample Fabrication : First, the raw <100> oriented Si wafers (p-type with 

resistivity of 1–3 Ω cm and thickness of 190 µm) were cleaned in acetone 
solution with ultrasonic stirring for 40 min, and then etched in NaOH 
solution with a concentration of 10% at a temperature of 80 °C for 90 s 
to remove the saw-damage layer and form polished surface. After that, 
these wafers were immersed in a mixed solution of 7.8 × 10 −3   M  AgNO 3  
and 9.6 vol% HF for 10 s at room temperature to form an Ag nanoparticle 
layer. Subsequent anisotropic etching in a mixed solution of 1.1% NaOH 
and 8 vol% IPA was carried out to produce Si nanopyramids, followed by 
removing the Ag nanoparticles in HNO 3  solution and removing silicon 
oxide layer in HF solution. Note that, the Si wafers need to be immersed 
in deionized water between every two steps mentioned above to remove 

 Figure 8.    Electric fi eld distributions in the ultrathin c-Si with planar, periodic Si nanopyramid, and random Si nanopyramid textured surface at the 
incident wavelength of 451, 603, and 1058 nm.
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the residual etching solution. Si micropyramids were also fabricated as 
the counterparts by anisotropic etching (1.2% NaOH and 8 vol% IPA) for 
40 min under the solution temperature of 80 °C. 

 The ultrathin c-Si samples were obtained by etching the bulk p-type 
c-Si wafer with resistivity of 1–3 Ω cm and thickness of 190 µm for 
80 min in 10% NaOH solution under the temperature of 80 °C. The 
resultant thin fi lm layer has a thickness of 30 µm. After Si nanopyramids 
were fabricated on the ultrathin c-Si surfaces, SiN x  layers were deposited 
on both surfaces with plasma enhanced chemical vapor deposition (the 
thicknesses for the front side and back side were different and controlled 
by the deposition time), and then Ag fi lms were deposited onto the back 
SiN x  layer as back refl ector by electron beam evaporation. 

  FDTD Simulation : In the simulation, to explore the advantage of 
random Si nanopyramids on ultrathin c-Si fi lm and reveal the light 
trapping mechanism, a substrate thickness of 3 µm was employed and 
periodic Si nanopyramids as well as planar surface were simulated for 
comparison. In the periodic case, the size of pyramids and the period 
are 500 nm ( xy -plane). In the random case, 16 Si nanopyramids with 
sizes ranging from 300 to 700 nm were randomly distributed in a 
1500 × 1500 nm square with periodic boundary conditions ( xy -plane). 
Some pyramids were partly overlapped, which is consistent with the 
experimental fact. The results of four distinct random confi gurations 
were averaged as the properties of random arrays. The ratio of the 
height to the bottom length of the Si pyramids was fi xed to be 1.37 
(corresponding to that the angle between the slope facet and the bottom 
facet was 54°). All the surfaces (periodic, random, and planar) were 
covered by SiN x  layer with a thickness of 75 nm. Ag layer (200 nm) and 
SiN x  layer (100 nm) were coated at the rear side of the ultrathin c-Si, as 
shown in Figure  7 . The light source was plane wave directed to the minus 
 z -axis (which is normal incidence for the planar surface) with wavelength 
ranging from 300 to 1100 nm. The top boundary of the  z -axis direction 
is perfectly matched layer, while the bottom boundary is metal layer. A 
power monitor was positioned above the light source to obtain the  R  and 
an absorption monitor was used to obtain the light absorption in the Ag 
layer ( A  Ag ), so the absorption in ultrathin c-Si was calculated by 1 −  R  
−  A  Ag . Another power monitor located in the  y -normal plane was used 
to obtain the distribution of electric fi eld intensity in the ultrathin c-Si. 
All the above simulations were performed using a commercial software 
package (FDTD Solutions v8, Lumerical 2013), from which the optical 
constants of Si were directly extracted. The refractive indexes of SiN x  
were set to be a constant value of 2 without considering the extinction 
coeffi cient. 

  Characterization : The micromorphologies of the Si surface were 
investigated by fi eld emission scanning electron microscopy. The mass of 
the Si was weighted by electronic balance with accuracy of 0.0002 g. The 
polished wafer thickness was measured by optical microscope. Image 
Tool as well as Nano Measurer software was employed to calculate 
the size and coverage of Si pyramids. The  R  and transmittance ( T  ran ) 
of the ultrathin c-Si were measured by UV–vis–NIR spectroscopy with 
integrating sphere, and thus the  A  b  in the ultrathin c-Si can be calculated 
to be 1 −  R  −  T  ran .  
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and short-wavelength spectral response is 
not good enough, mainly due to the large 
recombination loss of back surface fi eld 
(BSF) [ 2 ]  and the high residual refl ectance at 
the front surface, [ 3 ]  respectively. To achieve 
the excellent broadband spectral response 
of the Si based solar cells, it is necessary to 
further improve the optical and electrical 
properties of the rear surface as well as the 
front surface. By introducing passivation 
dielectric thin fi lms at the rear surface, 
Green group [ 4 ]  has successfully fabricated 
a 22.8% effi cient passivated emitter and 
rear cell (PERC) with an area of 4 cm 2 , 
manifesting superior long-wavelength 
spectral response due to the low recombi-
nation velocity and high long-wavelength 
refl ectivity at the rear surface. [ 5 ]  This long-
wavelength superiority has been recently 
employed in the photovoltaic industry for 

the mass production of 20.0% effi cient PERCs on commercial 
large-area (156 × 156 mm 2 ) Si wafers. [ 6,7 ]  

 On the other hand, Si nanostructure array provides a prom-
ising approach to enhancing the energy harvesting in the short-
wavelength range, for the near zero and small-angle-dependent 
refl ectivity in the short-wavelength region. [ 8–15 ]  By employing 
the well short-wavelength antirefl ection of the Si nanostructure 
array, many authors have made relative progresses in the cell 
performances of the Si nanostructures based solar cells. [ 16–21 ]  
But  η ’s of these Si nanostructures based solar cells are still not 
satisfi ed when comparing with those of the traditional solar 
cells, which is mainly attributed to the large surface recombina-
tion loss from the Si nanostructures. Surface passivation such as 
thermal SiO 2 , [ 4,11,22 ]  SiN  x  :H by plasma enhanced chemical vapor 
deposition (PECVD), [ 23,24 ]  and Al 2 O 3  by atomic layer deposition 
(ALD) [ 25–27 ]  can effectively suppress the surface recombination 
by saturating the dangling bonds or forming the fi xed charges 
at and near the surface. Particularly, the stack SiO 2 /SiN  x   layers 
provide an excellent passivation for the Si nanostructures, [ 28–30 ]  
which benefi ts from the well surface passivation of the inner 
SiO 2  as well as the bulk passivation of the outer SiN  x  :H. The 
simultaneous surface and bulk passivation guarantee the well 
electrical performance of the Si nanostructures based solar cells. 

 As a result, the passivated front Si nanostructures together with 
the passivated rear surface are able to provide the complementary 
spectral responses in both the short-wavelength and long-wave-
length region, implying an effective way to achieve the excellent 
broadband spectral response of Si based solar cells. In this paper, 
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  1.     Introduction 

 Excellent broadband spectral responses are of great signifi cance 
for promoting energy conversion effi ciencies ( η ’s) of solar cells. [ 1 ]  
The commercial large-area silicon (Si) based solar cells have 
demonstrated perfect spectral response in the medium-wave-
length range of 500–800 nm, while both the long-wavelength 
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we perform the simultaneous stack SiO 2 /SiN  x   (PECVD) passiva-
tion for the front Si nano/microstructures (N/M-Strus) and rear 
surface, and successfully achieve a 20.0%  η  of the screen-printed 
Si N/M-Strus based solar cell with a standard solar wafer size of 
156 × 156 mm 2 . This Si N/M-Strus based solar cell possesses 
excellent broadband spectral response due to the improved short-
wavelength response of the stack SiO 2 /SiN  x   passivated N/M-
Strus emitter and the outstanding long-wavelength response of 
the stack SiO 2 /SiN  x   passivated rear surface. The proposed device 
structure and technique open a broad way to the mass produc-
tion of Si nanostructures based solar cells.  

  2.     Design of Device Structure 

 The device structure of Si N/M-Strus based solar cell (see 
 Figure    1  a) is designed as follows: (i) The Si N/M-Strus based  n  + -
emitter passivated by stack SiO 2 /SiN  x   (PECVD) layers as shown 
in Figure  1 b. The Si N/M-Strus possess an excellent short-wave-
length antirefl ection effect, while the stack SiO 2 /SiN  x   layers 
simultaneously provide an outstanding passivation for the surface 
and bulk of the Si N/M-Strus based  n  + -emitter. The simultaneous 
consideration of optical and electrical performance will guarantee 
the well short-wavelength response. (ii) The rear refl ector consists 
of the inner SiO 2  (PECVD) layer, the outer SiN  x   (PECVD) layer, 
and screen-printed Al as shown in Figure  1 c. The design of the 
stack dielectric layers can provide more variables (thickness and 
refractive index) than that of single layer for optimizing the long-
wavelength optical properties, while it keeps the well electrical 
passivation effect. This design predicts an excellent broadband 
spectral response from the simultaneously improved spectral 
responses in both short-wavelength and long-wavelength region. 

    3.     Short-Wavelength Optical and Electrical 
Performance 

  Figure    2  a is the cross-sectional view scanning electron micros-
copy (SEM) image of Si N/M-Strus, which clearly shows the 
Si nanowires (Si NWs) along with the 〈100〉 crystal orientation 
on the surface of micro-pyramid texture. We notice that the Si 

NWs on the top of pyramid are longer than those on the bottom 
of pyramid, indicating that the etching velocity of Si NWs is 
increasing from bottom to top. From the top view SEM image 
of Si N/M-Strus (see Figure  2 b), the etching velocity difference 
between the top and bottom can also be distinguished. The 
varying length of Si NWs on the pyramid texture can provide 
a better antirefl ection effect, which plays a role of antirefl ec-
tive medium with the gradient refractive index. From the SEM 
images, the average length and diameter of the Si NWs are esti-
mated as ≈80 and ≈60 nm, respectively, and the average length 
becomes larger with the increase of the etching time, which is 
consistent with our previous result. [ 15 ]  

  The front surface of commercial Si solar cell is commonly 
coated by SiN  x  :H (PECVD) thin fi lm, which can both reduce 
the front refl ectance and suppress the  n  + -emitter recombi-
nation including surface and Auger recombination. [ 11 ]  As is 
discussed in the Introduction, the stack SiO 2 /SiN  x   layers can 
provide a better surface passivation, therefore, we perform 
continuous deposition of SiO 2  and SiN  x   layer on the surface 
of the Si N/M-Strus based  n  + -emitter in the PECVD chamber. 
Figure  2 c displays the top view SEM image of stack SiO 2 /SiN  x   
coated Si N/M-Strus based  n  + -emitter. The thickness of inner 
SiO 2  and the outer SiN  x   layer are estimated as ≈10 and ≈70 nm, 
respectively. 

 Now, we focus on the short-wavelength optical property of the 
stack SiO 2 /SiN  x   coated Si N/M-Strus. Figure  2 d shows the com-
parison of refl ectance for Si N/M-Strus based solar cell and tra-
ditional solar cell, which manifests the better short-wavelength 
antirefl ection effect of Si N/M-Strus than that of the traditional 
one. As is discussed in our previous work, [ 15,20,31 ]  the combined 
antirefl ection from the Si N/M-Strus and the stack SiO 2 /SiN  x   
layers benefi ts to this short-wavelength optical superiority, 
which is the prerequisite of obtaining good external quantum 
effi ciencies (EQEs) in the short-wavelength range. Also, we see 
the higher refl ectance of Si N/M-Strus in the wavelength range 
of 420–500 nm, which can be solved by optimizing the thick-
ness of the outer SiN  x   antirefl ective thin fi lm. 

 The electrical performance of the  n  + -emitter has an essential 
effect on the short-wavelength spectral response of the solar cell. 
In our case, the inner ultrathin SiO 2  layer is able to provide an 
excellent surface modifi cation by Si O saturating the dangling 
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 Figure 1.    Design and process of the Si N/M-Strus based solar cell. a) The schematic diagram of Si N/M-Strus based solar cell. b) The stack SiO 2 /SiN  x   
(PECVD) passivated Si N/M-Strus based  n  + -emitter. c) The rear refl ector consisting of the stack SiO 2 /SiN  x   (PECVD) layers and the screen-printed Al. 
d) The process fl ow of the Si N/M-Strus based solar cell comparing with that of the traditional one.
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bonds at the surface of the Si N/M-Strus based  n  + -emitter, 
meanwhile the outer SiN  x  :H (PECVD) layer still keep the same 
bulk passivation because the H atoms can easily pass through 
the inner ultrathin SiO 2  layer. Therefore, the front stack passiva-
tion of SiO 2 /SiN  x   can guarantee a better electrical performance 
of Si N/M-Strus based  n  + -emitter, which is characterized by the 
saturation current density  J  0e  of the  n  + -emitter. Generally, the  J  0e  
of the  n  + -emitter is determined by the following expression 

    
τ τ τ

− = + +
+ Δ1 1 1

( )
eff Auger SRH

0e(front) 0e(back)
A

i
2J J

N n

qn d
  

(1)
 

 where  τ  eff ,  τ  Auger , and  τ  SRH  are the effective, Auger recombina-
tion, and the bulk lifetime considering only the Shockley–Read–
Hall (SRH) recombination, respectively,  N  A  is the doping con-
centration of the p-Si substrate, Δ n  is the excess carrier density, 
 q  is the elementary charge, and  n  i  is the intrinsic carrier density. 
Obviously, the lower  J  0e  implies the smaller recombination loss 
of the  n  + -emitter including the surface and Auger recombination. 
From the measurement of  J  0e  mapping, Figure  2 e gives the aver-
aged  J  0e  of the Si N/M-Strus based  n  + -emitter passivated by the 
SiO 2 /SiN  x   stack layers. Comparing with the  J  0e  (107.63 fA cm −2 ) 
of the traditional  n  + -emitter as shown in Figure  2 f, the stack pas-
sivated Si N/M-Strus based  n  + -emitter possesses similar value 
of 113.59 fA cm −2 , which is far smaller than that of single SiN  x   
passivated Si N/M-Strus based  n  + -emitter (≈200 fA cm −2 ). This 
proves the excellent passivation effect of the stack SiO 2 /SiN  x  , 
due to the effective removal of the electrical disadvantages from 
the large surface area of Si N/M-Strus. Moreover, the  J  0e  map-
ping shows the relative uniformity of the diffused morphology 
of the Si N/M-Strus based  n  + -emitter, although some local sur-
faces have the higher or lower values of  J  0e  caused by the high 
temperature diffusion or Si NWs etching process. 

 To evaluate the contribution of  J  0e  to the total diode satu-
rating current density  J  0 , we calculate the  J  0  according to the 
measured open-circuit voltage ( V  oc ) and short-circuit current 
density ( J  sc ), [ 7 ]  as 

    
= ⎛

⎝⎜
⎞
⎠⎟ −⎡

⎣⎢
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/ exp 10 sc
ocJ J

qV
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 where  kT/q  is the thermal voltage (25.693 mV at 25 °C) and  T  is 
the absolute temperature. In our case, the measured values of 
 V  oc  and  J  sc  are 0.653 V and 9.484 A, respectively, so, we obtain 
the value of  J  0  as 357.15 fA cm −2 . Obviously, the  J  0e  with the 
measured 113.59 fA cm −2  plays a secondary role in the total 
diode saturating current density  J  0 , implying that the post pro-
cesses including the screen-printed front and back contacts 
yield the dominant recombination. This also means that the 
low  J  0e  of the stack passivated  n  + -emitter makes it feasible to 
further lower the total  J  0  of the solar cell by optimizing the con-
tact materials and processes. 

 As a result, the improved optical gain from the Si N/M-Strus, 
together with the reduced electrical loss from the excellent sur-
face and bulk passivation of the stack SiO 2 /SiN  x  , predicts the 
better short-wavelength spectral response expressed by the 
EQEs as will be shown below.  

  4.     Long-Wavelength Optical and Electrical 
Performance 

 The rear refl ector consists of the inner SiO 2  (PECVD) layer, 
the outer SiN  x   (PECVD) layer, and the screen-printed Al, as 
shown in Figure  1 c. From the cross-sectional view SEM image 
as shown in  Figure    3  b, the thicknesses of the inner SiO 2  
and outer SiN  x   at the rear surface are estimated as ≈25 and 
≈250 nm, respectively. High internal rear refl ectance (IRR) at 
long-wavelength region can enhance the light absorption in 
the bulk Si of solar cell by reducing the light absorption in 
full Al-BSF and increasing the propagation path, [ 32 ]  resulting 
in the improvement of the long-wavelength quantum effi -
ciency (QE), i.e., long-wavelength spectral response. To better 
understand the IRR, it is necessary to evaluate the  R  IRR  
from the measured total hemisphere refl ectance ( R  measure ) 
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 Figure 2.    Morphological, optical, and electrical properties of the prepared Si N/M-Strus. a) The sectional-view SEM image of the Si N/M-Strus. 
b) The top-view SEM image of the Si N/M-Strus. c) The top-view SEM image of the stack SiO 2 /SiN  x   (PECVD) coated Si N/M-Strus. d) The superiority 
of optical antirefl ection for the Si N/M-Strus based solar cell comparing with the traditional one. e) The  J  0e  (113.59 fA cm −2 ) mapping of the Si N/M-
Strus based  n  + -emitter. f) The  J  0e  (107.63 fA cm −2 ) mapping of the traditional pyramid-textured solar cell.
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by employing diffusely scattering (Lambertian) model. [ 33,34 ]  
Figure  3 a illustrates the Lambertian light-trapping scheme 
in our case, which is based on the front random surface Si 
N/M-Strus based textures and rear refl ector consisting of the 
stack SiO 2 /SiN  x   layers and screen-printed Al. According to the 
Gee’s method, [ 33 ]  we have the expression of the measured total 
hemisphere refl ectance 

    

=
Φ + Φ ′ + Φ ′′ + Φ ′′′ +…

Φ
= + ′ + ′′ + ′′′ +…
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in fe in in in

in
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 where Φ in  and Φ T  are the incidence and transmission light fl ux, 
 R  fe  and  R  fi   are the external and internal refl ectivity of the front 
surface,  T  and  R  IRR  are the bulk transmission coeffi cient and 
internal rear refl ectivity, respectively. Here,  R ′,  R ″, and  R   ″′ form 
a geometric sequence where the common radio is  T  2  R  IRR  R  fi  , 
therefore, Equation  ( 3)   can be rewritten as 
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 Assuming  T  = 1 at long-wavelength range, we have 
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 where the corresponding values of  R  fe  in the range of 950–1200 nm 
can be obtained from the linear equation which is linearly 
fi tted from the values of  R  measure  in the range of 700–950 nm. 
 R  fi   is evaluated as a fi xed value of 0.92, when the light trap-
ping scheme is Lambertian. Figure  3 c shows the internal rear 
refl ectivity  R  IRR  of Si N/M-Strus based solar cell in the long-
wavelength region, comparing with that of traditional cell. 
Obviously,  R  IRR  of the Si N/M-Strus based solar cell has greatly 
increased in the range of 950–1200 nm due to the stack SiO 2 /
SiN  x   layers between the bulk Si and screen-printed Al. The 
increases of  R  IRR  bring about two results: (i) The increasing 
long-wavelength absorption in bulk Si. (ii) The increasing long-
wavelength  R  measure  as shown in Figure  2 d. It is undoubted 
that the former is benefi cial to the long-wavelength spectral 
response of Si N/M-Strus based solar cell. 

  To show the electrical superiority of the stack SiO 2 /SiN  x   
layers, we in this section investigate the infl uence of the dif-
ferent annealing conditions on the effective minority carrier 
lifetime ( τ  eff ) with respect to the injection level (Δ n ), as shown in 
Figure  3 d. Notice that all the polished Si wafers have the same 
bulk minority carrier lifetime of ≈200 µs, and then the stack 
SiO 2 /SiN  x   layers are symmetrically deposited on both sides 
of polished Si wafers. We perform four annealing conditions 
as 425, 625, 725, and 825 °C for 5 min in the air atmosphere. 
We notice that the 22 µs  τ  eff  of the as-deposited SiO 2 /SiN  x   pas-
sivated sample at the injection density of 1.2 × 10 15  cm −3  (1 
sun injection level) is obviously higher than the ≈15 µs  τ  eff  of 
the single SiN  x   layer passivated Si wafer, demonstrating the 
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 Figure 3.    Optical and electrical performance of the rear refl ector. a) The Lambertian light-trapping scheme in our case, with  R  IRR  being the internal rear 
refl ectivity.  R ,  R′ , and  R″  are the front refl ectivity corresponding to primary, secondary, and tertiary refl ection, respectively. b)The cross-sectional view 
SEM image of the stack SiO 2 /SiN  x   (PECVD) layers coated rear surface. c) Comparison of the long-wavelength IRR of Si N/M-Strus based solar cell with 
that of the traditional one. d)  τ  eff  with respect to the injection level Δ n  at different annealing temperature for symmetrical stack SiO 2 /SiN  x   passivated 
wafers. The dashed line denotes 1 sun injection level. e) The FTIR spectra of the 725 °C annealing sample comparing with that of the as-deposition 
sample. f) The coronal charge–voltage curves in the dark and light modes for the 725 °C annealing and the as-deposition sample.  V  cpd  and  Q  c  denote 
the contact potential difference and coronal charge density, respectively. The differences of the interface trap charges difference (Δ Q  it ) and the surface 
barrier voltage difference (Δ V  sb ) between light and dark modes are measured as 1.31 × 10 11  q cm −2  and 0.271 V for the 725 °C annealing sample, as 
well as 4.52 × 10 11  q cm −2  and 0.454 V for the as-deposition sample.
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excellent surface modifi cation ability of the inner SiO 2  layer. 
Importantly, when the samples undergo an annealing process 
in the air atmosphere, the values of  τ  eff  have greatly increased 
compared with that of the as-deposition sample. With the 
increase of annealing temperature from 425 to 725 °C, the 
 τ  eff  increases and reaches the highest value of 142 µs (Δ n  = 
4.9 × 10 15  cm −3 ) at 725 °C. According to the Equation  ( 1)  / τ  eff  = 
1/ τ  bulk  + 2 S  eff / d , the surface recombination velocity (SRV) of the 
symmetrical stack SiO 2 /SiN  x   passivated Si wafer after annealing 
at 725 °C can be calculated as an ultra-low value of 18.3 cm s −1 , 
which manifests an extraordinary passivation effect for a solar-
grade p-type Si wafer. When the annealing temperature further 
increases to 825 °C, the values of the  τ  eff  display a declining 
trend. It is worth noticing that the optimized annealing process 
is close to the co-fi ring process of solar cell, i.e., the annealing 
process can be combined with the co-fi ring process. 

 To further understand the infl uence of the annealing process 
on the surface modifi cation, we compare the Fourier transform 
infrared spectroscopic (FTIR) absorption spectra of the opti-
mized annealing-process sample (725 °C) with that of the as-
deposition sample. Figure  3 e manifests that the Si N, Si O, 
Si H, and N H bonds correspond to the stretching absorption 
peaks at the wavenumbers of ≈840, 1070, 2200, and 3340 cm −1 , 
respectively. We see that the densities of both the Si N and 
Si O bonds show an obvious increase after annealing at 
725 °C, meanwhile the density of the Si H bonds increases 
slightly. The increases of the Si O and Si H bonds density 
imply the decrease of the dangling bonds at the interface of 
Si/SiO 2 , resulting in a better passivation effect. [ 35 ]  Also, the 
annealing process promotes the density of Si N bonds, indi-
cating a more dense structure which can effectively prevent the 
out diffusion of H from entering into the environment instead 
of into Si bulk. However, for an excessively high annealing tem-
perature, the H in Si H and N H groups can escape from 
the bulk Si and the dielectric layers to the environment, which 
causes the decline of the passivation effect. [ 35 ]  

 Also, the improvement of the surface passivation after 
annealing is quantitatively refl ected by the lower value of inter-
face trap density  D  it . From corona charge–voltage curves, the 
interface trap density  D  it  is calculated according to the equation 
of /it it sbD Q V= Δ Δ  with Δ Q  it  and Δ V  sb  being the differences of 
the interface trap charges and surface barrier voltage between 
light and dark modes, respectively. As shown in Figure  3 f, we 
obtain that the  D  it  of the 725 °C annealing and as-deposition 
samples are 4.85 × 10 11  and 9.92 × 10 11  cm −2  eV −1 , respectively. 
This demonstrates that the annealing process can effectively 
reduce the  D  it  from increasing the Si O and Si H bonds at 
the interface of Si/SiO 2 , in good agreement with the result of 
the FTIR measurement.  

  5.     Broadband Spectral Response of Si N/M-Strus 
Based Solar Cell 

 Based on the excellent optical and electrical performance of the 
simultaneous stack SiO 2 /SiN  x   layers passivated front emitter 
and rear refl ector, we fabricate the Si N/M-Strus based solar 
cells. To illustrate the superior broadband spectral response, we 
compare the refl ectance, internal QE (IQE) and EQE of the Si 

N/M-Strus based solar cell with those of the traditional solar 
cell, as shown in  Figure    4  a,b. First, in the short-wavelength 
range, the optical refl ectance has been greatly suppressed 
by the Si N/M-Strus, while the corresponding IQEs of the Si 
N/M-Strus based solar cell show a declining trend due to the 
larger surface recombination of the Si N/M-Strus. Through 
the optimized Si N/M-Strus morphology as discussed in our 
previous paper, [ 21 ]  we achieve that the short-wavelength optical 
gain overcomes the electrical loss of the front emitter, i.e., an 
improvement of the EQEs in the short-wavelength range. From 
Figure  4 b, the short-wavelength EQEs of the Si N/M-Strus 
based solar cell are clearly better than those of the traditional 
solar cell. The medium-wavelength EQEs have shown a slight 
declining trend, which will be optimized in the future work by 
matching the thickness of the front stack SiO 2 /SiN  x   with the 
Si N/M-Strus. [ 20 ]  Second, Figure  4 a shows that both the long-
wavelength IRR and IQEs of the Si N/M-Strus based solar cell 
are superior to that of traditional solar cell, and thus the long-
wavelength EQEs of the Si N/M-Strus based solar cell possess 
great superiority as shown in Figure  4 b. 

   Table    1   lists the performances of Si N/M-Strus based solar 
cells, as well as the traditional counterparts. Obviously, the cell 
performance of Si N/M-Strus based solar cell greatly surpasses 
that of the traditional one, which is attributed to its excellent 
broadband spectral response. First, comparing with the  I  sc  
(9.064 A) of the traditional solar cell, the average  I  sc  of the Si 
N/M-Strus based solar cells is much higher with an absolute 
increment of 0.246 A, reaching 9.310 A, due to the improved 
front short-wavelength antirefl ection and the back long-wave-
length IRR. Second, the average  V  oc  of Si N/M-Strus based solar 
cells demonstrates a high value of 0.649 V which is higher by 
an absolute 10 mV than that of the traditional one, and the 
highest  V  oc  reaches up to the value of 0.653 V. This demon-
strates that the simultaneous passivation for the front and rear 
surface by the stack SiO 2 /SiN  x   have greatly suppressed the elec-
trical recombination loss at both sides of the cell. Finally, based 
on the great increases of high  I  sc  and  V  oc , we have successfully 
achieved the high-performance Si N/M-Strus based solar cells 
with an average  η  of toward-20.0%. The highest  η  of 20.0% with 
the  V  oc  of 0.653 V and  I  sc  of 9.484 A, is confi rmed by the TÜV 
Rheinland Co., Ltd (see Figure  4 c). Figure  4 d is photograph of 
the front and rear surface of the Si N/M-Strus based solar cell. 

    6.     Conclusions 

 In conclusion, we propose the structure of the simultaneously 
passivated Si N/M-Strus based  n  + -emitter and rear surface, 
and successfully fabricate the high-performance Si N/M-Strus 
based solar cell with a large area of 156 × 156 mm 2  by using 
the process compatible with the current commercial solar cells. 
By performing the simultaneous stack SiO 2 /SiN  x   passivation 
for the Si N/M-Strus based  n  + -emitter and rear surface, we 
fi nd that the simultaneous passivation guarantees the better 
short-wavelength antirefl ection, the effective suppression of the 
front emitter recombination ( J  0e  = 113.59 fA cm −2 ), the higher 
long-wavelength  R  IRR  of rear refl ector and the ultra-low SRV 
(18.3 cm s −1 ) of the rear surface. Benefi ting from the simulta-
neous improved performance at the front Si N/M-Strus based 
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 n  + -emitter and rear refl ector, this solar cell possesses superior 
broadband spectral response in both the short and long-wave-
length region, which is expressed as the higher EQEs in both 
regions. Finally, we achieve the highest  η  of 20.0%, as well as 
the open-circuit voltage  V  oc  of 0.653 V and short-circuit current 
 I  sc  of 9.484 A ( J  sc  = 39.0 mA cm −2 ).  

  7.     Experimental Section 
 Solar-grade p - type (100) Czochralski-Si (Cz-Si) pseudo-square 

156 × 156 mm 2  wafers were used with 2 Ω cm resistivity and 190 ± 10 µm 
thickness. Figure  1 d shows the process fl ow of the Si N/M-Strus based 

solar cell comparing with that of the traditional pyramid-textured solar 
cell. After the standard cleaning process and 80 °C-NaOH-etching 
pyramid-textured process, the traditional  n  + -emitter was formed on the 
front surface of wafer by POCl 3  diffusion in a quartz-tube furnace for 
40 min at 800 °C (M5111-4WL/UM, CETC 48th Research Institute). On 
the other hand, by the one-step metal-assisted chemical etching (MACE), 
the Si nanostructures were etched on the pyramid texture in the mixed 
solution of HF (4  M )/AgNO 3  (0.05  M ) for a certain time, and then the Si 
N/M-Strus based  n  + -emitter was formed by the same diffusion process 
with that of traditional wafer. The sheet resistances of Si N/M-Strus 
based  n  + -emitter and traditional  n  + -emitter are 85–87 Ω sq −1 . After 
the rear surface polishing, the stack SiO 2 /SiN  x   passivation layers were 
deposited on the rear surface of Si N/M-Strus based wafer by PECVD 
(M82200-6/UM, CETC 48th Research Institute) for ≈60 min at 450 °C. 
After removing the phosphorous silicate glass (PSG) in dilute HF 
solutions, the deposition of the stack SiO 2 /SiN  x   antirefl ective layers 
were performed on the front surface of the Si N/M-Strus based wafer 
together with the traditional one for ≈40 min at 400 °C by PECVD. The 
PECVD-SiO 2  and PECVD-SiN  x   layers were formed by the reaction of 
the NO/SiH 4  and NH 4 /SiH 4 , respectively. Subsequently, the rear stack 
passivation layers of Si N/M-Strus based wafer were locally ablated by a 
532 nm wavelength and 10 ps pulse length laser (DR-LA-Y40, DR Laser), 
in order to form the 50 µm width and 1 mm pitch local line openings. 
Finally, the Si N/M-Strus based solar cell and traditional solar cell 
underwent the same commercial screen-printing (PV1200, DEK) and 
co-fi ring process (CF-Series, Despatch), to form well Ohmic contacts 
and local BSFs. 

 The morphologies of the Si N/M-Strus were investigated by fi eld 
emission SEM (Ultra Plus, Zeiss). The effective minority carrier 
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  Table 1.    Cell performance of the Si N/M-Strus based solar cell, com-
paring with that of the traditional solar cell. 

Cell (156 × 156 mm 2 ) Output parameters

   I  sc  
[A]

 V  oc  
[V]

FF 
[%]

 η  
[%]

Si N/M-Strus based solar cell Average 9.310 0.649 79.65 19.8

 Best 9.484 0.653 78.50 20.0

Traditional solar cell Average 9.064 0.639 80.16 19.1

 Best 9.063 0.641 80.33 19.2

 Figure 4.    The broadband spectral response of the 20.0% effi cient Si N/M-Strus based solar cell. a) The IQE and refl ectance of the Si N/M-Strus based 
solar cell, comparing with those of the traditional one. b) The EQE of the Si N/M-Strus based solar cell, comparing with those of the traditional one. 
c) The  I–V  curve of the highest 20.0% effi cient Si N/M-Strus based solar cell confi rmed by the TÜV Rheinland Co., Ltd. d) Photograph of the Si N/M-
Strus based solar cell.
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lifetimes and the mapping saturation current density of the emitter were 
obtained by microwave photo-conductance decay method (WT-1200A 
SEMILAB) and quasi-steady-state microwave photo-conductance decay 
method (PV2000, SEMILAB), respectively. The absorption spectra were 
determined by FTIR (Nexus 870, Nicolet). The interface trap density 
 D  it  was obtained from the curve of coronal charge–voltage (PV2000, 
SEMILAB). The refl ectance spectra as well as the IQEs and EQEs 
were measured on the platform of quantum effi ciency measurement 
(QEX10, PV Measurements). The electrical parameters of the solar cells 
were investigated by current–voltage ( I – V ) measurement under the 
illumination of AM 1.5 (Y05-1/UM, CETC 48th Research Institute). The 
performance of the N/M-Strus based solar cell with the highest  η  was 
independently certifi ed by the TÜV Rheinland (Shanghai) Co., Ltd.  
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a b s t r a c t

Unlike conventional multi-wire sawn (CMWS) multi-crystalline silicon (mc-Si) wafers, diamond wire
sawn (DWS) mc-Si wafers textured by conventional acidic solution of HF/HNO3 are not suitable for solar
cells because visible saw marks set significant barriers in both cell performance and surface appearance.
In this work, we have employed versatile strategies based on metal-assisted chemical etching (MACE)
technique to eliminate the saw marks and realize effective surface textures on DWS mc-Si wafers,
including nano-texture (N-T), micro-texture (M-T) and nano/micro-texture (N/M-T). Especially, benefit-
ing from the tradeoff between optical gain and electrical loss, the efficiency of 18.45% for N/M-T based
DWS mc-Si solar cells with a standard wafer size of 156�156 mm2 is reported to be higher by an
absolute 0.57% compared with that of CMWS mc-Si solar cells (17.88%). Our work provides ways of
fabricating DWS mc-Si solar cells with high efficiencies and satisfactory visual appearance.

& 2016 Published by Elsevier B.V.
1. Introduction

Diamond wire sawing (DWS) technique is widely used in cut-
ting hard and brittle non-metallic materials [1]. In the photovoltaic
(PV) industry, DWS has been used in slicing single crystalline
silicon (sc-Si) and multi-crystalline silicon (mc-Si) in recent years.
Compared with conventional multi-wire sawing (CMWS) with
slurry of SiC abrasives, DWS has several advantages including
higher productivity, lower material waste, higher precision in
cutting thin wafers and less surface mechanical damages [2–6].
More importantly, the conversion efficiency (η) of DWS sc-Si solar
cells is over 19% in a traditional industrial production line [7],
which is comparable to the η of slurry sawn ones. Therefore, DWS
is expected to become the mainstream technique for Si-based
solar cells in the near future.

Unfortunately, the production of DWS mc-Si solar cells is not so
successful due to the ineffective surface texturization. In the PV
industry, acidic solution of HF/HNO3 is most commonly used in
fabricating CMWS mc-Si solar cells [8,9]. During the etching, the
surface defects are removed and micron-pits are formed randomly.
Unlike CMWS wafers, which are characterized by a thicker
damaged layer with random distribution of broken crystals, a
18
lower rough surface with parallel deep saw marks is observed on
DWS wafers [2,10]. Resulting from nonuniform etching of the saw
marks, DWS mc-Si wafers cannot form an effective texture by this
method and the surface reflectance is still higher than 25% [8,11].
Since 80% of mc-Si wafers will be sawn with diamond wires by
2020 [12], it is an urgent affair to realize an effective texture
method for DWS mc-Si wafers.

Although reactive ion etching is effective for texturization of
mc-Si wafers [13,14], it is not suitable for the PV industry due to
the high cost. On the other hand, recent researches shows that
effective surface textures with Si nanostructures can be easily
formed on silicon wafers by metal-assisted chemical etching
(MACE) [15–18], which is simple, cost-effective and compatible
with current production lines. In this study, we present versatile
strategies to realize effective surface textures on DWS mc-Si
wafers based on the MACE technique, including nano-texture (N-
T), micro-texture (M-T) and nano/micro-texture (N/M-T). We have
demonstrated that all the N-T, M-T and N/M-T based solar cells
exhibit higher η than the conventional micro-textured (CM-T)
cells. Especially, for the N/M-T based cells, their average η is
increased by 0.57% absolutely, reaching 18.45% on a large wafer
size of 156�156 mm2, which is attributed to its both better optical
and electrical properties. Furthermore, our results reveal that the
saw marks have negative influence on the electrical properties of
the solar cells but fortunately can be resolved by our texturing
methods.
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2. Experimental

2.1. Texturization of diamond wire sawn wafers

In this work, the used silicon wafers were p-type DWS mc-Si
with a size of 156�156 mm2, a thickness of 200720 μm and
resistivity of 1–3Ω cm. The main steps for texturization of the
wafers are shown in Fig. 1. Deionized water (DIW) cleaning was
performed after every step. CM-T was prepared by immersing the
wafers in the mixed acid solution of HF:HNO3:DIW¼1:5:4
(volume ratio) for 3 min at 8 °C. N-T, M-T and N/M-T were
obtained by multiple-etching processes based on MACE technique.
The wafers were firstly dipped into MACE solution (2.6 M HF/1.1 M
H2O2/0.0002 M AgNO3) for 5 mins at 45 °C. In this process, Ag
nanoparticles were deposited onto the silicon and nano-holes
were obtained. After that, one group of the wafers were placed
in the etching solution of NaOH (5 wt%) for 5 min to form the N-T.
Another group of the wafers were immersed into the HF/HNO3

mixed solution for 3 min at 8 °C. As a result, nano-holes were
expanded, and M-T was obtained. Then, a set of the M-T wafers
were placed in MACE solution for 5 min again, followed by NaOH
etching for 5 min to form the N/M-T. Finally, all the textured
wafers were immersed in the HNO3:DIW¼1:1 (volume ration) for
10 min to remove the residual metal impurities, followed by rin-
sing with DIW and spin-drying. Here, after all the processes, the
removing of the silicon wafers is about 3–4 μm on each side.

2.2. Fabrication of the DWS mc-Si solar cells

After the texturization, all the wafers underwent the same
standard industrial solar cell fabricating process, including diffu-
sion, SiNx:H coating and screen printing. The wafers were firstly
placed in a tube furnace for about 100 min at 800 °C by using
POCl3 as doping source. Then, the phosphosilicate glass was
removed by HF solution (9% by volume). After that, SiNx:H was
deposited on the front surface as the antireflection and passivation
layer by plasma enhanced chemical vapor deposition for 40 min at
400 °C. Finally, the fabrication of front and back electrodes were
performed by the screen-printing, followed by a co-firing step at
750 °C for 30 s.
Fig. 1. Schematic illustration of the main steps preparing
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2.3. Characterization

The morphologies of the wafers were investigated by field
emission scanning electron microscopy (FE-SEM) (Zeiss Ultra
Plus). The reflectance spectra together with the internal quantum
efficiency (IQE) and external quantum efficiency (EQE) were
measured by QEX10 (PV MEASUREMENTS). And the electrical
parameters of the solar cells were measured under AM1.5 spec-
trum at the temperature of 25 °C.
3. Result and discussion

3.1. The comparison of DWS and CMWS mc-Si wafers

Fig. 2(a–d) shows the SEM images of as-cut CMWS and DWS
mc-Si wafers, together with the images of the wafers after a rou-
tine texture process. For as-cut CMWS wafers shown in Fig. 2(a),
the surface damage features randomly distributed cracks and fis-
sures. In contrast, irregular surface damage of parallel grooves,
smooth areas, cracks and damaged pits is observed on as-cut DWS
wafers [Fig. 2(b)]. Both as-cut CMWS and DWS wafers underwent
the same HF/HNO3 etching to remove the damage layer and form
microstructures on the surface. As shown in Fig. 2(c), for as-etched
CMWS wafers, wormlike pits with the size of about 3 μm in width
are formed randomly on the whole surface. However, for as-etched
DWS wafers, CM-T characterized by parallel grooves with different
sizes closely formed on the Si surface is observed. Among them,
the narrow grooves consist of elliptical pits with the opening size
of about 2 μm in width while the elliptical pits oriented along the
wide grooves are about 4 μm in width [Fig. 2(d)]. Although the
saw marks are less noticeable compared with the as-cut ones, the
HF/HNO3 etching fail to eliminate them [see surface photos of
as-cut DWS mc-Si wafers in Fig. 2(e) and HF/HNO3 etched wafers
in Fig. 2(f)].

3.2. Surface morphology by a new method based on MACE

In order to eliminate the saw marks and realize effective sur-
face textures on DWS mc-Si wafers, systematic investigation was
conducted in this work. Fig. 3 illustrates the SEM images of the
the CM-T, N-T, M-T and N/M-T on DWS mc-Si wafers.



Fig. 2. SEM images of mc-Si wafers: (a) as-cut CMWS wafers (b) as-cut DWS wafers (c) routine textured CMWS wafers, and (d) routine textured DWS wafers. Surface photos
of DWS mc-Si wafers: (e) as-cut wafers, and (f) HF/HNO3 etched wafers.
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Fig. 3. SEM images of the textured wafers: (a) N-T, (b) M-T, (c) N/M-T. (a0)–(c0) are the enlargements of (a)–(c), together with the SEM images of the cross-section of the
wafers in the inset.
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Fig. 4. (a) Reflectance spectra (400–1100 nm) of the as-etched and SiNx-coated CM-T, N-T, M-T and N/M-T. (b) Averaged reflectance of the reflectance spectra shown in (a).
(c) Experimental IQE and PC1D-fitting IQE of the CM-T, N-T, M-T and N/M-T based solar cells, together with the zoomed-in IQE spectra ranging from 400–600 nm in the inset.
(d) Experimental EQE of the CM-T, N-T, M-T and N/M-T based solar cells.
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textured DWS mc-Si wafers. By employing MACE technique, fol-
lowed by NaOH etching, the saw marks are nearly removed [Fig. 3
(a)] and inverted-pyramid-like N-T is formed [Fig. 3(a0)]. The
average size of the N-T is about 700 nm in width and 600 nm in
height. On the other hand, a group of the wafers are immersed in
HF/HNO3 solution after MACE process, leading to the formation of
M-T as shown in Fig. 3(b) and (b0). The surface is covered with
round pits with the size of about 2 μm in diameter and about
500 nm in height. Compared with CM-T, only few string structures
can be found. In order to reduce the reflectance of the surface and
enhance the optical gain, we have further fabricated N/M-T, which
is characterized by nanostructures (about 400 nm in width)
embedded in micro pits (about 2 μm in diameter), as illustrated in
Fig. 3(c) and (c0). The structures are uniformly formed on the
whole surface and no string structures can be found, which
implies that all the saw marks are removed.

We propose the following chemical etching mechanism to
understand how the saw marks are removed. MACE is a local
electrochemical process with the metal particles acting as a local
cathode and the Si substrate as the anode. In a typical MACE
process, Ag nanoparticles are firstly deposited onto the surface of
the Si substrate and inject holes into the valence band of Si,
resulting in the oxidization of Si. Then the Si oxide is removed by
HF. As a result, the Ag particles generate pits on the Si substrate. In
the meantime, the surface is also etched by HF/H2O2. According to
22
the results proved in Refs. [19–21], the dissolution rate of Si is
faster at the Ag–Si interface than the one on Ag-free Si substrate
due to the catalytic role of the Ag particles, leading to the
expansion of pits under the Ag particles. With increasing etching
time, the pits are expanded into cylindrical pores and the Ag
particles sink at the bottom of the pores. On the one hand, after
further etching in NaOH solution, inverted-pyramid-like N-T is
formed owing to the anisotropic etching of Si. At the same time,
general corrosion of the Si substrate helps to shallow the saw
marks. On the other hand, HF/HNO3 etching after MACE process is
also effective in easing off the saw marks but forms sphere-like
M-T. The cylindrical pores are enlarged and connected to each
other, resulting in the elimination of the narrow saw marks, while
deep saw marks become shallower due to the general corrosion of
Si surface. After multiple-etching processes (sequentially, MACE
process, HF/HNO3 etching, MACE process and NaOH etching), all
the saw marks are completely removed in N/M-T [Fig. 3(c)].

3.3. Optical characteristics and electrical analysis

As we all know, there are two main processes when the solar
cell works, including generation of photocarriers and collection of
photocarriers. In the former process, the optical character directly
affects the number of the photons entering into the solar cells
[15,22]. And electrical loss determines the number of the collected



Fig. 5. Cell performance: (a) VOC, (b) ISC, (c) FF and (d) η for CM-T, N-T, M-T and N/
M-T based solar cells. The yellow dots represent the experimental data while the
height of the histograms represents the averaged value of the data. (e) I–V, P–V
characteristics and the photograph of the highest-efficient N/M-T based DWS mc-Si
solar cell. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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carriers in the latter process. Therefore, we investigate the influ-
ence of the surface structures on both optical and electrical
properties to find an efficient texture for DWS mc-Si solar cells.
Fig. 4(a) presents the reflectance spectra of the CM-T, N-T, M-T, and
N/M-T for the as-etched and SiNx-coated cases in the wavelength
ranging from 400 nm to 1100 nm. For the as-etched cases, the
reflectance of CM-T and M-T is nearly the same in the whole
wavelength range while the reflectance spectrum of N-T is a little
lower than the one of N/M-T. However, the reflectance of nanos-
tructure contained surface (N-T and N/M-T) is much lower than
the one of microstructure based surface (CM-T and M-T) in the
whole wavelength range, which is attributed to the strong forward
light scattering of the nanostructures in the short wavelength
range and the gradual decrease of effective refractive index in the
long wavelength range by the formed density-graded layer. For
SiNx-coated CM-T and M-T cases, antireflection effect is enhanced
in the whole wavelength range, especially in the destructive
interference region (about 750–950 nm). The reflectance is lower
than 5% in this region but increases drastically in the short
wavelength range with the highest value of about 35%. In contrast,
for SiNx-coated N-T and N/M-T cases, the reflectance at short
wavelength is suppressed due to effective antireflection of the
nanostructures and excellent broadband antireflection is achieved.

The averaged reflectance (Rave) for the cases mentioned above
is illustrated in Fig. 4(b). Here, Rave is calculated by averaging the
reflectance over the standard AM1.5 spectrum in the wavelength
23
ranging from 400 nm to 1100 nm as follows:

Rave ¼
R 1100 nm
400 nm R λ

� �
US λ

� �
Udλ

R 1100 nm
400 nm S λ

� �
Udλ

ð1Þ

where R(λ) represents the experimental reflectance and S(λ)
represents the standard AM1.5 solar photon spectral distribution.
The Rave of the as-etched CM-T, N-T, M-T and N/M-T is 29.6%, 14.4%,
29.4% and 15.9%, respectively, and is reduced by a factor of 3 (11.4%
for CM-T, 5.2% for N-T, 11.6% for M-T and 5.6% for N/M-T) after
coating with SiNx thin films. The results show that SiNx coating is an
effective technique to reduce reflectance on different structures.

On the other hand, in order to investigate the influence of
morphology on electrical loss, the IQE of CM-T, N-T, M-T and N/M-T
based solar cells is tested, as illustrated in Fig. 4(c), together with
the corresponding ones simulated by PC1D. The inset presents the
zoomed-in IQE spectra from 400–600 nm. It is found that the IQE
decreases over the whole wavelength range with the formation of
nanostructures, particularly at short wavelength. In addition, it is
worth noting that the M-T based cells exhibit higher IQE, com-
pared with CM-T based cells, suggesting that the elimination of the
saw marks benefits the reduction of electrical loss. Actually,
resulting from a “dead layer” (DL) from the heavily doped Si
emitter [23], the surface and Auger recombination dominates the
degradation of IQE in the short wavelength region. In our cases, we
treat the nanostructures and the saw marks as a low lifetime DL
and simulate the IQE with PC1D software to evaluate the DL
thickness, as reported in the literatures [24,25]. Note that, our
simulated IQE spectra match well with the experimental ones [see
Fig. 4(c)], which guarantees the reliability. For N-T and N/M-T
based cells, the thickness of the DL is 220 and 170 nm, respectively.
The results indicate that the surface and Auger recombination
becomes worse with the increasing height of nanostructures.
Furthermore, M-T based cells exhibit a thinner DL of 80 nm,
compared with that of CM-T based cells (110 nm), suggesting that
eliminating the saw marks can reduce the electrical loss and
enhance IQE.

Here, in order to evaluate the comprehensive influence of optical
gain and electrical loss on cell performance, we illustrate in Fig. 4
(d) the EQE data of the cells mentioned above. Obviously, the EQE of
M-T is higher than that of CM-T in nearly the whole wavelength
range, which implies that the elimination of the saw marks can
significantly benefit the electrical performance of the cells. On the
other hand, although suffering from worse surface recombination
and Auger recombination, N-T and N/M-T based cells exhibit higher
EQE at short wavelength attributed to remarkable antireflection
effect of the nanostructures, compared with CM-T and M-T based
cells. However, N-T based cells exhibit low EQE at long wavelength
due to severe electrical loss. In contrast, for N/M-T based cells, the
EQE value remains at a high level in the whole wavelength ranging
from 550 nm to 950 nm, benefiting from the tradeoff between the
optical gain and electrical loss.

3.4. Cell performance

Fig. 5(a–d) illustrates the measured output parameters
including short circuit current (Isc), open circuit voltage (Voc), fill
factor (FF) and η of the CM-T, N-T, M-T and N/M-T based DWS mc-
Si solar cells (the yellow dots represent the experimental data
while the height of the histograms represents the averaged value
of the data.). Obviously, compared with CM-T based cells, all the
N-T, M-T and N/M-T based cells exhibit higher Isc, Voc (except N-T
based cells) and η, suggesting that our methods based on MACE
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are effective for the texturization of DWS mc-Si solar cells. For N-T
based cells, the Isc of 8.756 A is much higher than 8.617 A of CM-T
based cells, which is attributed to the outstanding antireflection
performance of the nanostructures, while the performance
degradation of VOC occurs due to the worse surface and Auger
recombination. On the other hand, resulting from less electrical
loss by eliminating the saw marks, M-T based cells exhibit high VOC

of 634.3 mV, which is higher by 2.1 mV compared with 632.2 mV
of the CM-T based cells, together with Isc of 8.743 A (higher than
the one of CM-T based cells but a little lower than the one of N-T
based cells). Moreover, benefiting from the tradeoff between
optical gain and electrical loss, N/M-T based cells exhibit good
performance in both Isc and Voc and thus possess the highest η of
18.45% among all the cells, which is higher by an absolute 0.57%
compared with 17.88% of CM-T based cells. In addition, as shown
in Fig. 5(c), the difference among the FF of the cells is not obvious,
which implies that the surface morphology has nearly no influ-
ence on FF. Fig. 5(e) presents the current–voltage (I–V) and power–
voltage (P–V) characteristics of the N/M-T based solar cell, together
with the photograph of the cell. The maximum output power
reaches 4.49 W on the wafer size of 243.36 cm2, and the whole
surface of the cell exhibits the color of dark blue, which is a
satisfying color in industry.
4. Conclusions

In summary, DWS mc-Si wafers cannot be effectively textured
by conventional methods due to the nonuniform etching of the
saw marks, exhibiting high reflectance (about 12% in average after
SiNx coating) and poor electrical properties. In this work, we have
presented effective texture methods for DWS mc-Si wafers based
on MACE technique. We have successfully fabricated high-
efficiency N-T, M-T, N/M-T based DWS mc-Si solar cells on the
standard wafer size of 156�156 mm2. From the study of optical
characteristics, we find that the reflectance can be suppressed to a
low level with the formation of nanostructures (about 5% in
average after SiNx coating), especially at short wavelength. How-
ever, at the same time, electrical loss from the surface recombi-
nation and Auger recombination becomes severe owing to the
heavily doped Si emitter. Benefiting from the tradeoff between the
optical gain and electrical loss, we have realized the N/M-T based
DWS mc-Si solar cells with a high η of 18.45%, which is higher by
an absolute 0.57% compared with 17.88% of CM-T based cells. Note
that this technique also removes all the saw marks in DWS mc-Si
wafers. Our work provides ways of fabricating DWS mc-Si solar
cells with high efficiencies and satisfactory visual appearance.
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Abstract
Compound semiconductors have been widely applied in the energy field as light-harvesting
materials, conducting substrates and other functional parts. Nevertheless, to effectively grow
them in various forms toward objective applications, limitations have often been met to
achieving high growth rate, simplicity of method and controllability of growing processes
simultaneously. In this work, we have grown a uniform CdSe layer on ZnO/CdS nanorod arrays
by a novel in situ photo-assisted chemical deposition method. The morphology and quality of the
as-formed material could be significantly influenced by tuning the optical parameters of the
injected light. Due to the effect of injected light on the key reactions during the growth, a
modified natural light with removal of the UV and IR components seems to be more suitable
than monochromic light. An efficiency of 3.59% was achieved without any additional treatment,
significantly higher than the efficiency of 2.88% of the sample by conventional CBD
method under similar conditions with growth rate one order of magnitude higher. In general, the
result has suggested its potential importance for other compound materials and opto-electronic
devices.

S Online supplementary data available from stacks.iop.org/NANO/27/085605/mmedia

Keywords: targeting growth, photochemical deposition, quantum dots and thin films, nanorods,
photoelectrochemical solar cells

(Some figures may appear in colour only in the online journal)

1. Introduction

With the ever-increasing demand for clean energy, tre-
mendous effort has been paid to developing high performance
solar cells by simple and controllable methods [1–4]. For
instance, photoelectrochemical cells (PECs) have shown their
own advantages of low cost, environmentally friendly fabri-
cation and easily tunable electronic and optical properties [5–
9]. In a typical PEC, dye particles or quantum dots (QDs)

have often functioned as the light absorbers and played an
important role together with various carrier transporters of
nanostructured semiconductor substrates [10–13]. Compound
semiconductors such as CdS [14], PbS [15], CdSe [16–18]
and CdTe [19] have shown promising properties for the QD
materials due to their simplicity for fabrication and easily
tunable electronic and optical properties, while ZnO has
been a focused candidate for the substrate due to adequate
electron mobility (196 cm2 V−1 s−1, wurtzite) [20] and easily
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modifiable morphology [21, 22]. With co-sensitization of
CdSe and CdS QDs, ZnO nanostructure-based PECs have
yielded an efficiency of around 3–5% [23–26].

However, the efficiency of ZnO supported sensitized
solar cells has been often negatively influenced by its rela-
tively low adsorption ability of particles compared with other
oxide surfaces. Moreover, the fabrication of solar cells based
on compound semiconductors is still normally a long or
complicated process, which is also true of systems based on
other substrates. Conventional fabrication methods normally
follow two strategies: ex situ and in situ. The first strategy is
to fabricate the compounds by hydrothermal or photo-
chemical reactions, distribute the products in colloids and
then install them into targeted substrates via direct or linker-
assisted adsorption [27–30]. These ex situ methods can ensure
good QD quality but with the expense of more complicated
procedures and low loading efficiency of particles into tar-
geted substrates, i.e., ZnO nanostructures. The second is to
directly grow QDs onto substrates through the chemical bath
deposition (CBD) [31, 32], successive ionic-layer adsorption
and reaction (SILAR) [33], electrochemical deposition (ECD)
[34], photochemical deposition (PCD) [35–38] and chemical
vapor deposition (CVD) [39]. These methods can achieve
satisfying growth rates and good combination of QDs to the
substrates, which are important to applicable high perfor-
mance solar cells and other devices. However, the complexity
of fabrication (SILAR, ECD) and high cost of fabrication
method (CVD) have significantly inhibited their applications.
The CBD method, though it has simpler procedures, has often
been limited by the reaction conditions such as precursor
selection, high reactor concentration and suitable pH value or
ambient temperature [26, 40], which have also lowered the
stability and controllability of the reaction toward purposed
opto-electronic properties. The PCD method has shown its
own comparative simplicity and efficiency [3, 35, 41–43].
However, the type of materials are quite limited since most of
the systems are single precursor systems, and difficulty also
remains in developing materials into nanostructured sub-
strates (nanorods, nanotubes, nanoflowers, etc) with effective
control of the growth via detailed parameters of the applied
light. Therefore, a combination with the advantages of these
methods can hopefully resolve the problem.

In this work, we have developed a novel photo-assisted
chemical deposition (PACD) through reactions of a few
precursors under excitation of controllable light sources,
which can fabricate uniform CdSe material on ZnO/CdS
nanorod arrays with a high growth rate at room temperature.
Corresponding sensitized solar cells based on them have
achieved a conversion efficiency of 3.59% without chemical
decoration, significantly higher than that of the control sample
(2.88%) by normal CBD method with growth time much
shorter (1.5 h versus 16 h). Moreover, the morphology and
dimension of the as-formed structure can be effectively
influenced when tuning the external light source. These
phenomena have suggested the role of photon-excitation of
carriers from the substrate and thus influenced the main
reaction steps in the CdSe formation. The experiment of time
series also indicated a top-down growth of CdSe on ZnO/

CdS in this method. In general, the results have shown an
effective and controllable way to grow compound semi-
conductors on nanostructure substrates simply by an external
light field and can hopefully be applied to various other
systems.

2. Methods

2.1. Fabrication of ZnO/CdS nanorod arrays

ZnO nanorod arrays were prepared by a two-step method on
FTO glass. In the first step, FTO glass was immersed in a
5.0 mM zinc acetate (Zn(CH3COO)2) ethanol solution for 10 s
and then dried by nitrogen flow. This process was repeated
five times. The substrates were heated in air at 350 °C for
20 min. In the second step, the samples were vertically
installed onto a rubber holder and immersed in Teflon-lined
stainless-steel autoclaves (with 25.0 mM zinc nitrate (Zn
(NO3)2) and 25.0 mM hexamethylenetetramine) kept at 92 °C
for 6 h and repeated for 6 times. After the reaction, the sample
was cleaned in deionized water and annealed in air at 450 °C
for 30 min. To fabricate the ZnO/CdS substrate, the as-pre-
pared substrates were immersed into a 20 ml solution of 0.1 M
sodium sulfide (Na2S) for 10 min at room temperature. Sub-
sequently, the samples were immersed in a solution mixed of
0.025 M cadmium acetate (Cd(CH3COO)2), 0.1 M thiourea
and 0.1 M ethylenediamine and kept at room temperature for
1 h [44].

2.2. Fabrication of CdSe layer on ZnO/CdS substrates

In the control experiment using the CBD method, a 30 ml
aqueous solution was prepared by mixing 0.1 M Cd
(CH3OO)2, 0.1 M Na2SeSO3 aqueous and 0.2 M N
(CH2COONa)3 with volume ratio 1:1:1. Afterwards, the
previously fabricated ZnO/CdS substrates were vertically
immersed in the solution and kept at room temperature for 9
to 24 h under dark condition. For the visible laser PACD
deposition of CdSe layer, the illumination was introduced into
the same mixed solution by adding semiconductor laser
devices with a power of 50 mW and wavelength λ=405,
450, 532, 650 and 780 nm. The power density of the laser was
controlled by tuning the beam diameter to 28, 22, 15, 10 and
8 mm by a lens system. For PACD experiment on mixed
wavelengths, two light sources were applied: a standard AM
1.5 solar simulator (Oriel sol-2A, Newport) equipped with a
UV/IR blocker filter (400 nm<λ<720 nm) and a 175 W
high pressure mercury lamp.

2.3. Fabrication of PEC solar cells

After the deposition of CdSe layer, the as-prepared samples
were coated with ZnS by twice dipping alternately into 0.1 M
Zn(CH3COO)2 and 0.1 M Na2S aqueous solution for 1 min
per dip. They were then annealed at 300 °C in argon atmos-
phere for 5 min and used as the photoanode of the PEC solar
cells. The Cu2S counter electrode was fabricated by immer-
sing brass in a 37% HCl solution at 70 °C for 5 min and then
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vulcanized with as-prepared polysulfide electrolyte (com-
posed of 2.0 M Na2S, 2.0 M S, and 0.2 M KCl in 30 vol.%
methanol aqueous solution). The photoanode and counter
electrode were mounted together with a 50 μm spacer with a
dip (10 μl) of polysulfide electrolyte.

2.4. Characterization of the materials and devices

The morphology of the samples was mainly characterized by
scanning electron microscopy (FE-SEM Sirion 200, JEOL
JSM). The elemental analysis was performed by energy dis-
persive x-ray (EDX) during the SEM observation. More
detailed morphology and the microstructure were investigated
by a high resolution transmission electron microscopy (JEM-
2100F, JEOL USA Inc.). The crystal structure and chemical
composition of the samples were further characterized by x-ray
diffraction (XRD, D/max-2200/PC) with high intensity Cu
Kα radiation (1.5406 Å) and room-temperature Raman
spectroscopy (HR 800UV micro-Raman/PL system, Jobin
Yvon LabRAM) at 514.5 nm. The absorption spectra were
recorded with a lambda-750 UV/vis/NIR spectrophotometer.
The current density–voltage (J–V) characteristics of the solar
cells were measured by computer programmed Keithley 2400
sourcemeter under AM 1.5 (100 mW cm−2) illumination pro-
vided by solar simulator (Oriel sol-2A, Newport). The external
quantum efficiency (EQE) was measured by a quantum effi-
ciency measuring system (QEX 10, PV Measurements).

3. Results

3.1. CdSe growth on ZnO/CdS substrate by conventional CBD
method

For comparison, CdSe was also grown by the conventional
CBD method on ZnO/CdS nanorods. As the substrate, the
ZnO/CdS core–shell nanorods were prepared by the typical
CBD process to deposit a CdS layer on the ZnO nanorods
using Cd(CH3COO)2, thiourea and ethylenediamine as pre-
cursors [44]. As shown in figure 1(a), the as-fabricated
nanorods have an average diameter of about 170 nm. After-
wards, the sample was immersed in a mixed solution of
cadmium acetate, sodium selenosulphate and trisodium salt of
nitrilotriacetic acid and kept at room temperature for 16 h.
After the reaction, the average diameter of the nanorods
increased to about 190 nm (figure 1(b)). TEM images in
figure 1(c) demonstrate that nanocrystal grains were formed
on the nanorod surface with the size of 3–10 nm. The inset
has shown the spacing of about 0.35 nm between the atomic
layers, consistent with (111) plane of CdSe. The XRD dif-
fraction peaks at 26.8° in spectrum I in figure 1(d) corre-
sponds to the cubic (111) plane (JCPDS no. 21-0829) of CdS,
while the one at 25.4° in spectrum II is related to (111) plane
of CdSe (JCPDS no. 65-2891). The Raman spectra I and II in
figure 1(e) are corresponding to the sample before and after
the deposition, respectively. The peak at 300.8 cm−1 in
spectrum I corresponds to the first-order longitudinal optical
phonon modes (1LO) of CdS [45]. The peaks at 204.2 cm−1

and 298.1 cm−1 in spectrum II are assigned to the 1LO mode
of CdSe [46] and CdS, respectively. The small downshift of
the CdS 1LO mode may be induced by the mismatch and
tension in the interface of the core–shell structure [47]. Fur-
thermore, UV/vis/NIR was performed to characterize the
optical absorption properties of the control samples. As pre-
sented in figure 1(f), strong absorption took place when
λ<520 nm for ZnO/CdS nanorods. After the deposition of
the CdSe layer, the absorption edge shifted up to ∼680 nm,
showing significant enhancement of the light absorption.

Moreover, the deposition time was varied from 9 to 24 h
to optimize the products. Figure 1(g) indicates that the content
of Se and the diameter of nanorods monotonically increased
with longer growth time from 1.17% to 2.70% and from 180

Figure 1. CBD CdSe layer on ZnO/CdS nanorods substrates and the
corresponding cell performance: (a),(b) top-view SEM images of
sample: (a) before and (b) after CBD deposition for 16 h,
respectively; (c) TEM image of ZnO/CdS/CdSe nanorod; (d) XRD
of the sample before (I) and after (II) deposition; (e) Raman
spectroscopy of the sample before (I) and after (II) deposition; (f)
diffused reflectance spectra of the sample before (I) and after (II)
deposition; (g) average diameter, Se content, ratio of atomic content
(O/Zn, (S+Se)/Cd) versus different deposition time, measured by
EDX; (h) J–V characteristics of PEC solar cells with different
deposition time.
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to 200 nm, respectively, while the ratio of the contents
(Se+S)/Cd and O/Cd remained stable. Subsequently, the
samples were integrated into sandwich-type PEC solar cells,
with their photocurrent density–voltage (J–V) characteristics
shown in figure 1(h). Before deposition, the ZnO/CdS
nanorods alone showed a conversion efficiency of 0.99% in
PEC cells, with JSC=4.62 mA cm−2, VOC=0.506 V, and
FF=0.35. After deposition of CdSe, the cell performance
was significantly increased. The conversion efficiency
increased as the deposition time increased from 9 h to 16 h
and then decreased as the deposition time increased from 16 h
to 24 h. Eventually, the cell efficiency achieved a maximum
value of 2.88% with JSC=12.37 mA cm−2, VOC=0.597 V,
and FF=0.39, with the deposition time of 16 h.

3.2. CdSe formation on substrate by PACD method

As can be seen from above, although the CdSe layer was
successfully formed on the surface of ZnO/CdS substrate
with corresponding PEC cell efficiency up to 2.88%, the
deposition time of 16 h was too long for any practical pro-
cesses for solar cell fabrication. Normally, a high reaction
temperature would be required to overcome the activation
energy in CBD methods [17, 26]. In this experiment, external
light was introduced as the excitation source according to
previous understanding of photochemical systems [48]. To
simplify the procedure, a 405 nm semiconductor laser was
applied. The surface of the sample became brown just in one
minute after the reaction started, and turned black in about
1 h. As shown by figure 2, the rod diameter of the sample
increased from 130 nm (before reaction, shown in figure 2(a))
to about 200 nm (after 1 h of reaction, figure 2(b)). Mean-
while, figure 2(c) demonstrates the existence of crystalline
grains in the deposited materials, with a grain size of 6–10 nm
and interplanar spacing of about 0.373 nm, consistent with the
(100) plane of CdSe. Corresponding EDX measurement
(figure 2(d)) indicated a significant existence of Se in the as-
formed layer with an atomic number ratio of Se, S and Cd of
38:16:41 (details can be found in supplementary table 2S,
available at stacks.iop.org/00/00/000000). Moreover,
figure 2(e) shows significant diffraction peaks at 26.8° in
curves I and II and 25.4° in curve II, corresponding to the
(111) plane of a cubic CdS structure (JCPDS no. 21-0829)
and the (111) plane of CdSe (JCPDS no. 65-2891), respec-
tively. Apparently, CdSe has been effectively formed after 1 h
of PACD treatment, which was also supported by room-
temperature Raman spectroscopy in figure 2(f). For ZnO/CdS
nanorods (curve I), an intensive peak at 308.8 cm−1 was
observed, relating to the characteristic peak to the 1LO mode
of CdS. After the PACD process (curve II), a peak at
203.3 cm−1 appeared, which belongs to the 1LO mode
of CdSe.

Furthermore, the optical properties were measured by
UV/vis/NIR spectroscopy before and after the reaction. As
presented in figure 2(g), ZnO/CdS nanorods arrays (Spec-
trum I) show an absorption edge at 520 nm due to the small
bandgap of CdS (2.38 eV). A significant redshift of the
absorption edge to 730 nm (1.70 eV) can be observed after the

CdSe PACD process (spectrum II). Apparently, the range of
light absorption of the as-prepared ZnO/CdS/CdSe nanorods
arrays was broadened to almost the entire spectrum of visible
light. The as-fabricated nanorod arrays were also installed
into a sandwich-type PEC solar cell with the J–V curves of
the cells shown in figure 1(h). Consequently, the solar cells
based on PACD-deposited CdSe yielded a η of 1.95% (with
JSC=9.34 mA cm−2, VOC=0.557 V, and FF=0.37),
which is 207% higher than the value (η=0.94%,
JSC=4.73 mA cm−2, VOC=0.524 V, and FF=0.38) of the
cell based on ZnO/CdS nanorods arrays (curve I) but lower
than the optimum 2.88% result of the control samples.
Nevertheless, the significantly enhanced light absorption for
the CdSe sample by PACD has indicated a potential prob-
ability to improve the PEC performance by factor controls
(which is also supported by the EQE measurements in figure
3S in the supplementary information).

Figure 2. PACD of CdSe on ZnO/CdS nanorods substrates and the
corresponding cell performance: (a),(b) top-view SEM images of the
sample: (a) before and (b) after 1 h deposition; (c) TEM image the
deposited sample; (d) EDX of the deposited sample; (e)–(i) results of
(e) XRD, (f) Raman, (g) diffused reflectance spectra (DRS), and (h)
J–V characteristics of PEC solar cells based on (I) not deposited and
(II) deposited sample after 1 h deposition.
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3.3. CdSe formation under varied power density of light

To study the influence of light parameters on the CdSe for-
mation, the power density of light was varied by adjusting the
diameter of the light spot optically with fixed wavelength
(405 nm) and total power (50 mW). The spot diameter D was
tuned to 28, 22, 15, 10 and 8 mm by a lens system with fixed
deposition time of 1 h. As shown in figures 3(a)–(e), the
surface of the nanorods became rougher and their diameter
gradually increased with decreasing D (which means
increasing power density of light). At the highest power
density (D=8 mm), certain big islands appeared even out-
side of the nanorods, as indicated by the red circle in
figure 3(e). Meanwhile, figure 3(f) indicates that the average
nanorod diameter gradually increased from 155 to 210 nm as
the power density increased. Furthermore, the content of Se

atoms increased with the increasing power density of light
while the atomic ratio of (Se+S)/Cd remained at ∼1.28, as
shown by the EDX measurement in figure 3(f) (EDX original
data can be found in supplementary table 3S). In particular,
when the spot diameter was 8 mm, a drastic increase of Se
content appeared, as well as (S+Se)/Cd. Subsequently, the
samples were also integrated into PEC solar cells and char-
acterized by J–V measurement, with the results demonstrated
in figure 3(g). The JSC and VOC first increased with decreasing
spot size and then began to decrease when D became less than
15 mm. When D=15 mm, the cell performance reached its
maximum, with η=1.96%, JSC=9.36 mA cm−2,
VOC=0.572 V and FF=0.37. The corresponding power
density of the light was about 60 mW cm−2, which can be the
threshold for further optimization.

3.4. Influence of wavelength on CdSe formation

Besides the power density, the photon energy is also an
important parameter of the incident light source. Hence,
PACD experiments with varied wavelength (or photon
energy) were performed for the CdSe formation with fixed
power density (D=15 mm, laser power 50 mW) and
deposition time of 1 h. Five wavelengths were chosen: 780,
650, 532, 450 and 405 nm. Significant morphological changes
have taken place as the wavelength decreased (figures 4(a)–
(e)). When λ=780 nm and 650 nm (figures 4(a) and (b)), no
obvious surface changes were observed. When λ=532 nm
(figure 4(c)), small particles emerged at the surface. The
particles grew and clustered to larger islands on the surface as
the wavelength decreased to 450 nm (figure 4(d)) and 405 nm
(figure 4(e)). Meanwhile, the corresponding average diameter
of each sample increased from 145 to 195 nm, as shown in the
figure 4(e). Elemental analysis by EDX in figure 4(f) further
configured the change in the substrate surface (EDX original
data can be found in supplementary table 5S). At a laser
wavelength of 780 nm, no detectable Se content can be found.
From 650 nm, the amount of the Se component increased
monotonically with decreasing λ. Like the previous experi-
ment, the value of (S+Se)/Cd was also nearly a constant for
405 nm<λ<650 nm, indicating a stable growth of CdSe
on the original CdS surface.

Furthermore, J–V characteristics and EQE of the PEC
solar cells were also measured to study the performance of
corresponding samples. As shown in figure 4(g), JSC

increased from 4.75 mA cm−2 to 9.25 mA cm−2 when λ

decreased from 780 nm to 405 nm (details can be found in
supplementary table 6S in the supporting information).
Meanwhile, VOC and FF gradually increased from 0.507 V to
0.570 V and from 0.30 to 0.39, respectively. Generally, the
samples exhibited highest η of 2.03% when λ=405 nm,
VOC=0.570 V, JSC=9.25 mA cm−2 and FF=0.39. These
results suggest the increasing deposition of CdSe with
increasing photon energy can strongly improve the cell
performance.

Figure 3. Influence of light power density on the CdSe formation
under 50 mW 405 nm laser illumination for 1 h: (a)–(e) cross-section
and top-view SEM images of ZnO/CdS/CdSe by tuning the
diameter of the laser beam: (a) D=28 mm, (b) D=22 mm, (c)
D=15 mm, (d) D=10 mm and (e) D=8 mm; (f) average
diameter, Se content, ratio of atomic content (O/Zn, (S+Se)/Cd)
versus spot diameter, measured by EDX; (g) J–V characteristics of
PEC solar cells with different spot diameters ((i) 28 mm, (ii) 22 mm,
(iii) 15 mm, (iv) 10 mm and (v) 8 mm).

5

Nanotechnology 27 (2016) 085605 X Wang et al

29



3.5. Time evolution of CdSe deposition in PACD process

As indicated by the above experiments, the number and
energy of the incident photons are two key factors that sig-
nificantly influence the morphology, structure and chemical
composition of the as-formed materials. Yet the time evol-
ution of the sample during such PACD process on the
nanorods is still not known. Therefore, we continued to per-
form the experiment of PACD of CdSe with different times.
According to the optimum conditions investigated previously,
a 405 nm laser (50 mW) was applied with D=15 mm. The
time points were set at 3, 5, 10, 20, 40, 60, 120 and 180 min,
as shown in figures 5(a)–(h), respectively. As the time
increased, the average diameter of the rods increased from
100 to 205 nm (figure 5(i)). Meanwhile small particles
developed on top of the nanorods from early stage of the

reaction (figure 5(a), t=3 min). As the deposition continues,
as shown in figures 5(b)–(f), more and more particles began to
appear at the lower parts of the rods until the whole rod was
covered when t=120 min (figure 5(g)). Meanwhile, some
big islands emerged on the nanorods’ surfaces when the
deposition time was increased to 180 min (figure 5(h)).
Moreover, as shown in figures 5(i) and (j), the Se content
increased monotonically with increasing deposition time and
the atomic ratio of (Se+S)/Cd and O/Zn remained almost
constant (original data can be found in supplementary table
7S), which indicates that CdSe was stably deposited and then
covered the surface of original ZnO/CdS nanorods.

Eventually, the samples with t � 20 min were selected
and integrated into PEC solar cells to characterize their opto-
electronic properties. As shown in figure 5(k), the cell effi-
ciency increased with t�120 min and then started to
decrease when the growth continued. The cells yielded a
highest efficiency η=3.11% when t=120 min, with
VOC=0.578 V, JSC=12.43 mA cm−2 and FF=0.43. Fur-
thermore, the JSC and VOC simultaneously increased when
deposition time increased from 20 min to 120 min and
decreased afterwards.

3.6. Growth of material using composite light

Previous experiments have shown that significant CdSe
deposition takes place for wavelengths below 532 nm and can
also be enhanced by intermediate illumination intensity.
Based on that, for more applicable purposes, we introduced
an AM 1.5 light source into the system with a final incident
light intensity reduced to 60 mW cm−2, similar to the opti-
mum intensity in the experiment in section 3.3. As shown by
figure 6(a), certain cracks appeared on the surface of the as-
formed materials. This phenomenon can possibly be ascribed
to destruction of ZnO in similar solution by the UV comp-
onent in the AM 1.5, according to related research by other
groups [49, 50]. To verify this, an experiment was carried on
under illumination of a high pressure Hg lamp (λ∼365 nm),
also with a light intensity of 60 mW cm−2. As shown in
figure 6(b), strong destruction of the core area of the rod
arrays emerged after 1 h of experiment. It also implied high
energy photons (with energy higher than the bandgap of ZnO)
can deteriorate the final complex structure. Moreover, the
wavelength experiment has already shown that infrared
radiation did not significantly contribute to the CdSe pro-
duction (in the illumination level of this experiment). There-
fore we considered the application of a UV/IR blocker filter
(400 nm<λ<720 nm) to the AM 1.5 light source. As a
result, no more structural damage appeared in the as-formed
structure in figure 6(c). The optimized results for those
experiments were achieved in 1, 1 and 1.5 h, respectively. The
J–V characteristics shown in figure 6(d) demonstrate that the
efficiency of the PEC cell can eventually reach 3.59% (with a
JSC=13.99 mA cm−2, VOC=0.602 V and FF=42%)
when fabricated by a filtered AM1.5 light source, which also
suggests an applicable method simply using natural light.

Figure 4. Influence of different photon energies on the PACD of
CdSe under 50 mW laser illumination (with fixed 15 mm spot
diameter) for 1 h: (a)–(e) cross-section and top-view SEM images of
ZnO/CdS/CdSe with the laser wavelength from 780 nm to 405 nm:
(a) 780 nm, (b) 650 nm, (c) 532 nm, (d) 450 nm, (e) 405 nm; (f)
average diameter, Se content, ratio of atomic content (O/Zn,
(S+Se)/Cd) versus wavelength, measured by EDX; (g) J–V
characteristics of PEC solar cells under different wavelengths ( (i)
780 nm, (ii) 650 nm, (iii) 532 nm, (iv) 450 nm and (v) 405 nm).
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4. Discussion

The series of experiments carried out previously have
revealed a significant influence of incident light on the for-
mation of CdSe on the ZnO/CdS substrates. To understand
these phenomena and investigate their further development,
we hereby carried out a mechanism discussion based on the
following model according to the results and normal under-
standing of photochemical processes [32, 51–53]:

« +- + -Cd NTA Cd 2NTA 12
4 2 3( ) ( )

n+  +- +ZnO CdS h ZnO CdS e h 2CB VB( ) ( )

+  +- - - -SeSO 2e Se SO 33
2

CB
2

3
2 ( )

+ +  +- + - +SO 2h H O SO 2H 43
2

VB 2 4
2 ( )

+ - + -2SO 2h S O 53
2

VB 2 6
2 ( )

+ + -Cd Se CdSe 62 2 ( )

where -eCB and +hVB are electrons and holes generated by the
incident light, respectively. The formation of CdSe on the
substrate can be generally described by three main stages
(shown in figure 6(f)). At first, Cd2+ ions were released from
complex ions of -Cd NTA 2

4( ) (equation (1)), which have been
preliminarily formed by mixing Cd(CH3OO)2 with N
(CH2COONa)3. They were then adsorbed onto the substrate
surface. Secondly, with the illumination of light (when

hν>2.38 eV), electrons and holes can be generated from
CdS substrate. The photo-excited electrons can greatly
enhance the generation of Se2− from -SeSO3

2 (equations (2)
and (3)). At the same time, the holes can be consumed by
reactions with -SO3

2 in several possible routes (equations (4)
and (5)). Additionally, once CdSe is formed, electrons can
also be excited from CdSe and accelerate the release of Se2−.
Finally, adsorbed Cd2+ and Se2− ions react immediately and
form CdSe on the substrate (equation (6)). In this model, the
key step is the photogeneration of electrons and holes from
the semiconductor substrates. As shown in the schematic
diagram in the inset of figure 6(f), the ZnO/CdS has type-II
structure, which can efficiently separate electron–hole pairs
and reduce their recombination. When the wavelength of
incident light is lower than the absorption edge, photogen-
erated electrons will be injected from the CB (conduction
band) of photo-excited CdS into the CB of ZnO, leading to
separation of electron–hole pairs and the accumulation of
electrons in the CB of ZnO. Meanwhile, the holes generated
on the VB (valence band) will also accumulate due to the VB
of CdS becoming more cathodic than ZnO. The separated
electrons and holes will subsequently participate in the
oxidation and reduction reactions.

Therefore, when the intensity of the illumination
becomes higher at fixed wavelength, the increase of CdSe
coverage and thickness are related to the increase of reactive

Figure 5. Influence of different deposition times on the PACD of CdSe under 405 nm 50 mW laser illumination (with fixed 15 mm spot
diameter): (a)–(h) cross-section and top-view SEM images of ZnO/CdS/CdSe with deposition time from 3 min to 180 min: (a) 3 min, (b)
5 min, (c) 10 min, (d) 20 min, (e) 40 min, (f) 60 min, (g) 120 min, (h) 180 min; (i),(j) average diameter, Se content, ratio of atomic content
(O/Zn, (S+Se)/Cd) versus deposition time, measured by EDX; (k) J–V characteristics of PEC solar cells with different deposition times
((i) 20 min , (ii) 40 min, (iii) 60 min, (iv) 120 min and (v) 180 min).
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Cd2+ and Se2− by enhanced photo-excited electrons from the
substrate. With the band alignment of CdSe and CdS [54],
increasing the thickness of CdSe could not only increase the
absorption of light but also accelerate separation of photo-
excited electron–hole pairs, which could increase JSC, VOC

and the shunt resistance while decreasing the series resistance.
However, it can also be observed in figure 3 that the sample
surface was generally smooth when spot diameter was larger
than 15 mm, but rather rough for the diameter less than
15 mm. The island formation could simultaneously increase
the thickness of sensitizer layer and the number of defects in
it, which may confine photo-excited electron-hole and
recombine the photo-excited electrons [55, 56]. Hence, sig-
nificant island formation may reduce JSC, VOC and the shunt
resistance while increasing the series resistance. Therefore we
finally discovered a nonmonotonic behavior versus the spot
size of the cell performance. The rougher surface under
stronger illumination may possibly be due to the enhanced

etching effect on CdSe in the reaction system under higher
light power [57]. The excessive Se formed at highest power
density was likely from the same origin as in the research
work from other groups on Se photodeposition in other sys-
tems [58–61]. In the study of wavelengths at fixed power, the
number of photons decreased with shorter wavelength.
However, the photon absorption coefficient of the substrate
was also stronger for shorter wavelengths, as shown in
figures 1(f), 2(g) and supplementary figure 2S. Therefore, the
increase of the as-formed CdSe content in figure 4 is likely to
be attributed to stronger electron excitation on the substrate
induced with higher photon energy.

On the time evolution of the deposited CdSe, a possible
explanation for the nonmonotonic change of its opto-elec-
tronic properties can be the intensity distribution of the inci-
dent light and the preferential growth of material against the
incident direction. At early stages of the reaction, a rigid layer
of CdSe particles had already formed on top of the rods while
small particles had just emerged at the lower positions on the
rods. As the time increased, more CdSe islands were devel-
oped to gradually form a layer at the lower position which
was previously covered by discrete islands. This process may
not only enhance the light absorption due to more CdSe
coverage but also increase the electron transport ability, and
led to higher efficiency of the solar cells before the whole rod
was covered by CdSe. However, when the whole rod surface
became covered by CdSe, the fabrication in the radial direc-
tion became predominant. Therefore the series resistance
began to increase with the increasing average thickness due to
longer transfer path for the photo-excited electrons, which in
general induced lower cell efficiency.

Additionally, during the reaction process under the illu-
mination of UV light, though the CdSe formation can be
further enhanced under strong electron excitation, the ZnO
structure in the substrate apparently deteriorated, as shown in
figure 6. This might have been due to the photocorrosion in
aqueous solution under UV irradiation, which was induced by
the attacks of residual photo-generated holes with the Zn–O
bond and disassociation of Zn2+ from ZnO surface [49, 50].
Consequently, the cell performance will be negatively influ-
enced as ZnO is photoelectrons collection and delivering
layer. When the ZnO/CdS/CdSe was integrated in PEC cells
with polysulfide electrolyte, such instability can be sig-
nificantly reduced due to the strong consumption of the
photogenerated holes by high concentration - -S S2

n
2 and

the blocking effect of the ZnS passive layer on direct contact
of inner ZnO and electrolyte [55, 62, 63].

From above the discussions, we can conclude that
intermediate wavelength with photon energy between the
bandgap of CdS (2.4 eV) and ZnO (3.3 eV), appropriate light
power density and reaction time would be the key factors to
optimize this system. The performance of the products by the
PACD method could still be improved by alternations such as
further parameter tuning of the composite light source, sur-
face modification of substrates, variation of precursors and
application of other electrolyte/counter electrode systems, if
considering the results of CdS/CdSe cosensitized system in
previous works [26, 64, 65]. The as-fabricated CdSe may be

Figure 6. Influence of the mixed light source on the formation of
CdSe. (a)–(c) cross-section and top-view SEM images of ZnO/CdS/
CdSe with different mixed light sources: (a) 60 mW cm−2 of AM 1.5
for 1 h; (b) 60 mW cm−2 high pressure mercury lamp for 1 h; (c)
60 mW cm−2 AM 1.5 with a UV/IR blocker filter
(400 nm<λ<720 nm) for 1.5 h. Corresponding (d) J–V char-
acteristics of PEC solar cells ((i), (ii) and (iii) stands for (a), (b) and
(c), respectively). (e) Schematic diagram of CdSe layer fabrication
process on the substrates.
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used in photoelectrochemical hydrogen generation due to its
effective light absorption and type-II graded bandgap struc-
ture. By tuning their average size, they may also be applied in
quantum-dot light-emitting devices with strong electronic
coupling [66]. More importantly, the same method could be
easily applied for more types of QDs and thin films on other
nanostructured substrates with just simple precursors. For
example, Na2S2SO3 are also photo-sensitive and can be
applied in PACD method as the source of S2− to fabricate
sulfide QDs [3, 36].

5. Conclusion

In summary, uniform CdSe layers with variable thickness
were directly formed on the substrate at room temperature
with significantly enhanced light absorption and electronic
property. Systematic investigations have demonstrated that
the morphology and quality of as-formed CdSe QDs are
significantly influenced when tuning the light parameters,
which controls the releasing of Se2− from Na2SeSO3. The
study on the influence of time has indicated a top-down
growth along the incident direction and possible deterioration
of CdSe layer for too long growth time. The cell efficiency
reached 3.59% simply with a modified natural light source
and without additional physical or chemical treatment. This
result is also significantly higher than the control sample
fabricated under similar chemical conditions by conventional
the CBD method but with growth time greatly shortened to
one order of magnitude. Hopefully, further studies on
mechanism and technologies may still extend the range of
materials and promote controllability toward applicable solar
cells and other devices.
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The single standing nanowire (SNW) solar cells have been proven to perform beyond the planar

efficiency limits in both open-circuit voltage and internal quantum efficiency due to the built-in con-

centration and the shifting of the absorption front. However, the expandability of these nano-scale

units to a macro-scale photovoltaic device remains unsolved. The main difficulty lies in the simulta-

neous preservation of an effective built-in concentration in each unit cell and a broadband high

absorption capability of their array. Here, we have provided a detailed theoretical guideline for realiz-

ing a macro-scale solar cell that performs furthest beyond the planar limits. The key lies in a comple-

mentary design between the light-trapping of the single SNWs and that of the photonic crystal slab

formed by the array. By tuning the hybrid HE modes of the SNWs through the thickness of a coaxial

dielectric coating, the optimized coated SNW array can sustain an absorption rate over 97.5% for a

period as large as 425 nm, which, together with the inherited carrier extraction advantage, leads to

a cell efficiency increment of 30% over the planar limit. This work has demonstrated the viability of

a large-size solar cell that performs beyond the planar limits. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4952753]

I. INTRODUCTION

Recent progress on standing nanowire (SNW) solar cells

has just revealed the thrilling potential of fabricating a pho-

tovoltaic device that performs beyond the Shockley-Queisser

(S-Q) limit of conventional solar cells.1–6 Such possibility is

enabled by the unique optical behaviors of the SNWs and

was first observed and proposed in the works of Krogstrup

et al.1 and Wallentin et al.2 In Krogstrup’s work,1 a single

GaAs SNW was found to have an optical cross-section more

than 10 times larger than its geometrical cross-section due to

the optical antenna effect. They proposed that such built-in

concentration of light in a nano-scale device may lead to an

increase in open-circuit voltage (Voc) by allowing the

electron-hole gas to be generated with a higher chemical

potential l than does the planar S-Q limit.1,7,8 Although such

increment was not experimentally demonstrated due to non-

ideal electrical characteristics, it has enlightened the design

of a macro-scale solar cell using these nano-scale units to go

beyond the traditional limits of solar energy conversion. In

Wallentin’s work,2 the viability of this idea was supported

by their observation on the InP SNW array solar cell, where

they found that the highest Voc exceeded that of the planar

cell record despite a large surface area enhancement.

Nevertheless, in that work, the cell structure was not pur-

posefully designed to maximize this effect and the overall

conversion efficiency is still far from the planar limit. To

assess the potential of the single SNW unit cell, our group

has previously studied its optical properties and found a

direct link between the magnitude of the built-in

concentration and the excitation of the HE11d and HE12d

dielectric resonator antenna (DRA) modes.3 Theoretically,

an optimized single SNW cell can possess a conversion effi-

ciency over 33% higher than the planar limit due to the pro-

motion in Voc and the internal quantum efficiency (IQE),

showing great promise as a building block for beyond-limit

macro-scale photovoltaics.

At present, however, there is still a lack of knowledge of

the assembly principles for such a macro-scale device, nor is

it clear to what extent can the superior properties of the sin-

gle SNW unit cells be transferred to their arrays. The diffi-

culty lies in the fact that most previous researches on SNW

arrays have either used them as phase-matching antireflec-

tion layers4,9–11 or tuned their resonant absorption by con-

trolling the radius of the SNWs,2,5,12–19 including the work

by Wallentin et al. Neither of these two can directly serve

our purposes since the radius and array period must be

strictly restricted in order to preserve the ability of each unit

cell to perform beyond the planar limits.1,3 Besides, high

absorption rate on a macro-scale area must be simultane-

ously achieved. A more recent work by Nowzari et al.20 on

InP nanowire (NW) array solar cell has found that the array

pitch plays a crucial role in determining the overall absorp-

tion of the SNW array and proposed that the spacing between

NWs should be chosen according to the NW diameter.

Nevertheless, more detailed discussion on this matter was

not provided. Thus, further studies and new methods are

needed to fully extend the single SNW solar cell concept

into a large-size practical device that performs beyond the

traditional boundaries.

In this work, we provide a theoretical guideline for con-

structing a macro-scale SNW array solar cell that performsa)Email: wzshen@sjtu.edu.cn. Telephone: þ86-21-54747552.
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furthest beyond the planar efficiency limits. The two key fac-

tors are the tuning of the HE resonant modes by controlling

the thickness of a coaxial dielectric coating and the comple-

mentary design between the cavity-like light-trapping of sin-

gle SNWs and the photonic light-trapping of the array.

While the former is a premise for preserving the built-in con-

centration,1,3 the latter allows it to be fully utilized by sus-

taining a broadband high absorption capability up to large

array periods. By this method, a coated SNW (CSNW) array

solar cell with 30% efficiency enhancement over the planar

limit has been demonstrated, thus opening up new possibil-

ities for high-efficiency solar cells with novel structures.

II. METHODS

We have performed the simulations based on the typical

p-i-n amorphous silicon (a-Si) solar cell structure. All cells,

including the planar cell, the SNW cell, and the CSNW cell,

have the same configuration from top down: 80 nm transpar-

ent conductive oxide (TCO), 20 nm p-a-Si, 460 nm i-a-Si,

20 nm n-a-Si, and metal back reflector (a schematic is drawn

for the SNW cell in Fig. 1(a)).21,22 The radii of the SNW cell

and the CSNW cell (the a-Si core) are kept constant at

50 nm, and the coating thickness of the CSNW cell is varied

between 0 and 200 nm.

We have employed the finite-difference time-domain

(FDTD) method to obtain the optical absorption of the cells.

An infinite plane wave is projected vertically onto the cells,

which is normal incidence for the planar cell and axial inci-

dence for the SNW and CSNW cells. The incident wave-

length k ranges from 300 nm to 720 nm, covering the major

absorption spectrum of a-Si (Eg¼ 1.72 eV). The simulation

region is 200 nm� 200 nm� 1 lm with periodic in-plane

boundaries for the planar cell, 4 lm� 4 lm� 1 lm with per-

fectly matched layer in-plane boundaries for the single SNW

and single CSNW cells, and P�P� 1 lm with periodic in-

plane boundaries for the SNW array and CSNW array cells,

where P is the array period. A mesh refinement of down to

1 nm is applied and the complex refractive indexes n, k of

the materials are taken from a widely used reference.23 The

upper limit of the planar cell performance is defined as that

under the total-absorption condition, which is obtained by

artificially dividing the simulated planar absorption rate

Abs(k) by a factor of [1 � R(k)] prior to subsequent electrical

simulations, where R(k) is the simulated reflectance from the

planar cell.

FIG. 1. (a) and (b) Schematic 3D

drawing of the single SNW solar cell

and its absorption efficiency Qabs as a

function of wavelength. The cell radius

is 50 nm. (c) and (d) Schematic 3D

drawing of the SNW array solar cell

and its wavelength-dependent absorp-

tion Abs as a function of array period

P. Resonant wavelengths of the HE11d

and HE12d modes of the single SNW

cell are shown as horizontal dashed

lines. (e) Photonic band structure of

the SNW array with a period of

P¼ 300 nm. The purple lines show the

first 40 bands between the labeled

high-symmetry points. The blue

shaded area is the line cone defined by

x¼ ck. (f) Simulated AM1.5-inte-

grated absorption Abs, open-circuit

voltage Voc, and cell efficiency g of the

SNW array solar cell as functions of

the array period P.
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The electrical simulations of the cells are performed by

solving basic semiconductor equations on a tetragonal mesh

with a fine mesh size of 1 nm. The photocarrier generation

rate at each mesh point is calculated by integrating Abs(k)

with the AM1.5 solar spectrum in the interval of

300 nm–720 nm. The TCO and metal contacts are assumed

to be ohmic and the semiconductor band gap of a-Si is set as

1.72 eV. Both the Shockley-Read-Hall recombination and

Auger recombination are taken into account, giving electron

diffusion lengths of �500 nm in the i-a-Si layer and �6 nm

in the p-a-Si/n-a-Si layers.21,22,24 For simplicity, interface/

surface recombination is not considered, which does not

affect the main conclusions of this work. The above optical

and electrical simulations are performed using a commercial

software package (FDTD Solutions v8 and DEVICE v3,

Lumerical 2013).

After optical and electrical simulations, the performance

parameters of the SNW and CSNW array cell are calculated.

To ensure direct comparability with the traditional definition

of cell parameters of large-size devices, the short-circuit cur-

rent density (Jsc) of the SNW and CSNW array cell is

defined by

Jsc ¼
Isc

P2
; (1)

where Isc is the simulated short-circuit current of a unit cell

and P is the array period (unit length). It can be readily seen

that under such definition, the Jsc of an a-Si SNW/CSNW

array cell has an upper limit of 21.84 mA/cm2, the same as

any other macro-scale a-Si solar cells. Similarly, the energy

conversion efficiency g of the SNW and CSNW array cell is

defined by

g ¼ Im � Vm

P2 � 100 mW=cm2
; (2)

where Im and Vm are the current and voltage of a unit cell at

maximum power point, P is the array period, and 100 mW/cm2

is the energy flux of AM1.5G illumination. Under such defini-

tion, the energy conversion efficiency g of the SNW and

CSNW array cell has the classical meaning: the ratio between

the output power and the total incident energy flux over the

entire cell surface.

In calculating the photonic band structure of the exem-

plary SNW array, the a-Si material is set to have a constant

permittivity of e¼ 11.9 and the extinction coefficient is set

as zero. The photonic bands are calculated by the plane wave

expansion method using a commercial software package

(RSoft).

III. RESULTS AND DISCUSSION

Fig. 1(a) shows the schematic of a single SNW solar

cell. To compare with the planar efficiency limit, we have

adopted the same p-i-n structure of the traditional a-Si thin

film solar cell, where the layer thicknesses are fixed at

p¼ 20 nm/i¼ 460 nm/n¼ 20 nm, respectively.21 It is impor-

tant to note that the choice of a-Si cell is merely due to its

matureness in parameterization and modeling, while the

discussion can apply to a large range of other cell materials

and result in higher efficiencies.1,2,4,5 Also, crucial limiting

factors for a realistic solar cell, such as non-radiative recom-

bination, have been taken into account to ensure direct com-

parability with the experimental results. In our previous

work, we have found that the concentration factor of this

structure is maximized when the nanowire radius is �50 nm,

so that it supports the HE11d resonance of the main absorp-

tion wavelength.3 In the following, this choice of nanowire

radius is retained to take full advantage of the light concen-

tration effect and to promote the Voc furthest above the S-Q

limit. For the same reason, a metal back reflector is always

applied beneath the nanowire, which, together with the

80 nm-thick TCO top layer, also serves as the electrical con-

tacts of the cell. The absorption efficiency (Qabs) of this

structure, defined as the ratio between its optical and geomet-

rical cross-sections, is shown in Fig. 1(b). Absorption in the

nanowire is remarkably enhanced when the HE11d and HE12d

modes are excited by k¼ 626 nm and k¼ 365 nm, respec-

tively, whereas it drops significantly for wavelengths near

the band gap of a-Si (k¼ 720 nm) due to the weak absorption

of the material in this region. Integrating the Qabs with

AM1.5 solar spectrum gives an overall 21-fold built-in con-

centration, leading to a high Voc of 1006 mV, an extremely

high Jsc of 432.7 mA/cm2, a high IQE of 96.5%, and a high

conversion efficiency g of 17.67% (as compared to the planar

limits of 882 mV, 18.84 mA/cm2, 86.8%, and 13.32%,

respectively).

The knowledge of the optical and electrical behaviors of

a single SNW solar cell provides a useful basis in analyzing

the more complicated characteristics of their arrays.

Specifically, the conversion efficiency of a SNW array solar

cell is maximized when (1) the reflectance from the solar

cell is minimized, (2) the Voc promotion in each unit cell is

preserved, and (3) the carrier extraction advantage (higher

IQE than planar) is retained. The first condition requires a

high absorption capability of the SNW array across the broad

AM1.5 spectrum, in contrast to the mode-dependent charac-

teristic absorption of a single SNW.1,3,17 The second condi-

tion requires a sufficiently large spacing (period) between

adjacent SNWs, so that their optical cross-sections do not

substantially overlap and still function as effective light-

concentrators. The last condition requires that most of the

photocarriers are generated within the i-layer of the SNW

array cell. With these criteria in mind, we first investigate

the performance of the SNW array cell depicted in Fig. 1(c).

The array cell is characterized by its period (P), and its opti-

cal property is described by the wavelength-dependent

absorption (Abs), where Abs¼ 1�R and R is the

wavelength-dependent reflectance from the cell. In Fig. 1(d),

the Abs of the SNW array cell is shown in color against

increasing P. There are several key features to be noted in

this contour. First, strong absorption of the array is observed

for resonant wavelengths of the HE11d and HE12d modes,

indicated by Abs values close to unity. This is especially true

for the HE11d mode, where an array as sparse as 700 nm in

period can still absorb almost all the incident light with

k¼ 626 nm. Second, a relatively high absorption region is

found for the non-resonant wavelengths, where P< k is
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satisfied. Third, the array shows very poor absorption of

wavelengths near the a-Si band gap, where even the densest

array of P¼ 250 nm only captures less than 1/3 of the inci-

dent light.

Apparently, these optical features of the SNW array cell

come from both the property of the unit cell and that of their

collective group.4,10,25 Since the former has been well stud-

ied previously, we now focus on the latter issue. A square

array of SNWs can be considered as a grating with discrete

translational symmetries in both two in-plane directions (~x
and ~y).4,11,25,26 And Bloch’s theorem dictates that the in-

plane wave vector ~k jj is conserved up to the addition of re-

ciprocal lattice vectors, which is commonly known as the

Bragg-diffraction condition.11,26 Explicitly, for a square

array

~k
0
k ¼ ~k jj þ m1

2p
p
~x þ m2

2p
p
~y; (3)

where ~k
0
k and ~k jj are the in-plane wave vectors of the dif-

fracted and incident light, m1 and m2 are any combination of

integers, and p is the array period. Such ability of the array

to provide in-plane momentum for incident light has been

exploited in many light-trapping schemes, where it enables

phase-matched coupling of light into the guided modes (if it

is used in conjunction with a thin layer of substrate) or the

diffraction modes (if it is used in conjunction with an infin-

itely thick substrate) of the absorbing material.4,10,11

However, in our case, the SNW array is itself the absorber

and its interaction with light must be understood via its pho-

tonic band structure, which is plotted in Fig. 1(e) for

P¼ 300 nm.26,27 The purple lines show the first 40 photonic

bands across the irreducible Brillouin zone between the la-

beled high-symmetry points, while the blue shaded area

shows the continuum of radiation modes, or normally

referred to as the light cone. Like in any photonic crystal

slab, the modes below the light cone are truly guided modes

with infinite lifetime.26,27 If a specific wavelength can ac-

quire a suitable in-plane momentum, it can be coupled into

these guided modes for significant absorption enhance-

ment.26–28 However, the SNW array alone cannot provide

this phase-matching, as can be readily seen from Equation

(3) that any diffracted wave vector ~k
0
k for normal incident

light (~k jj ¼ 0) still falls on the C point in the reduced zone

scheme. At the C point, all photonic states supported by the

array reside in the light cone. These modes can couple to

radiation modes in air and thus possess only a finite lifetime,

which are often called guided resonances.26,27,29,30 The

above information of the photonic band structure offers a

straightforward explanation to the optical properties of the

array shown in Fig. 1(d). When normal incident light reaches

the air/array interface, which is essentially a grating, it is ei-

ther diffractively reflected or coupled to the supported modes

of the array.11,16,17,26 The reflection loss on this interface

(termed “in-coupling loss” by Anttu and Xu17) determines

how much light can enter the SNW array, and its value

strongly depends on the number (order) of the diffractive

reflections.11,16,17,26 When P< k, all but the 0th order

reflections vanish, since Equation (3) gives an imaginary

normal-to-plane wave vector ~k
0
? ðð~k

0
?Þ

2 ¼ 2p
k

� �2 � ð~k 0kÞ
2Þ for

these modes (evanescent waves). By contrast, the array sup-

ports a large number of guided resonant modes for these

wavelengths (note that P< k equals to the normalized fre-

quency xp
2pc < 1 in Fig. 1(e)).26,27 Consequently, light is more

effectively coupled into the array than reflected due to the

contrast in the density of optical states, resulting in the

broadband relatively high absorption region denoted by

P< k. Such phenomenon is quite similar to the case of an

array/substrate system, where the high-index substrate sup-

ports more diffraction modes than air and causes a dip in re-

flectance for P¼ k (Rayleigh anomaly).11,26 On the other

hand, not all the incident light that passes through the air/

array interface gets absorbed. The finite lifetime of the

guided resonant states suggests that the in-coupled light will

eventually escape from the array if it is too weakly absorbed

by the material.26,27,29,30 And this has been clearly evidenced

by the poor absorption performance near the a-Si band gap

in Fig. 1(d).

Now based on the Abs profile, we can conclude that the

preliminary SNW array structure is not yet optimized for

large scale photovoltaics due to the lack of uniform absorp-

tion capability across the solar spectrum. This is shown ex-

plicitly in Fig. 1(f), where the AM1.5-integrated Abs, the

open-circuit voltage Voc, and the cell efficiency g are plotted

as black, red, and blue solid lines, respectively, for the SNW

array cell. The Abs drops rapidly with increasing P, showing

a reflection loss of �10% at P¼ 230 nm and �20% at

P¼ 320 nm, whereas the corresponding Voc increments are

only 83 mV and 102 mV, respectively. Clearly, the reflection

loss compensates the benefit in Voc for larger values of P,

leaving the maximum of g to be found at P¼ 175 nm with

g¼ 15.92%, Abs¼ 0.96, Voc¼ 944 mV, and IQE¼ 95.1%,

respectively. Although this efficiency maximum is �20%

higher than the planar limit of g¼ 13.32%, we can still see

that this enhancement primarily comes from the improved

IQE (which will be discussed later), and that the Voc promo-

tion is only half of that in a single SNW due to the denseness

of the array, showing plenty of room for improvement.

As has been discussed above, to fully exploit the built-in

concentration of SNWs, we need to choose a sparse array

with a large P, which in turn requires that the light-trapping

mechanisms of the individual SNWs and the array be more

delicately coordinated, so that each section of the spectrum is

covered by a certain mechanism. These two sources of light-

trapping represent two distinct solutions. For the light-

trapping of the array, we can see from its band structure in

Fig. 1(e) that if we introduce additional scatterers (e.g., a gra-

ting back reflector with a different P), the normal incident

light may acquire a matching in-plane momentum and couple

to the guided modes of the array.11,26 This should notably

improve the absorption across the spectrum, especially near

the material band gap, but we will not discuss this approach

here due to the additional complexity in experimental realiza-

tion. The other way is to adjust the cavity-like light-trapping

of the single SNWs, i.e., the HE11d and HE12d modes. As can

be seen in Fig. 1(d), due to the array light-trapping boundary

of P< k, for large P (P> 450 nm), there is a lack of absorp-

tion for the medium wavelengths (k¼ 450 nm–500 nm) apart
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from the poor absorption near the band gap, whereas the HE

modes provide either insignificant (k¼ 365 nm, low photon

flux) or redundant (k¼ 626 nm, covered by array light-trap-

ping) absorption enhancement for such value of P (�450 nm).

This inspires us to move the HE resonant peaks to longer

wavelengths, complementing the array light-trapping. A simi-

lar conclusion has been drawn previously by Anttu et al. that

a SNW array shows maximum overall absorption when one of

the resonant absorption peaks of a single wire is placed near

the material band gap.16,17 However, in these works, the reso-

nant peaks are controlled through the nanowire ra-

dius,5,12,13,15–19 which is infeasible in our case since the

effectiveness of the built-in concentration diminishes rapidly

with increasing radius (according to our previous work, the

concentration factor drops from 21 to �16 when the HE11d

mode is placed near the band gap, and further to �4.5 when

the HE12d mode is placed near the band gap).3 Thus, we need

to choose another radius-unconstrained method in tuning the

resonances of the single SNWs. Considering their DRA na-

ture, we refer to the alternative solution in DRA applications

for resonance tuning, i.e., the embedded DRA (EDRA) tech-

nique.31–33 The resonant frequencies of a DRA can be modi-

fied by placing it into an embedded structure without having

to change its geometrical parameters. Explicitly, for a cylin-

drical DRA, previous works have shown a red shift in its reso-

nant wavelengths when embedded into a larger coaxial

cylinder with a lower refractive index.31–33 This suggests the

conformal coating of the SNWs with a dielectric shell, which

is the adopted method in the following discussion.

Fig. 2(a) shows the schematic of the CSNW structure.

We have chosen SiNx as the coating material in the simula-

tions, but the conclusions should readily extend to other

dielectric materials with similar refractive indexes, e.g.,

SiO2. In Fig. 2(b), the influence of the coating thickness C
on the Qabs of a single CSNW is drawn in color. The peak

positions of the first two resonances are plotted in dashed

black lines and can be traced back to the HE11d and HE12d

modes of the uncoated SNWs, respectively.3 It can be seen

that the resonant wavelength and the resonant magnitude

(indicated by Qabs) both increase with increasing coating

thickness C, consistent with the previous findings.31–33

Accordingly, we can choose a suitable value of C to move

these resonances to the required parts of the absorption spec-

trum, as is shown in Fig. 2(c). By choosing C¼ 65 nm, the

HE12d mode is moved to the medium wavelength

(k¼ 484 nm), enhancing the local Qabs by �3 fold, and the

HE11d mode is moved into the material band gap, enhancing

the near-band-gap Qabs by more than 3 fold. Thus, the new

CSNW structure can satisfy our previous requirements for

the light-trapping of a unit cell.

Next we evaluate the performance of the CSNW array,

which is depicted in Fig. 3(a). As before, the array is charac-

terized by the period P, and its optical property is reflected

in the Abs contour in Fig. 3(b). Similar to that of the SNW

array in Fig. 1(d), the strong absorption region of the CSNW

array is determined by both the HE-mode-dependent reso-

nant absorption of the individual CSNWs and the array light-

trapping boundary of P< k. However, in this case, the

relocated HE modes provide critical absorption enhancement

for the array. The strong light-trapping of the individual

CSNWs at resonance allows for almost complete absorption

of the medium and near-band-gap wavelengths up to a period

of 600 nm, at which point the array light-trapping has been

demonstrated to be ineffective due to either the existence of

higher order diffractive reflections or the leaky nature of its

guided resonances.11,26,27,29,30 Consequently, the CSNW

FIG. 2. (a) Schematic 3D drawing of

the single CSNW solar cell. The

CSNW cell is formed by embedding a

SNW cell into a coaxial dielectric shell

with a thickness of C. (b) Shifting of

the DRA modes of the CSNW cell as a

function of coating thickness. The first

two resonances are labeled by dashed

black lines and can be traced back to

the HE11d and HE12d modes of the sin-

gle SNW cell, respectively. (c)

Absorption efficiency Qabs of the sin-

gle SNW cell and single CSNW cell

(C¼ 65 nm). The HE11d and HE12d

modes can be moved to the desired

parts of the absorption spectrum (near

band gap and medium wavelength) by

choosing C¼ 65 nm.
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array can sustain a broadband high absorption capability for

P values as large as 500 nm (which is about the extent of the

optical cross-section of a single SNW3), thus enabling full

utilization of the built-in concentration effect. In Fig. 3(c),

the resulted AM1.5-integrated Abs, the open-circuit voltage

Voc, and the cell efficiency g are plotted for the CSNW array

cell. Due to the complementary light-trapping effects across

the absorption spectrum, the CSNW array cell shows reflec-

tance values less than 6% for P ranging from 250 nm to

500 nm, with a minimum of 2.2% at P¼ 400 nm. The effi-

ciency maximum is found at P¼ 425 nm, with g¼ 17.29%,

Abs¼ 0.975, Voc¼ 1009 mV, and IQE¼ 96.2%, respectively.

This equals to a 30% relative increase over a planar device

with the exact same material and an absorption capability of

unity, namely, the practical efficiency limit of planar struc-

ture. Further comparing the CSNW array cell with the single

SNW cell, we can see that the promotion in Voc is not only

preserved but slightly enhanced by the excitation of the

guided resonances of the array, and that the high IQE feature

is retained (as will be shown later). Thus, we have shown

from the theoretical point of view the possibility to realize a

macro-scale solar cell that performs far beyond the planar

Voc and IQE limit.

Here, it is worth pointing out that certain properties of

the CSNWs may notably facilitate their experimental realiza-

tion. First, the coating can in principle be formed by more

than one type of lower-index materials, e.g., a TCO/SiO2

shell as is used by Wallentin et al. in their InP cell.2 The

shifting of the DRA modes in this case needs to be further

determined, but it provides much convenience for the real-

ization of the cell structure. Second, in tuning the HE

resonances of the single CSNWs, we have chosen

C¼ 65 nm, so that the HE11d and HE12d modes are precisely

moved to the band gap and the medium wavelength,

respectively. However, this choice may not be unique. As

can be seen in Fig. 2(b), more resonances show up when fur-

ther increasing C, and for C � 180 nm the Qabss at the me-

dium wavelength and near the band gap are comparable to or

even higher than those of C¼ 65 nm. For such thick coat-

ings, the CSNWs touch each other in the array and should

not be analyzed separately,14,26 nevertheless simulations

show that the reflectance values in such cases are around

10%. This means that there may be a range of feasible coat-

ing thicknesses, which also loosens the constraint on experi-

mental designs. Finally, we have fixed the SNW radius at

50 nm in this work to maximize the built-in concentration

and thus Voc. Nevertheless, further fine tuning of the SNW

radius may lead to slight increase of array performance,

since the potential lowering of Voc may be compensated by

further increase of array absorption. For clarity of the main

mechanism, we have not included this part in the present

work.

As the first step in extending the single SNW solar cell

concept to macro-scale applications, we have until now pri-

marily focused on engineering the optical absorption of the

cell. This is due to the fact that the requirement of preserving

the built-in concentration of the unit cells while retaining an

excellent broadband absorption has set the most critical lim-

its on the design of the cell, and that the reflection loss is by

far the strictest limiting factor in the preliminary SNW array

structure (as is shown in Fig. 1(f)). During optimizing the op-

tical absorption, we have shown that the high IQE feature of

the single SNW cell can be inherited by the SNW/CSNW

arrays and contributes notably to the promotion of the cell

efficiency beyond the planar limit. Next we will discuss this

issue and reveal some crucial factors. In Fig. 4(a), we have

displayed the cross-sectional views of the optical absorption

profiles of the planar cell, the single SNW cell, the single

FIG. 3. (a) Schematic 3D drawing of

the CSNW array solar cell. (b)

Wavelength-dependent absorption Abs
of the CSNW array cell as a function

of array period P. The HE11d resonant

wavelength is moved beyond the a-Si

band gap and is not shown in the fig-

ure. (c) Simulated AM1.5-integrated

absorption Abs, open-circuit voltage

Voc, and cell efficiency g of the CSNW

array solar cell as functions of the

array period P.
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CSNW cell (C¼ 65 nm), and the CSNW array cell

(C¼ 65 nm), respectively, under AM1.5 illumination. The

colors show the electrical field intensity, each normalized

separately, and the dashed frames show the region of the

doped layers. As we have shown in our previous work,3 the

absorption region of the single SNW cell (second from left)

is determined by the excited mode profile, i.e., the HE11d

mode for a radius of 50 nm. This is not only because of the

dominance in intensity of the resonant wavelength in the

AM1.5 spectrum but more importantly because the single

SNW has the largest optical cross-section for the HE11d

resonant wavelength. Consequently, light absorption in the

single SNW cell is effectively confined within the intrinsic

middle layer of the cell, leading to a significant promotion in

IQE compared to the planar structure (leftmost). Similar

analysis for the single CSNW cell predicts that its absorption

region should be in between the mode profiles of the HE11d

and HE12d modes, since its optical cross-section is the largest

around these two resonances. This is partly embodied in Fig.

4(a) (second from right), where its optical pattern is slightly

different from that of the single SNW cell and is more evenly

distributed within the intrinsic layer of the cell. Note that a

second maximum is not seen in the radial direction (as it

should be for the HE12d mode), which is probably because of

the overlap of different modes or that the absorption coeffi-

cient of the resonant wavelength is too large for light energy

to reach the nanowire center.15 When the CSNWs are put

into an array (rightmost), the optical patterns further shift

away from that of a single mode. This is because the

wavelength-selectivity of a single CSNW no longer affects

the absorption pattern of the array. In this case, the array has

uniformly high absorption in the range of 300 nm–720 nm,

without extra optical cross-section for the resonant wave-

lengths, thus showing a less characterized optical pattern.

Nevertheless, for both the single CSNW cell and the CSNW

array cell, the absorption region is well confined to the intrin-

sic middle layer, allowing for the preservation of the IQE

advantage of the single SNW cell.

In Fig. 4(b), we have shown this feature by varying the

minority carrier diffusion lengths within the doped layers. Ln

(electrons) and Lp (holes) are varied from their default values

of 6.3 nm/5.8 nm to a range of 600 nm–1 nm by simultane-

ously changing the doping concentrations in the p-a-Si/n-a-

Si layers (their values are kept proportional in all the cases).

The carrier extraction advantage of the single SNW cell is

embodied by its much higher IQE than that of the planar

one, especially for diffusion lengths smaller than the doped

layer thickness W. Such high tolerance for doping-induced

recombination comes from the congruity between the cell’s

electrical structure and its absorption profile, which is an im-

portant advantage for the single SNW cell to perform beyond

the planar efficiency limit.3,34,35 Here, we can see in Fig.

4(b) that the single CSNW cell and the CSNW array cell

possess the same high IQE feature, showing IQE values of

96.2% and 96.1% under the default diffusion lengths, as

compared to 86.8% of the planar cell and 96.5% of the single

SNW cell. This is a straightforward result of the optical pat-

terns of the cells shown in Fig. 4(a), proving that the

enhanced carrier extraction of the single SNW cell can be

retained in the macro-scale CSNW array solar cell.

At last, we compare the simulated performance of the

planar cell limit (total-absorption condition) and the CSNW

array cell under AM1.5 illumination (see Section II for defi-

nition of cell parameters). Their I-V curves are shown in Fig.

4(c), together with their cell parameters. The Voc of the

CSNW array cell is 127 mV higher than the planar cell limit

under the same experimental parameters due to the well pre-

served built-in concentration of each unit cell. On the other

hand, even with �2.5% reflection, the Jsc (calculated from

the whole cell area) of the CSNW array cell is 1.64 mA/cm2

FIG. 4. (a) Cross-sectional views of the optical absorption profiles of the

planar cell, the single SNW cell, the single CSNW cell (C¼ 65 nm), and the

CSNW array cell (C¼ 65 nm) under AM1.5 illumination. The normalized

electrical field intensity is displayed as color and the dashed frames show

the region of the doped layers. (b) IQE of the planar cell, the single SNW

cell, the single CSNW cell (C¼ 65 nm), and the CSNW array cell

(C¼ 65 nm) under AM1.5 illumination as functions of the minority carrier

diffusion lengths in the doped layers. Ln and Lp are kept proportional and

only Ln is shown as the abscissa. The doped layer thickness W is denoted by

a vertical dashed line. (c) Simulated I-V curves and the cell parameters of

the planar cell and the CSNW array cell under AM1.5 illumination. The pla-

nar cell is operating under the total-absorption condition (zero reflection, see

Section II).
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higher than the total-absorbing planar counterpart, which is

due to the more efficient carrier extraction. As a result, the

conversion efficiency of the CSNW array cell is as high as

17.29%, showing a 30% relative increase over the planar

limit of 13.32% (which is close to the initial efficiency of the

record experimental a-Si solar cell20). Such significant

improvement in energy conversion is beyond the scope of

conventional efficiency-improving techniques (e.g., antire-

flection or passivation) and has been achieved by construct-

ing a macro-scale device from nano-scale units each of

which can perform beyond the planar efficiency limits.1,3 As

to the experimental fabrication, such CSNW array can be

formed by molecular beam epitaxy,5 dry etching,18 metal-

assisted chemical etching,36 and vapor-liquid-solid

growth,37,38 followed by film deposition using plasma-

enhanced chemical vapor deposition (PECVD) or evapora-

tion. Compared to other novel designs of nanowire solar cells

that predict even higher efficiencies by effective spectrum

splitting,39,40 the CSNW array design offers a simpler and

more applicable way of improving solar cell efficiency.

Here, it is worth pointing out that the predicted increment in

cell efficiency over the planar design is built on a premise of

an effective surface passivation, since the CSNW array has

an enlarged surface area compared to a planar cell.

Fortunately, latest development on nanostructured solar cells

have proven that with tailored passivation coatings, the sur-

face recombination velocity can be lowered to an extent

where it does not significantly affect the device performance

and the cell efficiency shows an actual improvement com-

pared to the traditional designs.41–43 Such passivation coat-

ings include atomic-layer-deposited Al2O3 (Refs. 41 and 42)

or PECVD SiOx/SiNx.43 Although the structure is identical,

we have excluded the discussion of surface recombination in

the present work to highlight the main optical designs. It

would be an interesting and useful future work to quantita-

tively determine the required surface recombination velocity

for the above results to hold. Finally, considering its high ef-

ficiency, experimental feasibility, and extreme material-

saving (more than 20-fold in this work), the conceptual

CSNW array solar cell has shown remarkable potential for

next-generation photovoltaics.

IV. CONCLUSIONS

We have theoretically examined the possibility of

expanding the single SNW solar cell concept into a macro-

scale device that performs furthest beyond the planar effi-

ciency limits. These limits include the S-Q Voc limit imposed

by the constant solid angle of the solar radiation incident on

planar solar cells, and the carrier collection limit imposed by

the junction and absorption profiles of traditional cell struc-

tures. The key factor is the artificial relocation of the HE res-

onant modes of the individual SNWs to the regions of the

absorption spectrum where the photonic light-trapping of the

array is ineffective. With such complementary light-trapping

design, the array can simultaneously sustain a broadband

high absorption capability and a sparse geometry that facili-

tate the effectiveness of the built-in concentration, leading to

maximized conversion efficiency. Moreover, we have shown

that the traditional radius-dependent method for tuning the

resonances of single SNWs should be replaced by the EDRA

technique, as a premise for preserving the built-in concentra-

tion in each unit cell. On the other hand, the carrier extrac-

tion advantage of the single SNW cell can be inherited by

the CSNW array cell due to their similarity in optical profile.

As a result, the optimized CSNW solar cell shows a 30% rel-

ative increase in conversion efficiency over the total-

absorbing planar counterpart. These findings can serve as a

theoretical guidance to fabricate high-efficiency solar cells

based on SNWs.
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Abstract. In this study, we fabricated n-type bifacial solar cells by liquid 
phase deposited (LPD) SiO2 films as surface passivation layers. We have 
found that the growth conditions of LPD SiO2 films have great influence 
on the deposition rate of the LPD SiO2 films. Besides, the surface 
passivation effects of LPD SiO2 films on both p-type and n-type silicon 
wafers are enormously improved after annealing at a temperature higher 
than 700 °C. Finally, the optimized LPD SiO2 films have been successfully 
applied to the n-type bifacial silicon solar cells as the surface passivation 
layers, achieving a conversion efficiency of 19.06% on a large size (156 
mm×156 mm) solar cell. 

Keywords: Solar cell, N-type, Passivation, SiO2, Liquid phase deposition 

1 Introduction 

So far, many efforts have been devoted to make n-type silicon wafers into silicon solar cells 
[1, 2, 3], due to the fact that n-type silicon wafer is superior to p-type silicon wafer in many 
aspects, such as minority carrier lifetime, metal contaminate tolerance [4] and light-induced 
degradation [5]. The n-Pasha cell from ECN is a typical structure of n-type bifacial solar 
cell [6]. For the bifacial solar cells, the passivation quality of the highly-doped boron 
emitter and phosphorus back surface field has a great influence on the final cell 
performance. Currently, one of the most widely used passivation techniques for n-type 
bifacial solar cell production is thermally-grown SiO2 capped with SiNx [2, 3]. Though its 
surface passivation effect is excellent, it requires expensive equipment, high growth 
temperature and a long process step. In consideration of the cost-effectiveness, liquid phase 
deposited (LPD) SiO2 film [7-10] with high qualities may provide a good solution, which is 
also compatible with the present solar cell mass production. Yuan et al., [9] have first tried 
to use LPD SiO2 film as the passivation layer of black silicon solar cells and acquired a 
conversion efficiency of 16.4%, showing the promising application of LPD SiO2 film in 
silicon solar cells. He et al., [10] have also applied LPD SiO2 passivation layer to 
polycrystalline silicon solar cells, but the passivation effect and the final conversion 
efficiency (5.61%) are not satisfying. 
���������������������������������������� ���������������������
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In this work, we have investigated the influence of H2SiF6 concentration and deposition 
time on the deposition rate of LPD SiO2 film, as well as the effect of annealing temperature 
on the surface passivation quality of LPD SiO2 film on the silicon wafers. It is exciting that 
we successfully applied the optimized LPD SiO2 films to the n-type bifacial silicon solar 
cells as surface passivation layers, achieving a conversion efficiency of 19.06%.  

2 Experiments 

LPD SiO2 films passivated n-type bifacial silicon solar cells 

 
Fig. 1 Schematic diagram of n-type bifacial silicon solar cell passivated by LPD SiO2 films. 

For the fabrication of silicon solar cells, the crystalline silicon is Czochralski (Cz) 
N-type silicon with a resistivity of 1-6 �·cm, a thickness of 180 �m and an area of about 
238.95 cm2. Fig.1 shows the schematic diagram of n-type bifacial silicon solar cell. After 
the removal of damage layer, double-sided texturization, boron-doping for the front surface, 
removal of borosilicate glass, phosphorus implant for the back surface and activation of the 
implanted phosphorus by annealing, the silicon wafers were dipped in the dilute HF 
solution to remove the native oxide layers and then immersed into the silica-supersaturated 
H2SiF6 solution to grow the LPD SiO2 films on both sides of the silicon wafers. The 
deposition processing of SiO2 is based on the hydrolysis reaction of silica-supersaturated 
hydrofluosilicic (H2SiF6) acid, written as Eq. 1 

������ 2262 SiOHF6HOH2SiFH .             

The specific method to prepare the growth solution (silica-supersaturated H2SiF6) of 
LPD SiO2 films can be seen in reference [11]. Here, we chose the deposition temperature of 
50°C, the H2SiF6 concentration of 1.5M and deposition time of 10 minutes to grow LPD 
SiO2 films for n-type bifacial silicon solar cell as its surface passivation films. Then the 
wafers were annealed in a muffle furnace at the annealing temperature of 800 °C for 5 
minutes to activate the passivation effect of LPD SiO2 films. Followed by depositing SiNx 
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antireflection layers on both sides, the electrodes were fabricated on the front and back 
sides by screen printing and co-fired technique. 

2.1 Characterization 

The effective minority carrier lifetime (�) of the Si wafers symmetrically passivated by 
the LPD SiO2 films was measured by Semilab WT-1200A lifetime tester. The Thermolyne 
muffle furnace was used to study the impact of post-annealing on the surface passivation 
effect of the LPD SiO2 films. The surface morphologies of the LPD SiO2 films were 
observed by scanning electron microscope (SEM). Infrared absorption spectra were 
measured by Vertex 70 Fourier transform infrared (FTIR) spectrometer. The thicknesses of 
the LPD SiO2 films were determined by se800pv spectroscopic ellipsometry. The current 
(I)-voltage (V) tester was used to measure the electrical performances of the LPD SiO2 film 
passivated n-type bifacial solar cells under AM 1.5 spectrum at the temperature of 25 °C. 

3 Results and Discussion 

Fig. 2(a) Top view and (b) cross-sectional SEM images of the LPD SiO2 film grown on the 
pyramid structure textured silicon substrate. 

For the morphological observation, we chose the films grown at 50 °C for two hours 
with 1.0 M H2SiF6 without loss of generality. Fig. 2(a) and (b) respectively show the 
top-view and cross-sectional SEM images of LPD SiO2 film grown on the pyramid 
structure textured silicon surface that is the real surface condition of industrial silicon solar 
cells. As shown in Fig. 2(a) and (b), the high-coverage LPD SiO2 film is uniformly and 
densely deposited on the pyramid textures of silicon substrate.  
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Fig. 3 The FTIR spectrum of the as-deposited SiO2 film from 350 to 1800 cm-1. 

Fig. 3 exhibits the FTIR spectra of the above sample. The infrared absorption 
characterized peaks located at 457 cm-1, 800 cm-1 and 1085 cm-1 correspond to Si-O-Si 
rocking vibration mode, Si-O-Si bending vibration mode and Si-O-Si stretching vibration 
mode, respectively [12,13]. The absorption peak at 931 cm-1 is largely attributed to Si-F 
stretching vibration mode [12,13]. No other vibration signals of impurities such as carbon 
are detected by FTIR spectrometer, verifying the as-deposited LPD SiO2 is F-doped SiO2 
with a pure chemical composition.

Fig. 4 (a) Dependence of the thickness of the as-deposited LPD SiO2 film on H2SiF6 concentration. (b) 

Dependence of the thickness of the as-deposited LPD SiO2 film on the deposition time. (c) 

Dependence of the � of post-annealed lifetime samples on the thickness of LPD SiO2 film. 
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By keeping other growth parameters unchanged, we have also investigated the effect of 
concentration of H2SiF6 and the growth time on the thickness of LPD SiO2 film, 
respectively. As shown in Fig. 4(a), the thickness of the SiO2 film firstly increases with 
H2SiF6 concentration from 0.5 up to 1.5 M, suggesting the increased deposition rate in the 
concentration range. This is because that the reversible reaction is promoted to the right 
side with increased H2SiF6 concentration, thus the precipitation of SiO2 can be encouraged 
(see Eq. 1). Then the thickness of the SiO2 film keeps around 150 nm under H2SiF6 
concentrations of 1.5 to 2.0 M, achieving the maximum deposition rate of 75 nm/hour. 
However, the film thickness decreases dramatically when the H2SiF6 concentration is 
increased to 2.25 M, which is ascribed to the insufficiency of H2O (as a reactant) at an 
excessively high H2SiF6 concentration. Considering the tradeoff between the growth rate 
and material cost, the H2SiF6 concentration of 1.5 M is the optimal growth condition. Fig. 
4(b) shows the dependence of the thickness of LPD SiO2 film on the deposition time. As 
can be seen in Fig. 4(b), the thickness of the LPD SiO2 film increases nonlinearly with the 
increased deposition time, and deposition rate of LPD SiO2 film is slower at the initial stage 
less than 10 minutes. This is because that incubation process of SiO2 precipitate on the 
substrates is inevitable. After this process, the growth rate of LPD SiO2 film remains almost 
a constant. To observe the impact of the thickness of LPD SiO2 film on surface passivation 
quality, the p-type silicon wafers (lifetime samples) are symmetrically passivated by the 
LPD SiO2 films, which are grown with 1.5 M H2SiF6 concentration at deposition 
temperature of 50 °C for different deposition time (namely forming the SiO2 films with 
different thickness). The surface passivation effect of the LPD SiO2 films has been 
determined by the lifetime tester. Fig. 4(c) shows the � of these lifetime samples after 
annealed at the optimal annealing temperature (seen in Fig. 5). As can be seen in Fig. 4(c), 
the thickness of the LPD SiO2 film has little influence on � of lifetime samples, even the 
LPD SiO2 film with the thickness of 2.5 nm has a good surface passivation performance on 
the silicon wafer. 

Fig. 5 Histogram of � of the as-deposited and post-annealed lifetime samples. 

To systematically investigate the effect of the annealing temperature on the passivation 
effect of LPD SiO2 film on the silicon wafers, both the p-type and n-type silicon wafers are 
symmetrically passivated by LPD SiO2 films and annealed at different temperatures for 
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5minutes in muffle furnace. The growth condition of LPD SiO2 films keeps a constant with 
H2SiF6 concentration of 1.5 M, growth temperature of 50 °C and growth time of 2 hours. As 
the data shown in Fig. 5, the � of p-type and n-type sample with the as-deposited LPD SiO2 
films are 3.18 and 6.18 �s, respectively. These values are comparable to that of naked Si 
wafers, indicating a rather poor surface passivation quality of the as-deposited SiO2 film. 
However, the surface passivation effect of the LPD SiO2 film can be significantly enhanced 
by the annealing process. The � of p-type and n-type samples both gradually increases with 
the increased annealing temperature from 500 to 700 °C, then keeps around 35 �s for 
p-type samples and 100 �s for n-type samples at annealing temperature of 700 to 900 °C, 
achieving the optimal surface passivation effect of LPD SiO2 films. This improved � can be 
attributed to the reconstruction of the Si/SiO2 interface, which makes the dangling bonds on 
surface of silicon wafer effectively passivated. However, the passivation effect of the SiO2 
film on both the p-type and n-type silicon wafers begins to decline at a higher annealing 
temperature of 1000 °C. The effective surface recombination velocity (Seff) of p-type and 
n-type sample after annealed at the optimal annealing temperature are 260 and 110 cm/s, 
respectively, which are comparable to that of float zone(FZ) silicon wafers passivated by 
high-rate plasma-deposited SiO2 films [14] , indicating that the importance of both the 
chemical passivation and the field-effect passivation in the passivation mechanism.  

TABLE 1 THE CELL PERFORMANCE OF LPD SIO2 FILM PASSIVATED N-TYPE 
BIFACIAL SILICON SOLAR CELL. 

Voc [mV] Jsc [mA/cm2] FF EFF Rs [�cm2] 
632 39.58 76.52% 19.06% 4.33 

 
We have successfully introduced the LPD SiO2 film to the industrial fabrication of 

N-type bifacial solar cell. It should be noted that the thickness of LPD SiO2 film has been 
controlled at around 3 nm to promise the entire puncture of Ag paste through the LPD SiO2 
film during the co-fired process. In the study, we fabricated three batches of LPD SiO2 film 
passivated n-type bifacial silicon solar cells, and the electrical performance of them were 
very similar. As a result, we chose one set of data to be shown in Table 1. The conversion 
efficiency (EFF) achieves 19.06% with an open circuit voltage (Voc) of 632 mV, a short 
circuit current density of 39.58 (Jsc) mA/cm2, demonstrating the successful application of 
the LPD SiO2 film in n-type bifacial silicon solar cells. A good fill factor (FF) of 76.52% 
and a series resistance (Rs) of 4.33 �cm2 indicate a good electrode contact. Besides, the 
surface of the solar cells without obvious chromatic aberration reveals that our LPD SiO2 
film is perfectly uniform. We can anticipate that the thicker LPD SiO2 film simultaneously 
play the roles of antireflection and passivation layers with using laser to open windows for 
electrode contact, the advantage of the LPD technique will be more obvious.  

4 Summary 

The SiO2 films with high purity, uniformity and perfect-coverage have been 
successfully grown by a liquid phase deposition technique. We found out that the growth 
parameters have great influence on the deposition rate of LPD SiO2 film. The passivation 
effect of as-deposited LPD SiO2 films on silicon wafers is poor but can be dramatically 
improved by annealed at temperature higher than 700 °C. Finally, we have successfully 
applied the LPD SiO2 films to n-type bifacial silicon solar cells as the surface passivation 
layers and realized an efficiency of 19.06% on a large size solar cell (156 mm×156 mm). 
We believe that the cost-effective passivation technique presented in this work opens a new 
opportunity for high-efficiency silicon solar cells. 
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Synchronous exfoliation and assembly of
graphene on 3D Ni(OH)2 for supercapacitors†

Liguo Ma,a Maojun Zheng,*ab Shaohua Liu,*c Qiang Li,a Yuxiu You,a Faze Wang,a

Li Mad and Wenzhong Shena

Nowadays, new approaches to fabricate high-performance electrode

materials are of vital importance in the renewable energy field. Here,

we present a facile synthesis procedure of 3D Ni(OH)2/graphene

hybrids for supercapacitors via synchronous electrochemical-assisted

exfoliation and assembly of graphene on 3D Ni(OH)2 networks. With

the assistance of an electric field, the electrochemically exfoliated

high-quality graphene can be readily, uniformly assembled on the

surfaces of 3D Ni(OH)2. When serving as electrode materials for

supercapacitors, the resulting 3D Ni(OH)2/graphene composites

exhibited excellent specific capacitance (263 mF cm�2 at 2 mA cm�2),

remarkable rate capability and super-long cycle life (retention of 94.1%

even after 10 000 continuous charge–discharge cycles), which may be

attributed to their highly porous, stable 3D architecture as well as

uniform, firm anchoring of ultrathin graphene on their surfaces.

Therefore, our approach provides a facile strategy for the large-

scale synthesis of high-quality graphene based composites towards

various applications.

Supercapacitors with high capacitance and long lifespan have
attracted considerable interest as energy-storage devices in
recent years. At present, two kinds of supercapacitors have been
developed based on the charge storage mechanism: electric
double-layer capacitors and pseudocapacitors. By comparison,
pseudocapacitors governed by Faradaic reactions at the electrode
materials, such as RuO2,1 MnO2,2 NiO,3 Co3O4,4 and CuO,5 have
higher theoretical capacitance. Despite that, those electrode
materials usually suffer from poor stability, low conductivity

and large volume change during charge/discharge processes.6

Among the various redox-active materials, Ni(OH)2 is an attractive
candidate for high-performance supercapacitors because of its
low-cost, various morphologies, high theoretical capacitance,
ready availability and good stability in alkaline electrolytes.7

In attempts to further improve the electrochemical performance
of Ni(OH)2-based electrodes, Ni(OH)2/carbon composites involv-
ing high surface-area conductive materials (carbon nanotubes,8

activated carbon9 and graphene10) have been explored. However, the
fabrication of Ni(OH)2/carbon electrodes usually needs multi-step
procedures. Taking Ni(OH)2/graphene as an example, graphene
needs to be firstly prepared by Hummer’s method or modified
Hummer’s method, and subsequently grows on Ni(OH)2 surfaces by
hydrothermal treatment.11 Obviously, such fabrication processes are
complicated and costly for supercapacitor applications.

Recently, high-quality graphene can be produced by a simple,
fast and green electrochemical exfoliation method. Müllen et al.12

manufactured high-quality few-layer graphene through anodic
exfoliation. Yan et al.13 used a Na2SO4-containing electrolyte
and other metal sulfate salts to exfoliate graphite and further
fabricate Fe2O3–, Co3O4– and V2O5–graphene hybrids. Ji et al.14

produced NiO quantum dots/graphene flakes for supercapacitor
applications by a green, one-step alternating voltage method.
Nevertheless, one-step fabrication of Ni(OH)2/graphene hybrid
materials by synchronous electrochemical-assisted exfoliation
and assembly for supercapacitor electrodes still remains unrealized
so far.

Here, for the first time, we demonstrate a facile approach for
the preparation of Ni(OH)2/graphene composites via in situ
assembly of exfoliated graphene on 3D Ni(OH)2 surfaces.
As illustrated in Fig. 1, ultrathin high-quality graphene was
obtained by the solution-based electrochemical exfoliation with
a two-electrode system, using graphite flakes, Ni foam and a
mixed solution containing NH3�H2O and (NH4)2SO4 (Fig. 1a) as
the anode, cathode and electrolyte, respectively. When a direct
current voltage of 8 V was applied to a two-electrode setup,
vigorous bubbles were produced at electrodes, anodic graphite
began to dissociate to form graphene sheets, suspended in the
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electrolyte (Fig. 1b). Meanwhile, the cathodic Ni foam firstly
transformed into Ni(OH)2 through NH3�H2O treatment following
reactions (1) and (2):

Ni + 6NH3 + 2H2O - [Ni(NH3)6]2+ + 2OH� + H2m (1)

Ni2+ + 2OH� - Ni(OH)2 (2)

The morphology and structure of the exfoliated graphene
sheets were investigated by SEM, TEM and Raman spectroscopy
shown in Fig. S1–S3 (ESI†), which clearly demonstrate the for-
mation of high-quality few-layer graphene.12 Further, graphene
obtained by electrochemical-assisted exfoliation would sponta-
neously absorb and assemble on the cathodic 3D Ni(OH)2 due
to electrostatic interaction. Despite high quality, the resulting
graphene derived from electrochemical-assisted exfoliation still
possesses a few negative charges around its edges,12 which
would prompt their assembly on the Ni(OH)2 surfaces with the
assistance of an electric field. Notably, the Ni foam is not only
the nickel source for the growth of Ni(OH)2 thin layers, but also
a skeleton to support the active materials of Ni(OH)2/graphene
composites, which affords a good electrical contact and strong
mechanical adherence to their interfaces.15

The structure of the Ni(OH)2/graphene composites was further
characterized by Raman spectroscopy (Fig. 2a). The Raman
spectrum of the Ni(OH)2/graphene composites presents three
obvious characteristic vibration bands at 1350 cm�1, 1583 cm�1

and 2700 cm�1 corresponding to the D, G and 2D band of
graphene, respectively. In addition, the Ni(OH)2/graphene com-
posites also present four peaks from Ni(OH)2, at around 315 and
450 cm�1 (longitudinal optical, A1g(T) and Eg(T)), 983.5 cm�1

(phonon mode, Eg(R)) and 3580 cm�1 (internal hydroxyl symmetric
stretching mode, A1g(I)).16

X-ray photoelectron spectroscopy (XPS) was used to estimate
various chemical states of bonded elements. Typical spectra of
the as-prepared 3D Ni(OH)2/graphene samples are presented
in Fig. 2b–d. A single peak at around 840.8 eV presents the
Ni LMM Auger spectrum.17 The Ni 2p XPS spectrum shows two
major peaks centered at around 874.9 eV and 857.3 eV, corres-
ponding to Ni 2p1/2 and Ni 2p3/2, respectively. The characteristic
of the Ni(OH)2 phase with a spin-energy separation of 17.6 eV
coincides with a previous report.18 Moreover, a strong peak of the

O 1s spectrum at 532.3 eV is also associated with hydroxide groups
(OH�), suggestive of the presence of Ni(OH)2.18 Additionally,
the XPS spectrum of C 1s shows three signals of C–C (284.6 eV),
C–O (286.7 eV) and O–CQO (288.6 eV), which are possibly from
the covalent oxygen groups on graphene (Fig. 2d).

The morphologies of the Ni(OH)2/graphene composites were
investigated by scanning electron microscopy (SEM). Fig. 3a
and b show representative SEM images of Ni(OH)2/graphene,
revealing a highly porous architecture, which is composed of
nanoflakes with a thickness of 20–30 nm. No collapse of the
Ni foam struts or obstruction of the pores is observed, indicating
the strong mechanical strength of the Ni(OH)2/graphene and the
uniform dispersion of the Ni(OH)2 nanosheets. Furthermore, the
elemental mappings of C, O and Ni were investigated from a
small region on the foam (Fig. 3c–f), indicating a continuous,
uniform distribution of Ni(OH)2 and graphene on the 3D Ni

Fig. 1 Schematic illustration of one-step fabrication of Ni(OH)2/graphene
composites. (a) Setup of the electrochemical exfoliation of graphite (G).
(b) The electrochemical exfoliation process of the graphite electrode and
synchronous assembly of graphene on 3D Ni(OH)2.

Fig. 2 (a) Raman pattern (excitation laser wavelength: 532 nm) and (b–d) XPS
spectra of the Ni(OH)2/graphene samples.

Fig. 3 Morphology and composition of the Ni(OH)2/graphene compo-
sites. (a and b) SEM images of the Ni(OH)2/graphene composite materials;
(c) SEM image and the corresponding EDS elemental mapping images of
(d) carbon, (e) oxygen, and (f) nickel.
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foam surfaces. The corresponding EDS mapping also revealed
that the C element content of the Ni(OH)2/graphene composites
is about 8% (atomic ratio, Table S1 in the ESI†), whereas there
was no C element in the pristine Ni(OH)2 without graphene on
their surfaces (Fig. S4, ESI†). Fig. S5 (ESI†) shows that the sheet
morphology of graphene and Ni(OH)2 (black arrow markings),
and a corresponding selected-area electron-diffraction pattern
only indicate the typical sixfold symmetry expected for graphene.
This result indicates an amorphous morphology of Ni(OH)2.
In addition, except for the peaks associated with the Ni foam
substrate, no peaks are present in the X-ray diffraction pattern
of Ni(OH)2/graphene in Fig. S6 (ESI†), which further confirms
the amorphous nature of the sample.

Further, we evaluated the electrochemical performance of the
as-prepared Ni(OH)2/graphene composites in a three-electrode
test cell. The capacitive behavior of the electrode material is
generally characterized using cyclic voltammetry (CV) curves.
Fig. 4a presents typical CV curves of the Ni(OH)2/graphene
samples in a 1 M KOH electrolyte at various scan rates between
0.0 and 0.5 V. Two strong redox peaks can be observed in each
curve. For electric double-layer capacitors, CV curves appear
nearly rectangular. Our results thus indicate that the capacitance
characteristics are mainly due to Faradaic redox reactions. For
the Ni(OH)2 electrode materials, the surface Faradaic reactions
will proceed as:

Ni(OH)2 + OH� 2 NiOOH + H2O + e�

To further evaluate the electrochemical properties and estimate
the stable potential windows of the as-prepared Ni(OH)2/graphene
composites, galvanostatic charging and discharging of the films in
1 M KOH solution were performed using a Pt counter electrode
and a saturated calomel reference electrode. The charge–discharge
curves (Fig. 4b) at different current densities (2–16 mA cm�2)

between 0.0 and 0.6 V display slight nonlinearities that are very
distinct from those of typical pure double-layer capacitors. This
result indicates the occurrence of Faradaic reactions in the
Ni(OH)2/graphene composites.

The specific capacitance of the Ni(OH)2/graphene electrode
can be calculated from the discharge curve according to
C = I � Dt/(A � DV),19 where I is the discharge current (A), Dt is
the discharge time (s), A is the area of the active material in the
electrode (cm2) and DV is the potential change during discharge (V).
The specific capacitances obtained were 267, 233, 187, and
133 mF cm�2 at current densities of 2, 4, 8 and 16 mA cm�2,
respectively. Clearly, the specific capacitance gradually decreases
with increasing current density.

Good cycling stability is another important characteristic for
high-performance supercapacitors. Fig. 4d reveals the cycle
performance of the Ni(OH)2/graphene samples measured at a
current density of 2 mA cm�2 for 10 000 cycles. Afterward, the
capacitance retention was 94.1% of the initial capacitance,
indicating excellent long-term stability of the Ni(OH)2/graphene
composite electrode, which exceed those of the previously reported
Ni(OH)2-based materials (usually with a capacitance retention of
51.0–63.2% within 10 000 cycles).15,20 By comparison, the 3D
Ni(OH)2 film without graphene presented a capacitance retention
of only 41.4% even after 1000 cycles. These results highly highlight
the vital role of the incorporation of graphene into electro-
chemical active electrode materials (Fig. S7, ESI†). Obviously,
Ni(OH)2/graphene has the smaller equivalent series resistance
(ESR) value than Ni(OH)2 as shown in Fig. S8 (ESI†), reflecting
the enhancement in the electronic and ionic conductivities of
Ni(OH)2 with the presence of graphene. This result indicates that
Ni(OH)2/graphene composites exhibit good current rate properties,
which are consistent with the cycle performance results.

In summary, we present a facile strategy to synchronously
exfoliate graphite and assemble the high-quality graphene on
3D Ni(OH)2 surfaces. High-quality graphene and the unique
architecture of 3D skeleton provided Ni(OH)2/graphene hybrids
with high conductivity, strong mechanical stability, ion diffu-
sivity as well as the capability to accommodate volume changes
during Faradaic reactions. As a result, the resulting 3D Ni(OH)2/
graphene composites exhibited excellent specific capacitance,
remarkable rate capability and super-long cycle life when used
as electrode materials for supercapacitors. Such a simple and
cost-effective synthetic approach would open new doors for the
development of a serial of high-quality graphene based materials,
and offer promising applications for high-performance energy-
storage devices.

We acknowledge the support of the National 863 Program
2011AA050518 and the Natural Science Foundation of China
(Grant no. 11174197, 11574203, and 61234005).
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ABSTRACT: Ordered three-dimensional (3D) nanostructure arrays hold promise
for high-performance energy harvesting and storage devices. Here, we report the
fabrication of InP nanopore arrays (NPs) in unique 3D architectures with excellent
light trapping characteristic and large surface areas for use as highly active
photoelectrodes in photoelectrochemical (PEC) hydrogen evolution devices. The
ordered 3D NPs were scalably synthesized by a facile two-step etching process of
(1) anodic etching of InP in neutral 3 M NaCl electrolytes to realize nanoporous
structures and (2) wet chemical etching in HCl/H3PO4 (volume ratio of 1:3)
solutions for removing the remaining top irregular layer. Importantly, we
demonstrated that the use of neutral electrolyte of NaCl instead of other
solutions, such as HCl, in anodic etching of InP can significantly passivate the
surface states of 3D NPs. As a result, the maximum photoconversion efficiency
obtained with ∼15.7 μm thick 3D NPs was 0.95%, which was 7.3 and 1.4 times
higher than that of planar and 2D NPs. Electrochemical impedance spectroscopy and photoluminescence analyses further
clarified that the improved PEC performance was attributed to the enhanced charge transfer across 3D NPs/electrolyte
interfaces, the improved charge separation at 3D NPs/electrolyte junction, and the increased PEC active surface areas with our
unique 3D NP arrays.

KEYWORDS: photoelectrochemical cells, InP, three-dimensional, nanopore arrays, anodic etching

1. INTRODUCTION

Photoelectrochemical (PEC) water splitting is a clean and
environmentally benign strategy to address the increasing
global energy demand by efficient storage of solar energy in
hydrogen fuels.1−5 Since the discovery of water splitting,6

significant research efforts have been made to develop high-
quality photocatalytic materials in functional structures for high
solar-to-hydrogen (STH) conversion efficiencies.7−11 The key
factors to realize high efficiency are efficient utilization of solar
light, effective transport of photogenerated charges, and fast
water splitting reactions.5,12−14 Therefore, development of
highly efficient solar energy conversion devices has been
focused largely on engineering the band structure of photo-
electrodes, enlarging semiconductor/electrolyte interfacial area,
and enabling rapid charge separation, collection, and trans-
port.15−17 In this regard, 3D ordered nanostructure arrays, such
as branched nanowire architectures, are very promising, because
they can confine the light within nanostructures for improved
light absorption, have an enlarged depletion/bulk ratio in
nanowires for fast electron−hole separation, and have largely

enhanced surface areas for improved electrochemical reac-
tions.5,17

To achieve high-efficiency PEC hydrogen production, the
use of semiconductors that are capable of absorbing a broad
spectrum of solar light is desirable. However, most of the metal
oxide semiconductors such as TiO2 and ZnO can only absorb
light in the ultraviolet (UV) region due to their relatively large
band gap (Eg = 3.2 eV). The narrow band gap metal oxide of α-
Fe2O3 is able to absorb visible light up to 600 nm; however, it
suffers from low absorption coefficient and short carrier
diffusion length, and therefore poor incident-phototocurrent
efficiency (IPCE; <10% at 1.23 V vs RHE).18,19 Nano-
structuring ZnO, TiO2, and Fe2O3 photoanodes, such as
fabrication of their nanowire/nanotube array,20−25 lead to
improved STH conversion efficiency; however, the total
efficiency is still not satisfactory.
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InP is an important narrow band gap III−V semiconductor
(∼1.34 eV). It is widely used as photocathodes for PEC
hydrogen production attributing to its favorable conduction
band position for water reduction and its low surface-
recombination velocity.26−28 Recently, p-InP photocathode
has achieved a benchmark solar-to-hydrogen efficiency of
approximately 15.8%.29 The PEC properties of n-type InP has
also been intensively studied but mainly using sacrificial-
reagent-containing electrolytes due to its poor stability for
water oxidation.30−32 Recently, InP photoanodes with effective
protective coatings have shown excellent PEC performances for
water oxidation in 1.0 M KOH solution.33,34 However, most of
these studies were conducted with planar InP that has relatively
small surface areas. Our group and other groups have
demonstrated that 2D InP NP photoanodes exhibited superior
PEC performances compared to their planar counterparts.35,36

However, the photocurrent density is still low mainly attributed
to high surface recombination at surface states.36 Therefore, it is
highly desirable yet challenging to find an efficient way to
passivate the surface recombination.
Herein, we show that a remarkably enhanced PEC hydrogen

production performance is realized with our newly fabricated
3D InP NPs. These ordered 3D InP NPs were synthesized via a
facile two-step etching strategy. The unique 3D NPs were
systematically characterized with different techniques to
understand their structural, optical, and electronic properties.
The excellent optical absorption characteristic with the enlarged
effective surface area of 3D NPs photoelectrodes largely
enhanced the PEC performances. Importantly, we found that
3D NPs fabricated in neutral NaCl electrolytes have effective
passivated surfaces compared to 2D NPs prepared in HCl
electrolytes. As a result, the maximum photoconversion
efficiency reaches 0.95% from ∼15.7 μm long 3D NPs and is
7.3 and 1.4 times higher than its planar and 2D NPs
counterparts.

2. EXPERIMENTAL SECTION
Sample Preparation. All chemicals used in this study were

analytical grade and were used as received without further purification.
Deionized water was used in all cases for making solutions. Samples
used in this work were Sn-doped n-type InP (100) single crystals,
supplied by GRINM. The thickness of the InP wafer was 600 μm, and
the concentration was (1−4) × 1018 cm−3. The wafer was first
mechanically mirror polished on one side with emery paper and
diamond suspension. They were then cleaned ultrasonically in acetone
and ethanol followed by rinsing in deionized water. For electrical
connections, indium (In) films was sputtered on the back side using
magnetron sputtering to form ohmic contacts. Subsequently, the
sputtered samples were annealed at 350 °C in N2 atmosphere for 1
min. High-purity silver paint was smeared on In films to establish an
electrical contact with a copper plate. The copper plate was painted
with epoxy to ensure that only the InP sample was in contact with the
electrolyte. After cleaning, the sample was pressed against an O-ring in
an electrochemical cell leaving 0.48 cm2 electrode exposed to the
electrolyte. Just prior to immersing samples into the electrolyte, the
samples were chemically cleaned with HF (49%) and H2O (1:10) for
about 60 s to remove native oxides from the surface.
Preparation of Well-Aligned 3D InP NPs. Ordered 3D n-type

InP NPs were grown on an InP substrate via a double-step etching
procedure. Electrochemical etching was first carried out in 3 M NaCl
aqueous solution (pH = 7) in darkness at room temperature. A
classical three-electrode configuration of a platinum counter electrode,
an Ag/AgCl reference electrode to which all potentials are referenced,
and an InP working electrode was used. The morphology of InP
nanpore strongly depended on the current density. To obtain well-
aligned 3D InP NPs, we applied 180 mA cm−2 of the current density.

After the first electrochemical etching, a nucleation layer was formed
on the top surface of the ordered porous layer. The top nucleation
layer was then removed by wet chemical etching in HCl and H3PO4
solution with 1:3 in volume ratio at room temperature for ∼100 s to
obtain highly ordered 3D InP NPs. For comparison, we also prepared
2D InP NPs by anodic etching InP in HCl electrolyte as described in
detail in our previous study.36

Materials Characterization. The morphologies of the as-grown
3D InP nanopores were observed by a field-emission scanning electron
microscope (FE-SEM, FEI Sirion 200). The crystalline structure of the
as-prepared sample was analyzed using an X-ray diffractometer (XRD;
D8 ADVANCE X-ray diffractometer, Bruker, Karlsruhe, Germany)
with Cu Kα radiation (λ = 0.154 nm). Surface compositions of the
sample were analyzed by X-ray photoelectron spectroscopy (XPS;
AXIS ULTRA DLD, Kratos, Hadano, Japan). Reflectance spectra were
obtained using a Lambda 750S spectrometer (PerkinElmer) consisting
of a deuterium and tungsten−halogen lamp, photomultiplier, and
integrating sphere with 60 mm. The room-temperature photo-
luminescence (PL) spectra of the as-prepared samples were recorded
using an excitation wavelength of 514 nm. Raman and PL spectra were
obtained using the Jobin Yvon LabRam HR 800 UV system at room
temperature. The excitation wavelength was 514.5 nm.

Photoelectrochemical Measurements. The PEC performances
of photoelectrodes were evaluated in a typical three-electrode
electrochemical cell configuration using an electrochemical work-
station (PARSTAT 4000) in 0.35 M Na2S and 0.5 M Na2SO3 (pH =
13.6) solution. All three electrodes were immersed in a glass cell with a
quartz window, through which the working electrode was illuminated
by a solar simulator (SOLARDGE 700) which is equipped with a 300
W xenon arc lamp and an air mass (AM) 1.5 G filter. The incident
illumination intensity was adjusted to 100 mW cm−2 by changing the
position of the lamp relative to that of the electrochemical cell. Before
illumination, high-purity N2 was purged into the three-electrode cell
for 30 min to remove the dissolved O2. The current density−voltage
(J−V) curve was measured under chopped simulated solar light
illumination (100 mW cm−2) with the potential sweeping from
negative potential to the positive potnetial with a scan rate of 10 mV
s−1. The cyclic voltammograms (CVs) were performed between −1.2
and −0.5 V vs Ag/AgCl at a scan rate of 10 mV s−1. The stability test
was evaluated under constant simulated solar light irradiation at a fixed
potential of −0.7 V vs Ag/AgCl. Potentials are reported as measured
vs Ag/AgCl and as calculated vs RHE using the Nernstian equation of
ERHE = EAg/AgCl + 0.059pH + 0.1976, where ERHE is the converted
potential vs RHE and EAg/AgCl is the experimental potential measured
against the Ag/AgCl reference electrode.

The flat potential and carrier density (Nd) were determined using
Mott−Schottky analyses at a fixed frequency of 10 kHz in darkness.
The electrochemical impedance spectroscopy (EIS) data were
collected under simulated solar light (100 mW cm−2) illumination at
applied bias of +0.2 V vs OCP (open circuit potential) with AC
perturbation amplitude of 10 mV in the frequency range from 105 to
10−1 Hz.

3. RESULTS AND DISCUSSION

A typical time-course galvanostatical curve of n-InP electrodes
anodized in a 3 M NaCl aqueous solution at 180 mA cm−2 for
80 s is shown in Figure 1. The curve has two different stages.
After a smooth increase of the voltage in stage I, a well-defined
voltage oscillation curve was formed in stage II. It has been
reported that such high-amplitude-voltage oscillations are
related to synchronized pore-diameter oscillations.37 Figure 2
shows the cross-sectional and plan-view SEM images of the as-
prepared porous InP obtained under this anodic etching
condition with a subsequent wet chemical etching. As can be
seen from the cross-sectional SEM image of the sample in
Figure 2a, a multilayer structure including an irregular layer on
the top (crystal oriented pores, marked as region I) and a
nanopore array layer (oriented pores, marked as region II) at
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the bottom was formed.38,39 This corresponds to the voltage
evolution in Figure 1, and the regions with different porous
structures were marked as I (the top layer) and II (the bottom
layer). The crystal oriented pores observed in the I area were
magnified in the inset of Figure 2a. The bottom layers of the II
area are zoomed in and shown in Figure 2b, showing well-
aligned 3D NPs. Obviously, the size of pores is strongly
modulated; the maximum diameter is ∼140 nm, and the
minimum value is ∼95 nm along with the horizontal direction.
The observed local increases in the pore diameter were called
pore “‘nodes’”,37 and the size of the “node to node” is ∼150 nm
along with the current-line-oriented pores. Figure 2c shows the
top view of the porous InP right after anodic etching; the pores

in the top layer are sparse, with a pore diameter of about 30
nm. In contrast, quasi-square pores with diameter in a range of
∼100−200 nm were formed after wet chemical etching (Figure
2d). This result indicates that the disordered irregular layers
were completely removed after the chemical etching process.
Therefore, after two-step etching, highly ordered and vertically
oriented 3D InP NPs are obtained.
The thickness of the regular 3D NP films can be easily

determined by adjusting the anodic oxidation duration
(Supporting Information, Figure S1). The thickness of the
3D NP films almost linearly increased to about 7.2, 11.4, 15.7,
and 20.5 μm at different anodic oxidation times of 40, 60, 80,
and 100 s. The thickness of the NP films (dp) linearly increased
with etching time (t) at a mean growth rate (k) of 0.19 μm/s.
From the SEM images (Figure 2), the average values of both
pore radius (rp) and wall thickness can be estimated as 100−
200 nm and 50−100 nm. The pores density (Np) is roughly 1.7
× 109 cm−2. Assuming square pores and the wall of pores made
up of a series of cubes, the evolution of the porous area (AP)
can be determined from

= × ×A r d N4 2P p p p (1)

Since dp is linearly dependent on t, eq 1 can be rewritten as
following:

= × × ×A r N k t4 2P p p (2)

According to eq 2, the specific area is directly proportional to
the anodic time. AP can thus be deduced from k and t. The
calculated area increases strongly during the porous etching.
Considering an initial surface exhibiting a nominal area of 1
cm2, AP rises to 80−200 cm2 after 100 s. The significant
increased specific area provides large surfaces for PEC
reactions. The aligned 3D NPs further favor the interfacial

Figure 1. Potential vs time curve for anodic etching of n-InP at Ip =
180 mA cm−2 in 3 M NaCl solution. The different curves are marked
as I and II.

Figure 2. (a) Cross-sectional SEM image of the porous InP after anodic etching. The different areas are marked as the I and II areas. The inset
presents a higher magnified view of the top part of the porous layer. (b) Amplification of the bottom layer in panel a. ( c) Top-view SEM image
before wet chemical etching. (d) Top-view SEM image after wet chemical etching.
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charge transfer across the InP/electrolyte interface for
enhanced PEC performances.
The XRD pattern (Supporting Information, Figure S2)

obtained from the as-prepared 3D InP NPs matched well with
the cubic InP (JCPDS Card No. 01-070-2513). A typical
Raman spectrum of the 3D InP NPs is shown (Supporting
Information, Figure S3). The peak located at 297 cm−1 is
attributed to a TO phonon mode, and the peak at 337 cm−1

corresponds to the LO phonon mode.40

Three-dimensional NP structure improves light absorption
compared to its planar counterpart due to its specific geometry.
We can clearly see that the 3D InP NP sample has a black
appearance instead of the mirror-like silver-colored planar InP
wafer. UV−vis diffuse reflection spectra (Supporting Informa-
tion, Figure S4) were used to quantify the light absorption
property. The light reflection was significantly reduced for 3D
NP samples compared to the planar one in the whole measured
wavelength. In addition, we found that the superior
antireflection properties of the 3D NPs are ascribed to the
parallel nanopores that enable strong light trapping and
scattering inside nanopores, which leads to the enhanced
optical absorption.
Figure 3a shows a typical current density−potential (J−V)

curve of the 3D InP NP photoanode obtained under chopped
simulated solar light illumination (100 mW cm−2). The dark
current density remained at a very low level in the scanned
potential range, indicating almost no chemical reactions in the
dark. Typical anodic current spikes were observed when light
was turned on. These spikes represented the accumulation of
photoexcited holes at the electrode/electrolyte interface
without injection to electrolyte.41 caused by either carrier

oxidized trap states in semiconductors42 or a slow oxidation
reaction at the interface.43 Such spikes can be suppressed when
holes oxidized the electrolyte under improved interface charge
transport kinetics. From the plot, the photocurrent density was
very small at low bias. This is consistent with the n-InP/
KCl(aq)−Fe(CN)63‑/4‑ junction.

44 Compared to the data on n-
InP/CH3OH−Me2Fc

+/0 contacts studied previously,30 the low
current density indicates that the hole transfer was very slow at
the n-InP/Na2S−Na2SO3 interface. This may be due to a small
potential barrier formed at the n-InP/polysulfide electrolyte
interface.
The CV characteristics in Figure 3b explained a superior

performance of the 3D InP NP photoanode over 2D InP NPs
and planar InP photoanodes. The dark current of 3D NPs and
planar electrodes was always near zero in the tested potential
region. Upon illumination, the photocurrent density of 3D NP
photoanode reached 22.5 mA cm−2 at −0.5 V vs Ag/AgCl,
while that of 2D NPs and planar InP photoanodes was 15 and 3
mA cm−2, respectively. In addition, the onset potential (defined
as the potential at which Jp = 1 mA cm−2) of 3D NP electrode
shifted negatively around 100 mV, relative to that of planar InP
electrode. This negative shift can be ascribed to the improved
holes transfer to the electrolyte due to the large surface area of
the porous three-dimensional structure. Remarkably, there was
almost no hysteresis observed for 3D NPs; whereas hysteresis
was observed for 2D NPs. The hysteresis behavior of porous
InP prepared in HCl electrolytes has been observed in a
previous report.35 The hysteresis between the forward and
reverse scan directions can be ascribed to an altered occupation
density of surface states, which would result in a shift of the
band bending between forward and reverse scans.45 The

Figure 3. PEC measurements of the photoelectrodes in 0.35 M Na2S and 0.5 M Na2SO3 aqueous solution (pH = 13.6). (a) Current density−voltage
behavior of 3D InP NPs with 15.7 μm length under interrupted illumination. (b) Cyclic voltammetry for direct comparison of three types of InP
films. (c) Cyclic voltammetry of 3D prous InP films with various lengths. (d) Calculated photoconversion efficiencies.

ACS Applied Materials & Interfaces Research Article

DOI: 10.1021/acsami.6b06200
ACS Appl. Mater. Interfaces 2016, 8, 22493−22500

22496

58

http://pubs.acs.org/doi/suppl/10.1021/acsami.6b06200/suppl_file/am6b06200_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acsami.6b06200/suppl_file/am6b06200_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acsami.6b06200/suppl_file/am6b06200_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acsami.6b06200/suppl_file/am6b06200_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acsami.6b06200/suppl_file/am6b06200_si_001.pdf
http://dx.doi.org/10.1021/acsami.6b06200


decreased hysteresis behavior clearly implies that 3D NPs has
an effectively passivated surface compared to the 2D one.
The photocurrent density of 3D InP NPs is determined by

the porous films thickness. Figure 3c shows the performance of
3D NPs with different film thicknesses. The photocurrent onset
potential was relatively stable, independent of film thickness.
However, the photocurrent density at more positive potentials
increased with the films thickness which is likely related to
improved light absorption and increased surface areas in 3D
InP NPs, and then it decreased which is likely caused by the
increased charge transport distance for long 3D NPs. Three-
dimensional InP NPs with the film thickness of 15.7 μm
exhibited the best performance.
In the present system, the generated photocurrent is related

to hydrogen gas generation at Pt cathodes. The hydrogen
generation rate can be estimated using the applied bias photon-
to-current efficiency (ABPE)36

=
Δ −

×
⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

I G V
P

ABPE/%
( )

100rev
0

bias

light (3)

Figure 3d shows the photoconversion efficiency of 3D NP films
at different thicknesses and the planar samples. The photo-
anode with a 15.7 μm thick NP film exhibited the maximum
efficiency of 0.95% at ∼−0.6 V vs Ag/AgCl, which is about 7.3
times higher than that of planar counterparts. More
importantly, the maximum efficiency of the 3D NPs is ∼40%
greater than the value for 2D NPs (0.67%) with a similar
thickness.36 These results clearly demonstrate advantages of the
porous three-dimensional structures for higher PEC efficiency.
The stability of 3D NP photoanode was investigated by

measuring Jph at −0.7 V (vs Ag/AgCl) under continuous
simulated solar light illumination (Supporting Information,
Figure S5). The photocurrent (∼0.32 mA cm−2) for the planar
InP electrode decreased to about 84% of the initial current
within 2000 s. The decrease of photocurrent is due to the poor
anticorrosive ability of bulk InP in electrolyte under
illumination. The photogenerated holes were not efficiently
transported to oxidize polysulfide in electrolyte but self-oxidize
InP. In contrast, the 3D NPs showed improved photostability
and maintained the initial photocurrent (∼2.1 mA cm−2) after
2000 s. The improved stability can be ascribed to the specific
geometry of 3D NPs, resulting in more efficient holes
consumption at the nanopores/electrolyte junction, which in
return relieves the charge recombination and photocorrosion of

InP. Although 3D NPs show improved stability compared to a
planar one, the development of an efficient PEC cell without
sacrificial reductants is eventually required and urgent for PEC
hydrogen production.46

To understand the electronic properties of the 3D nanopores
in electrolyte solution, we have conducted the Mott−Schottky
(M-S) experiments in the dark to determine carrier density and
flatband potential. The flatband potential (Vfb) and carrier
density (Nd) can be quantified by the M-S eq 4. As expected,
the planar InP exhibits an ideal linear M-S curve vs the applied
potential (Supporting Information, Figure S6). The Vfb of
planar InP is found to be −1.5 V vs Ag/AgCl. The Nd is
estimated to be 3.3 × 1018 cm−3, which agrees well with the
carrier density value given by the InP wafer vendor.
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In contrast to flat samples, the M-S plots (Figure 4a)
collected from 3D NPs exhibit a nonlinear behavior due to the
pore geometry at low applied potential region. This is in good
agreement with the previous work. An inflection point around
−0.35 V is observed on the M-S plot; positive to this voltage,
the 1/C2 increases significantly. According to eq 5 and analysis
of Santinacci et al.,47 the width of the space charge layer
depends on the applied bias. At low potential region (<−0.35
V), the space charge layer is thin (W < 40 nm); the depletion
layer therefore follows the surface topography, and the 1/C2

decrease indicates the increased specific area.
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The width of the depleted region increases with the band
bending. Once the entire porous layer is fully depleted, at
−0.35 V, it no longer contributes to the capacitance;
consequently a linear evolution of 1/C2 is again obtained
with a slope similar to that of planar InP. At a potential of
−0.35 V, W has been calculated to be 40 nm; it corresponds to
half of the pore wall thickness.

εε= −N e C V(2/ )[d(1/ )/d ]d 0 0
2 1

(6)

The carrier density of 3D InP NPs can be determined from eq
6 under circumstances of not fully depleted. The calculated

Figure 4. (a) Mott−Schottky plots of a 3D InP nanopore in the dark at frequencies of 1 (black line), 5 (red line), and 10 kHz (blue line) and an AC
current of 10 mV with a three-electrode system. (b) Nyquist plots of various types of InP films under simulated solar light illumination. The inset
depicts the equivalent circuit model used for fitting and shows an expanded region around the low impedance.
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carrier density is 3.9 × 1018 cm−3 at frequency of 10 kHz
(Supporting Information, Figure S5).
To gain more insight into the principle of the enhancement

of PEC performance, electrochemical impedance spectroscopy
(EIS) was performed on various InP photoanodes under
illumination. In the Nyquist plot, the radius of each arc is
associated with the charge-transfer process at the corresponding
electrode/electrolyte interface. A smaller arc radius implies a
faster interfacial charge transfer and a more efficient charge
separation.48 As evident in Figure 4b, the impedance arcs of
both porous InPs were much smaller than that of planar InP,
indicating that porous array structures can significantly facilitate
the charge separation and transport due to the increased
contact surface area. In addition, the smallest arch for 3D NPs
was observed, suggesting that an effective separation of
photogenerated electron−hole pairs and faster interfacial
charge transfer occurred on the 3D InP NPs. This result is
consistent with the PEC measurements, which show the highest
conversion efficiency for the 3D NPs.
Photoluminescence (PL) spectroscopy was carried out on all

InP films to understand the extent of radiative charge carrier
recombination. In most of the semiconductors, a weaker PL
signal mean a lower electron−hole recombination rate, and
hence a longer lifetime of photogenerated carriers.49 In porous
InP, however, a lower PL intensity indicates a higher charge
recombination rate because PL quenching has been attributed
to the creation of surface states that act as nonradiative
recombination centers.50−52 As shown in Figure 5, the etched

and unetched InPs are with the essentially same peak position,
whereas the PL intensity decreases in the order of planar InP,
3D InP NPs, and 2D InP NPs. The PL intensity of 3D NPs
increases significantly relative to the 2D one, which indicates
that the recombination of the photogenerated charge carriers is
greatly reduced in 3D NPs. We suspect that such a huge
difference is associated with the difference in electrolytes. It has
been suggested that anodization of InP in NaCl electrolytes
results in effective passivation of the porous surface states as
compared to anodization in HCl electrolytes.53

In order to explore the passivation mechanism of NaCl
electrolytes, XPS experiments were carried out on both 3D InP
NPs and 2D InP NPs. XPS analysis revealed the presence of
indium, phosphorus, oxygen, and chlorine (Supporting

Information, Figure S7). The In 3d5/2 (444.3 eV) and P 2p
(129.3 eV for P 2p1/2 and 128.5 eV for P 2p3/2) core levels for
both samples exhibit the typical features for bulk InP54 except
for an additional component in the P 2p region at ca. 133.3 eV.
This could be ascribed to In(POx)y, and the O 1s (531.3 eV)
response confirmed the presence of P−O−P or P−O
bindings.55 The native oxide was presumably formed during
the sample transfer from the electrochemical cell to the XPS
chamber. The presence of a Cl element on the porous InP
surface confirmed the creation of surface states.47 We also
found that the percentage of chlorine atoms is 1.6% and 0.9%
for 2D InP NPs and 3D InP NPs, respectively; thus the
decreased chlorine content could be one of the reasons that
surface state density is reduced in the 3D InP NPs.
A schematic diagram (Supporting Information, Figure S8) is

shown to understand the mechanism of PEC hydrogen
generation from water with the 3D InP NP photoelectrode.
Upon illumination, electron−hole pairs are produced on the
semiconductor of InP, the photogenerated holes can be more
easily scavenged by the sacrificial agents (S2−and SO3

2−) as the
short hole diffusion length and large specific area owing to the
3D NPs morphology. Simultaneously, the photogenerated
electrons should be efficiently delivered to the cathode to react
with water to produce hydrogen via unidirectional conduction
pathway.

4. CONCLUSIONS
In summary, 3D InP NPs with unique NP architectures were
fabricated via a facile two-step etching procedure. The
fabricated 3D InP NPs drastically improve the PEC hydrogen
production efficiency of ∼40% compared to 2D InP NPs. Such
large improvement is ascribed to the improved photogenerated
charge separation efficiency and the decreased charge-transfer
resistance at 3D NP electrode/electrolyte interface as
evidenced in PEC, electrochemical impedance, and PL analyses.
We suggest that the 3D InP NPs with high PEC properties and
an easy fabrication process may find other applications in
energy storage, energy conversion, and sensor devices.
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Engineering MoSx/Ti/InP Hybrid 
Photocathode for Improved Solar 
Hydrogen Production
Qiang Li1, Maojun Zheng1,2, Miao Zhong3, Liguo Ma1, Faze Wang1, Li Ma4 & Wenzhong Shen1

Due to its direct band gap of ~1.35 eV, appropriate energy band-edge positions, and low surface-
recombination velocity, p-type InP has attracted considerable attention as a promising photocathode 
material for solar hydrogen generation. However, challenges remain with p-type InP for achieving high 
and stable photoelectrochemical (PEC) performances. Here, we demonstrate that surface modifications 
of InP photocathodes with Ti thin layers and amorphous MoSx nanoparticles can remarkably improve 
their PEC performances. A high photocurrent density with an improved PEC onset potential is obtained. 
Electrochemical impedance analyses reveal that the largely improved PEC performance of MoSx/Ti/InP 
is attributed to the reduced charge-transfer resistance and the increased band bending at the MoSx/
Ti/InP/electrolyte interface. In addition, the MoSx/Ti/InP photocathodes function stably for PEC water 
reduction under continuous light illumination over 2 h. Our study demonstrates an effective approach to 
develop high-PEC-performance InP photocathodes towards stable solar hydrogen production.

The imminent depletion of fossil fuels with the increasing environmental concerns has been stimulating con-
siderable research efforts for clean and renewable energy production over the past decades1–3. Hydrogen is one 
of the most promising high-energy-density green fuels. Photoelectrochemical (PEC) water splitting is a highly 
attractive means to produce hydrogen from water using abundant solar energy4–6. Since the pioneering work 
of hydrogen generation from water splitting using a titanium dioxide (TiO2) electrode7, enormous efforts have 
been paid to find suitable semiconductors for efficient PEC hydrogen generation8–12. However, the reported 
solar-to-chemical energy conversion efficiencies are still unsatisfactory. Suitable photoactive semiconductors for 
efficient solar-driven water splitting must (i) absorb a large portion of light in solar spectrum, (ii) have favorable 
band edge positions, (iii) possess high stability under PEC operating conditions, (iv) be catalytically active for 
the hydrogen evolution reaction (HER) or oxygen evolution reaction (OER)13, and (v) generate a sufficiently 
high photovoltage. A single semiconductor material is usually difficult to meet all the above requirements and, 
therefore, effective combination of materials in functional heterogeneous structures or PEC configurations is 
necessary14,15. A common technique is to combine light absorbers with robust water splitting catalysts to enhance 
photocatalytic activity and stability of the PEC devices.

P-type InP is one of the most promising candidates for PEC hydrogen generation because of its direct band 
gap of 1.35 eV well-matched to the solar spectrum, favorable conduction band position for hydrogen evolution 
reaction and low surface-recombination velocity16. InP photocathodes have been extensively studied16–20 and 
recently reported a high water splitting performance (power-saved efficiency of 15.8%)21. However, the prac-
tical application of InP in PEC schemes is still limited by the two main drawbacks of (i) the poor stability due 
to self-photocorrosion in electrolyte solution22,23; and (ii) the inefficient surface catalytic activity for hydrogen 
evolution reactions. Conformal layers of thin TiO2 coatings grown by atomic layer deposition have been wildly 
employed to stabilize InP16,21,24,25, and in conjunction with noble metal co-catalysts like Pt16,21,24 to effect water 
reduce. Nevertheless, relatively high cost and scarcity of noble metals hindered their large-scale practical appli-
cations. Moreover, separated noble metal catalysts on top of InP cannot prevent photocorrosion in InP photoca-
thodes. Although thick layers of noble metals can protect photocathodes, they may also block the underlying InP 
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from effectively harvesting light, and decreases the PEC performances. Therefore, low-cost InP-based photocath-
odes with efficient and stable PEC performances are desirable.

Mo-based chalcogenides have been recently investigated as both a protection layer and an electrocata-
lyst for hydrogen evolution reaction due to its excellent stability and high electro-catalytic activity26–30. Thus, 
Molybdenum sulfide (MoSx) has a great potential to enhance both stability and activity for InP photocathodes. 
Indeed, the previous study has shown that the MoS3-modificated InP photocathode exhibits a highly stable and 
large photocurrent density20. However, the onset potential was relatively negative in the reported structure likely 
related to a small photovoltage produced in the InP/electrolyte. The water reduction onset potential of many sem-
iconductors is inherently low, due to the mismatch of the interface energetics between the semiconductor and the 
electrolyte21. To address the intrinsic limitation, several approaches have been used to tune the relative energetics 
at the semiconductor/electrolyte interface. For instance, an n+ emitter layer can be incorporated on the top surface 
of p-type semiconductor to form a buried junction between the semiconductor and the electrolyte. This buried 
junction is expected to produce a high photovoltage by effectively decoupling the band bending in the semicon-
ductor from the semiconductor/liquid contact26. Lewis et al. have showed that the HER onset potential could be 
improved by ~250 mV by using n+ p-Si structure device31. In addition to homo-junctions, hetero-junctions with 
appropriate band positions also function efficiently. A recent work has shown that the introduction of a Ga2O3 
buffer layer between the Cu2O and TiO2 can shift the onset potential towards an extremely positive value of 1.02 V 
vs. RHE32. Therefore, a suitable buffer layer is believed to effectively increase the photovoltage by forming a better 
energy band alignment with the semiconductor.

Herein, we introduce a Ti thin layer as a suitable buffer layer between InP and the MoSx (denoted as MoSx/
Ti/InP) to achieve an improved photovoltage and a stable photocurrent density. The overall material structure is 
shown in Fig. 1a. The low work function of the Ti layer affords a high Schottky barrier to p-type InP valence band 
(Fig. 1c). The top MoSx further acts as an efficient and robust co-catalyst for hydrogen generation. Compared 
with pristine InP and MoSx/InP, MoSx/Ti/InP exhibits remarkably enhanced PEC performances in terms of onset 
potentials and photocurrent densities at 0 V vs. RHE. Our study is a first demonstration of MoSx/Ti/InP for effi-
cient and stable PEC water reduction. Such enhancement can be attributed to an improved surface band bending 
and reduced charge-transfer resistance at the MoSx/Ti/InP/electrolyte interface, proved by Mott-Schottky and 
electrochemical impedance spectroscopy (EIS) analyses.

Results and Discussion
Figure 2 shows the photoelectrodepositon of amorphous MoSx (a-MoSx) catalysts on a Ti-coated InP electrode 
(Ti/InP). The cyclic voltammetry (CV) cycles show clear reduction peaks similar to the previous report from  
Hu et al.33. Once the CVs were completed, a uniform catalyst layer on top of the electrode can be clearly seen. 
The CV cycles for photoelectrodeposition and the precursor concentrations in solution are considered to be 

Figure 1. (a) Structure of the MoSx and Ti-coated p-type InP photocathode. (b,c) Proposed approximate 
energy band diagrams of pristine p-InP (b) and Ti/p-InP (c) photocathodes in equilibrium with the H2/H+ 
redox couple in water in dark. An enlarged band bending is obtained with the Ti-coated p-InP in electrolyte due 
to the low work function of Ti metal.
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important for determining the thickness of a-MoSx on InP. It is reported that the amount of a-MoSx on CNTs 
increases with the increase of deposition cycles or precursor concentrations34. The connection between a-MoSx 
particles and InP is strong enough against ultra-sonification, which is essential for long-term use for PEC hydro-
gen production.

The morphology of the deposited a-MoSx films was examined by scanning electron microscopy (SEM). 
Figure 3 shows the top view and cross-sectional view SEM images of a ~32 nm thick a-MoSx film obtained after 30 
deposition cycles. The a-MoSx film (Fig. 3a) consists of nanoparticles assembled in a porous morphology with a 
high specific surface area, which improves its catalytic activities. Furthermore, the a-MoSx film uniformly covers 
the InP surface over a large scale (Fig. 3b). This is also important for protecting InP from oxidation and stabilize 
it for long time operation.

X-ray photoelectron spectroscopy (XPS) was used to characterize the elemental compositions and their bind-
ing energies. The survey scan in Fig. 4a shows that Ti, Mo, and S elements are coexisted in the examined film. 
The chemical states of Mo and S species in the sample are determined from the high-resolution XPS S 2p and 
Mo 3d spectra before PEC experiments (Fig. 4b,c). The Mo 3d XPS spectrum features two peaks: Mo 3d5/2 at a 
binding energy of 229.2 eV and Mo 3d3/2 at 232.5 eV. These energies are consistent with a + 4 oxidation state for 
Mo as reported previously for MoS3

35,36. The peak at lower energy position of 226 eV can be ascribed to the S 2s. 
XPS S 2p spectrum in Fig. 4c exhibits a complex peak, which can be fitted into three featured peaks. The S 2p3/2 at 
161.9 eV is attributed to terminal S2−, and the S 2p3/2 at 163.1 eV can be assigned to bridging S2

2− and/or apical S2−  
ligands37–39. The peak at higher energy (164.5 eV) may be due to residual sulfur from the electrodeposition reac-
tant37. Furthermore, quantification analysis by XPS gives a Mo/S ratio of 1:3.4, which is larger than commonly 
reported for MoSx (x ≈  3). Taken together, the XPS data verifies formation of a-MoSx phases. It has been reported 
previously that the abundant exposure of S2

2− in amorphous MoSx can effectively absorb H with a small free 
energy, which is advantageous for enhancing the HER activity40,41. Therefore, it is believed that InP with abundant 
active S edge sites should give potentially outstanding HER performances. After the PEC stability experiments, 
the Mo peaks are shifted toward lower binding energies (Fig. 4d). This shift can be related to a partial reduction 
of the Mo atoms or to a change in their environment. The intensity of S peak around 161.9 eV is also increased 
compared to that of the peak at 163.1 eV (Fig. 4e). These results agree with previous reports that amorphous MoS2 
might be the most effective water reduction catalyst33.

Figure 2. Cyclic voltammetry scans for photoelectrodeposition of MoSx on Ti-coated p-InP electrodes. 

Figure 3. (a) A top-view SEM image of a MoSx/Ti/InP electrode. (b) A cross-sectional SEM image of a MoSx/
Ti/InP electrode.
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To study the PEC water splitting performance, the photocurrent density vs. potential (J–V) curves of the 
pristine InP, MoSx/InP and MoSx/Ti/InP photocathodes were measured in dark and under simulated sunlight 
illumination (100 mW cm−2). All experiments were performed under the same conditions, using 1 M HClO4 as 
electrolyte. The current densities were normalized with respect to the geometrical surface area and reported based 
on RHE scale. Figure 5a depicts the obtained best-performance J–V curves of the three InP-based photocathodes 
with optimized MoSx thickness. In dark, the current density is negligible. Under light illumination, the MoSx/
Ti/InP photocathode exhibits remarkable activity for PEC water reduction. The open-circuit voltage (Voc) and 
the photocurrent at 0 V vs. RHE (Jsc) of the MoSx/Ti/InP photocathode under illumination are 0.62 V vs RHE 
and 15.8 mA cm−2, respectively, which both outperforms the pristine p-type InP, Ti/InP, and MoSx/InP. To the 
best of our knowledge, the PEC performance of our MoSx/Ti/InP is one of the best reported planar InP photo-
cathodes decorated with noble-metal-free HER catalysts (Table S1). The largely enhanced PEC performance of 
the MoSx/Ti/InP photocathode can be attributed to (i) an excellent electro-catalytic performance of MoSx which 
facilitates electron transfer to electrolyte for efficient proton reduction, and (ii) an enlarged band bending formed 
between Ti and p-InP due to the low work function of Ti (Fig. 1c). The resulting larger band bending favors 

Figure 4. Chemical composition analyses. (a) XPS survey spectra. (b,c) XPS narrow spectra of Mo 3d and S 
2p of as-synthesized MoSx/Ti/InP electrode. (d,e) XPS narrow spectra of Mo 3d and S 2p of the MoSx/Ti/InP 
electrode after 2 h PEC test at 0 V vs. RHE in a PEC scheme.
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charge separation and charge transport. Therefore, MoSx/Ti/InP photocathode afforded a much more positive 
onset potential than the photocathode without the Ti layer. As shown in Fig. 5a, the PEC difference of InP with 
and without a Ti layer is clear. The increase of onset potential with Ti modified InP is in consistent with the posi-
tive shift of the flat-band potential of the same photocathode (Fig. 6). Moreover, it has been suggested that the Ti 
overlayer can protect InP from oxidation during the deposition process26, which could be another contribution to 
the PEC improvement of Ti-coated InP photocathodes.

As discussed, a Ti layer on InP can effectively improve the performances, however, it reflects light to reduce 
light absorption in InP. As a result, the saturated photocurrent density with the MoSx/Ti/InP photocathodes is 
smaller than that of the MoSx/InP without a Ti layer at relatively negative potentials (Fig. 5a). The achieved Jsc 
for MoSx/Ti/ InP is still lower than that of the theoretically photocurrent density of 25–30 mA cm−2 for the InP 
photocathode42. Further improvement of the PEC performance is possible by improving light absorption using 
nanostructured InP photocathodes.

The PEC performance of MoSx/Ti/InP is determined by the amount of coated MoSx, which is controlled by 
the number of CV cycles in the photoelectrodeposition experiments. A suitable amount of MoSx on the top 

Figure 5. (a) Linear sweep voltammetry for pristine InP, MoSx/InP and MoSx/Ti/InP photocathodes. (b) PEC 
Performances of the MoSx/Ti/InP photocathodes with different amount of MoSx catalyst. (c) Comparison of 
jsc at 0 V vs. RHE with different amount of MoSx. (d) PEC stability measurements at 0 V vs. RHE with the best 
MoSx/Ti/InP photocathode.

Figure 6. Mott-Schottky plots of pristine InP, MoSx/InP and MoSx/Ti/InP photocathodes. 
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surface is usually required to realize optimized PEC performances. We found that 20 and 30 cycles samples have 
better onset potential than 10 and 40 cycles samples as shown in Fig. 5b. The photocurrent density of MoSx/Ti/
InP loaded with different amount of MoSx measured at a potential of 0 V vs RHE is shown in Fig. 5c. MoSx/Ti/InP 
with 30 CV cycles for MoSx deposition (corresponding to a ~32 nm a-MoSx layer with top-view and cross-section 
images shown in Fig. 3a,b), exhibit the best PEC performance. This is because there is a trade-off between the 
electro-catalytic activity and light flux. In other words, the electro-catalytic activity will increase with the amount 
of MoSx

43; whereas the light flux absorbed by MoSx/Ti/InP will be decreased with the increase of MoSx amount. 
Therefore, there would be an optimal amount of MoSx for the best PEC performance.

The PEC stability of MoSx/Ti/InP photocathodes was investigated at 0 V vs. RHE under continuous simulated 
solar light illumination (Fig. 5d). PEC photocurrent density remained almost stable over 2 h with only a small 
decrease from the initial value of 15.8 to ~14 mA cm−2 after a 2 h PEC test. The decay of photocurrent density 
is likely attributed to the degradation of the Ti layer44 and/or the H2 bubble generation during the stability test. 
Which is coincides with the visual observation of an excess amount of H2 bubbles accumulating on the electrode 
surface; these bubbles block some active area and interfere with the diffusion of the electrolyte to the photocathode.  
Moreover, the fluctuation in the photocurrent density is closely related to the bubbling of hydrogen.

To investigate the electronic properties of the pristine and modified InP photocathodes in electrolyte, 
Mott-Schottky analyses were performed in dark. The flat band potential, Vfb, is determined from the intercep-
tion of the plot of C−2 versus potential curve. The carrier concentration is calculated using the slope of the linear 
region according to the following equation:
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where C is the space charge capacitance, e0 is the electron charge, ε and εo are the dielectric constant of the meas-
ured semiconductor and permittivity of the vacuum respectively, Nd is the carrier density, A is the measured elec-
trode area, V is the applied potential, Vfb is the flat band potential of the measured semiconductor in electrolyte, 
kB is the Boltzmann constant, and T is the absolute temperature.

Figure 6 shows that all InP samples have negative slopes in the Mott-Schottky plots, indicating that the sam-
ples are all p-type semiconductors. The carrier density of InP determined from the slope of the Mott-Schottky plot 
is ~1.1 ×  1018 cm−3, which agrees with the value from the InP wafer vendor. The Vfb of the pristine InP electrode is 
estimated to be ~0.92 V vs. RHE close to the previous report21. The Vfb for MoSx/InP is almost the same as that of 
pristine InP, which is also in consistent with other reports20,27. However, the Vfb of MoSx/Ti/InP electrode cathod-
ically shifts from ~0.92 to ~1.02 V vs. RHE, indicating an increased surface band bending, because the low work 
function of Ti affords a high Schottky barrier to the p-type InP valence band44,45. The increased band bending 
(Fig. 1b) is advantageous to efficiently separate charges and facilitate charge transfer with a reduced recombina-
tion loss. Therefore, MoSx/Ti/InP provides a much more positive onset potential for hydrogen evolution than 
the MoSx/InP electrode as observed in Fig. 5a. This increase is comparable to a different work by enhancing the 
photovoltage generated by InP in aqueous solutions21.

To gain more insight into the principle of the enhancement of PEC performance, electrochemical impedance 
spectroscopy (EIS) was conducted for different samples under simulated solar light illumination. The circle curves 
in Fig. 7 are experimental data and solid lines represent fitting results. An equivalent circuit is shown in Fig. 7. As 
indicated, the equivalent circuit model fitted well with both of the InP electrodes. Two semicircles can be clearly 
distinguished from Nyquist plots of each sample. The semicircle in the high frequency range is attributed to the 
depletion layer in semiconductor and the semicircle in the low frequency range is attributed to the capacitance at 
the semiconductor/electrolyte interface. In our model, Rs represents the overall series resistance of the circuit, R1 
and CPE1 correspond to the charge transfer resistance and the depletion layer capacitance in the semiconductor, 
R2 and CPE2 are associated with the charge transfer resistance and double layer capacitance at semiconductor/

Figure 7. Nyquist plots of pristine InP and MoSx/Ti/InP photocathodes. The scatter points in the plots 
represent the original experimental data, whereas the solid lines are the fitted curves using the equivalent circuit 
model in Fig. 7 (a).
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electrolyte interface. Two constant phase elements (CPE) can be visualized as a non-ideal capacitor. It has been 
suggested that smaller arc radius in Nyquist plot implies a more effective charge separation of electron-hole pairs 
and a faster interfacial charge transfer46. Significantly, MoSx/Ti/InP show much smaller semicircle, suggesting 
much smaller charge transfer resistance in MoSx/Ti/InP, in comparison with the pristine InP electrode.

The fitted data of each element in the model are summarized in Table 1, among which some features deserve 
attention. The values of R2 for MoSx/Ti/InP and InP are 3013 ohm, 47536 ohm, respectively. The charge transfer 
resistance of double layer in MoSx/Ti/InP sample is approximately 16 times smaller than that of pristine InP sam-
ple, showing a good correlation with the remarkably enhanced photocurrent density in MoSx/Ti/InP photocath-
odes (Fig. 5a). MoSx modification reduced the charge transfer resistance and increased the capacitance mainly at 
MoSx/Ti/InP/electrolyte interface, i.e. the surface of the photocathode where water reduction reaction takes place. 
Therefore we can conclude that MoSx loading promotes the charge separation and water reduction reaction on the 
InP surface. This is consistent with the reported results that MoSx is an effective electrocatalyst for the hydrogen 
evolution reaction. In addition, MoSx/Ti/InP photocathode leads to fast charge transfer in semiconductor bulk, 
which is attributed to the larger band bending in the photocathode. These results clearly explain the remarkably 
enhanced performance of the MoSx/Ti/InP electrode.

In summary, a noble-metal-free MoSx/Ti/InP photocathode was fabricated by simple deposition processes for 
solar hydrogen production. MoSx/Ti/InP exhibited remarkably enhanced PEC performance in comparison with 
pristine p-InP and MoSx/InP. Specifically, high photocurrent densities and relatively positive onset potentials were 
observed. The enhancement of PEC performance can be attributed to the excellent electro-catalytic activity of 
amorphous MoSx nanomaterials, which reduces remarkably the charge transfer resistance at the semiconductor/
electrolyte interface and increases the kinetics of water reduction. Moreover, the Ti buffer layer was a key compo-
nent to realize a high photovoltage and to prevent the InP photocorrosion. The performance of MoSx/Ti/InP was 
also dependent on the amount of surface MoSx, for realizing optimal electro-catalytic activity on photocathode 
surfaces and absorption in InP. More importantly, the photocathodes were stable under continuous simulated 
solar light illumination over 2 h. Our simple and effective fabrication and surface modification processes are 
applicable to various photocathodes materials for enhancing their PEC performances.

Methods
Preparation of pristine InP samples. The wafers used in this work were one-side polished Zn-doped 
p-type (100)-oriented InP (MTI Corp.) with a carrier concentration of ~1018 cm−3. To fabricate InP working 
electrodes, wafers were cleaved into small pieces along the natural (110) cleavage planes. InP pieces were firstly 
degreased by successively sonicating in trichloroethylene, acetone and methanol for 5 min in each step to remove 
contaminants followed by washing in deionized water and then drying in N2 flow. The pieces were then etched 
with HF (49%) and H2O (1: 10) for 1 min to remove the native oxides from surface. The InP wafers were then 
thoroughly rinsed using deionized water and dried under a flow of N2.

Sputtering deposition of Ti layers. An ultrathin buffer layer of ~10 nm Ti film was deposited using 
Denton RF magnetron sputtering. Ti Target (99.95%) was pre-sputtered using RF power (300 W) at a high pres-
sure of 10 mTorr to remove surface impurities prior to the deposition of Ti. The Ti layers were sputtered in an Ar 
environment. Until the chamber pressure reached 4 ×  10−4 mTorr, sputtering was conducted. During sputtering, 
the working pressure inside the chamber was kept at 3.4 mTorr and the deposition power was kept at 200 W. 
Substrates were held at room temperature in all runs. Deposition rate at this condition was about 2.5 Å/s. InP was 
held at a room temperature during sputtering. Deposition rate at this condition was about 2.5 Å/s. The sputtered 
Ti layer protects InP photocathodes from aqueous solutions and transports photogenerated electrons to electro-
lyte when water reduction takes place.

Preparation of electrodes. ~60 nm thick Au was deposited on the back side of all InP samples using a 
thermal evaporator. An ohmic contact between Au and InP was formed. Then, high purity Ag pastes were used 
to attach Au on Cu plates. The copper plates were then covered with epoxy to ensure that only InP pieces were 
exposed to electrolyte. Copper plates with pieces were pressed in O-rings of electrochemical cells.

Preparation of MoSx on InP electrodes. PEC deposition of MoSx catalyst on InP and Ti/InP electrodes 
was performed under simulated 1 sun illumination. A freshly prepared photocathode was immersed into a 
0.5 mM aqueous solution of (NH4)2MoS4 in a 0.1 M phosphate buffer solution at pH 7. The MoSx catalyst was 
deposited by continuous cyclic voltammograms performed using a Princeton potentiostat (PARSTAT 4000) 
with a saturated Ag/AgCl electrode as a reference electrode and a titanium wire as a counter electrode. The 
cyclic voltammograms were performed between 0 and + 0.9 V vs. RHE at a scan rate of 0.05 Vs−1. After this, we 
carefully washed the InP electrodes by dipping into deionized water several times to eliminate phosphate and 
[MoS4]2− ions.

Characterizations and PEC measurements. The sample morphologies were observed using a 
field-emission scanning electron microscope (FE-SEM, FEI Sirion 200). The surface composition of the sample 

Sample RS (Ω) R1 (Ω) CPE1 (nF) R2 (Ω) CPE2 (μF)

InP 4.37 ±  0.17 10670 ±  310 64.7 ±  5.23 47536 ±  2159 23.5 ±  1.23

MoSx/Ti/InP 3.92 ±  0.11 3214 ±  20 25.3 ±  1.38 3013 ±  155 178.3 ±  9.31

Table 1.  Resistances and capacitances determined from Nyquist plots.
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was analyzed by x-ray photoelectron spectroscopy (XPS, AXIS ULTRA DLD, Kratos, Japan). The binding energy 
was calibrated with the C1s level of 284.5 eV from surface contaminants. Water splitting performances of pho-
toelectrodes were evaluated in a three-electrode PEC cell with an electrochemical workstation (PARSTAT 4000 
model Princeton Applied Research fitted with an impedance analyzer). 1 M HClO4 (pH =  0.5) solution was used 
as the electrolyte. InP, MoSx/InP and MoSx/Ti/InP photocathodes, a platinum (Pt) gauze, and a Ag/AgCl electrode 
were used as the working, counter, and reference electrodes, respectively. All three electrodes were put into a glass 
cell with a quartz window through which the working electrodes were illuminated from the front sides by a solar 
simulator (SOLARDGE 700, a 300 W xenon arc lamp equipped with an air mass (AM) 1.5 G filter). The incident 
light intensity was adjusted to100 mW cm−2 by changing the position of lamp relative to that of the electrochemi-
cal cell. Before illumination, high-purity N2 was purged into cells for 30 min. to remove the dissolved O2. The PEC 
photocurrent density-voltage linear sweeping voltammetry (LSV) curves were measured under interrupted light 
illumination (100 mW cm−2) sweeping form positive potentials to negative potentials with a scan rate of 10 mV s−1.  
The PEC stability test was evaluated under light irradiation at a fixed potential of 0 V vs. RHE. The measured 
potentials vs. Ag/AgCl were converted to the reversible hydrogen electrode (RHE) according to the equation of 
ERHE = EAg/AgCl +  0.059 pH + E0

Ag/AgCl, where ERHE is the converted potential vs. RHE, EAg/AgCl is the experimental 
potential measured against the Ag/AgCl reference electrode, and E0

Ag/AgCl is the standard potential of Ag/AgCl at 
25 °C (0.1976 V).

The Mott-Schottky and electrochemical impedance spectroscopy (EIS) measurements were performed using 
the same electrochemical measurement system for PEC measurements. Mott-Schottky measurements were 
obtained under dark conditions at a frequency of 1000 Hz in a 1 M HClO4 solution with a scan rate of 10 mV/s. 
EIS data were collected under light (100 mW cm−2) at + 0.1 V vs RHE, with AC perturbation amplitude of 10 mV 
and a frequency within 105 to 10−1 Hz. The EIS spectra were fitted to an appropriate electrical analogue using 
ZView software.
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Ammonia intercalated flower-like  
MoS2 nanosheet film as 
electrocatalyst for high efficient 
and stable hydrogen evolution
F. Z. Wang1, M. J. Zheng1,2, B. Zhang1, C. Q. Zhu1, Q. Li1, L. Ma3 & W. Z. Shen1

Ammonia intercalated flower-like MoS2 electrocatalyst film assembled by vertical orientated ultrathin 
nanosheet on graphite sheethas been successfully synthesized using one-step hydrothermal method. 
In this strategy, ammonia can effectively insert into the parallel plane of the MoS2 nanosheets, leading 
to the expansion of lattice and phase transfer from 2H to 1T, generating more active unsaturated sulfur 
atoms. The flower-like ammoniated MoS2 electrocatalysts with more active sites and large surface area 
exhibited excellent HER activity with a small Tafel slope and low onset overpotential, resulting a great 
enhancement in hydrogen evolution. The high efficient activity and recyclable utilization, as well as 
large-scale, indicate that it is a very promising electrocatalyst to replace Pt in industry application.

Nowadays, the environmental pollution caused by burning fossil fuels and the global energy crises have become 
more and more serious. As an ideal clean and sustainable fuel, hydrogen has been vigorously pursued as a prom-
ising candidate for replacing traditional petroleum fuels in the future1–3. And the electrocatalytic hydrogen evolu-
tion reaction (HER) is considered to be an important pathway for hydrogen production4,5. Noble metal catalysts, 
such as Pt, Ir and Au, are the most effective catalysts, but the cost and scarcity limit their wide application6,7. It 
remains a great challenge to develop non-noble metal HER catalysts exhibiting both high efficiency and stability.

Recently, transition metal phosphides8–11 and chalcogenides12–15 as the non-precious metal catalysts have 
shown a striking electrocatalytic performance for HER. Among these alternatives, two-dimensional (2D) layered 
material, molybdenum disulfide (MoS2) has received tremendous attention due to the earth-abundant composi-
tion, high activity and high chemical stability, leading to the development of various kinds of MoS2-based HER 
electrocatalysts16,17. During the past few years, both theoretical and experimental studies concluded that the HER 
activity arises from the sites located along the edges of the 2D MoS2 layer18–21. Hence, increasing the number of 
active sites is an efficient way to enhance the HER activity. Several efforts have been made to largely expose the 
edge sites for enhanced activity by reducing the dimension of MoS2 structures to the nanoscale or performing 
defect engineering22,23. Xie’s group has successful synthesized defect-rich MoS2 ultrathin nanosheets prepared 
by a facile hydrothermal method. With additional exposure of active edge sites for HER, the highly active HER 
catalysts showing an excellent activity with Tafel slopes of 50–55 mV/dec24,25. Cui’s group has grown vertically 
aligned MoS2 molecular layers on flat substrates. The vertically aligned MoS2 possess maximally exposed active 
edge sites. Through electrochemical intercalation of Li+ ion, the layer spacing, oxidation state, and the ratio of 2H 
semiconducting to 1T metallic phase can be continuously tuned resulting a dramatically improvement in HER 
activity26,27. In the 1T phase new active sites can be created on the basal planes due to crystal-strain. However, 
1T-MoS2 was not stable and its synthetic process is relative complicated28–30.

Besides the aspect of active sites, the intrinsic resistance of catalysts is another crucial factor to affect the elec-
trocatalytic activity because a high conductivity ensures a fast electron transport from conductive substrate to 
active site. Metal chalcogenide nanostructures fabricated on conductive substrates such as carbon nanotube31–34, 
carbon fiber35,36, F-doped tin oxide glass37 and Ti foils38 could decrease their resistances to some degree. Li’s grope 
has grown MoS2 nanocrystals on reduced graphene oxide39. With excellent electrical coupling to the underlying 
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graphene network, the MoS2/RGO hybrid catalyst exhibited a relatively low onset potential and Tafel curve. 
However, the performance of HER electrocatalysts cannot be maximally enhanced through a single-objective 
optimization which is attributed to the contradictory relationship between active sites and conductivity. One step 
simultaneous structural and electronic modulations to increase both the active edge sites and the conductivity of 
MoS2 electrocatalysts still remain challenging.

In this paper, a flower-like ammoniated MoS2 ultrathin nanosheet array has been synthesized via a simple 
one-step hydrothermal method. Vertical orientated MoS2 nanosheet array can be grown uniformly on a graphite 
sheet. On one hand, ammonia in the reaction could effectively insert into the parallel plane of the MoS2 nano-
sheets, leading to the expansion of lattice and generation of 1T phase, generating more active unsaturated sulfur 
atoms in more disordered structure24. Furthermore, the dense nanosheet array structure increases electrodes 
surface area and be in favor of the escape of the hydrogen bubbles produced during the HER. On the other 
hand, conductivity through the parallel planes direction is much higher than the basal planes22. The vertical 
directly growth of MoS2 nanosheet arrays on graphite sheet can significantly decrease the resistance of the com-
posite, inducing a high-quality, low-electrical-loss contact to the MoS2 electrocatalysts. These advantages make 
flower-like ammoniated MoS2 nanosheets array a highly competitive earth-abundant catalyst for HER.

Results and Discussion
The ammoniated flower-like MoS2 nanosheet array is grown on the graphite sheet by a simple hydrothermal 
method. Generally, MoS2 obtained by a hydrothermal method tends to form sheet due to its intrinsic lamellar 
structures, and then these sheets aggregate together to form microspheres by van der Waals interaction and finally 
self-assembled into the three-dimensional nanostructures40–42. The scanning electron microscopy (SEM) images 
(Fig. 1) with different magnifications clearly shows that the well-defined flower-like morphology is preserved 
and the entire surface of the graphite sheet is uniformly covered by nanoflower like MoS2, where the diameter 
of the sphere is in the range of 200–300 nm. A high magnification view of MoS2 nanosheet decorated graphite 
reveals that the nanostructure consists of many ultrathin MoS2 nanosheet which grow vertically on the surface. 
Most of the nanosheets are in tight contact with each other, making the nanosheet film more stable, as illustrated 
in Fig. 1a,b. In order to further investigate the morphology effect on the HRE performance, a larger dimension 
MoS2 nanosheet array are also fabricated by a hydrothermal method in the ethanol-water mixture. The addition of 
ethanol can decrease the surface energy and allow their growth into large nanosheet products. A similar ordered 
nanosheet structure can be clearly observed in the low magnification SEM images (Fig. 2). The graphite sheet 
composite in the MoS2 nanosheet sample has a uniform diameter. The lateral length and the thickness in MNS are 
larger than FMNS. The microstructure of FMNS and MNS were further characterized by TEM. In good accord-
ance with SEM results, the synthesized MoS2 electrodes show a few-layer nanosheet structure. The thickness of 
the nanosheets is about 10 nm. The distances of the (002) parallel lattice planes at the edge of MoS2 nanosheet in 
FMMS and MNS are about 9.5 Å, as shown in Fig. 3c,f. The large scale MoS2 nanosheet film grown on 1 ×  2 cm2 
FTO substrates are shown in Fig. 4.

Figure 1. SEM micrographs with different magnifications of MoS2 flower-like nanosheet array structures. 
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The XRD patterns (Fig. 5) were performed on MoS2 catalyst samples to investigate the lamellar structure 
information. Besides the characteristic diffraction peaks assigned to (100), (102) and (110) of hexagonal MoS2 
(JCPDS No. 37− 1492), the new shifted peak (2θ  =  9.3°) associated with the expanded (002) d spacing, and a sec-
ond order diffraction peak (2θ  =  18.6°) are observed in FMNS and MNS. Calculated by the Scherrer equation, the 
basal spacing increases by 3.4 Å which matches with the size of NH3/NH4

+ ion whose diameter is ∼ 3.5 Å43,44. The 
interlayer space is consistent with the results from TEM images. When the samples were annealed at 500 °C for 
2 h to remove the inserted ions, the XRD pattern is in agreement with the standard pristine MoS2. This reveals the 
phase transition to the 2H-MoS2, either on FMNS or MNS.

To characterize the chemical nature and bonding state of FMNS and MNS on GS surfaces, X-ray photoelec-
tron spectroscopy (XPS) was employed. Figure 6 displays the detailed XPS scans for the Mo, S, O and N binding 
energies for the MoS2 catalysts. All of the spectra were calibrated by a carbon 1 s peak located at 284.50 eV. The 
1T-MoS2 peaks were obtained after the deconvolution of the Mo 3d peaks in Fig. 6a. The Mo 3d5/2 and Mo 
3d3/2 peaks shifted from ∼ 229.3 and ∼ 232.4 eV for the 2H-MoS2 of FMNS-A to ∼ 228.4 and∼ 231.5 eV for the 
1T-MoS2, with a separation of binding energy at ∼ 0.9 eV26,27. The S 2p3/2 and 1/2 doublet peaks are also shown 
in Fig. 6b. In the high-resolution S 2p spectra, peaks at 162.3 and 163.5 eV correspond to the S2− 2p3/2 and 
S2− 2p1/2, and their separation energy is about 1.2 eV, which are typical characteristics of S2− species45. Similarly 
downshift of bonding energies can be also observed in the S 2p peaks for FMNS and MNS samples. The shifts 
of Mo and S peaks indicate the metallic 1T phase in FMNS and MNS, consistent with previous reports30. The S 
2p doublet peaks of the freshly prepared MoS2 exhibit broader peaks when compared with those of the annealed 
sample, indicating the existence of other binding signals, such as bridging S2

2− or apical S2−, which could result 
from the unsaturated S atoms and are known as active sites for the HER46–48. Thus better HER performance can 
be expected from the S-rich MoS2 sample. The O 1 s peak located at 531.4 and 533.2 eV are corresponding to the 
energy of oxygen in OH− and H2O (Fig. 6c). Most importantly, the N1s spectrum of FMNS sample located at 
398.3 and 402.0 eV demonstrates the existence of NH4

+ and NH3 (Fig. 6d)49,50. However, different from FMNS, in 
MNS case, no NH4

+ is observed, and the actual chemical composition should be (NH3)xMoS2. The enlargement 
of (002) planes can be ascribed to the ammonia intercalated into MoS2 during the synthesis process.

Further insight into the nanostructure of FMNS and MNS are obtained by examination of Raman spectrum. 
As shown in Fig. 7a, the presence of 1T phase MoS2 of FMNS and MNS is confirmed by the Raman peaks emerg-
ing at 192, 215 and 340 cm−1 26–28,30. The characteristic Raman shifts at about 378 and 403 cm−1 expected for 
the E1

2g and A1g vibrational modes of hexagonal MoS2 are clearly observed in Fig. 7b. Meanwhile, the lower 
intensity of E1

2g peak compared with A1g peak reveals the basal-edge-rich feature of the ultrathin MoS2 nano-
plates. However, compared to the FMNS (403 cm−1), a red shift of A1g (400 cm−1) is observed for the large size 
MoS2 nanosheet. When the layer number increases, the interlayer vander Waals force suppresses atom vibration, 
leading to higher force constants and blue shift of the A1g mode. Therefore, the red shift of A1g in MNS sample 
confirmed the lower stacking height of ultrathin MoS2 nanosheet. After the annealing process, the A1g peaks in 
FMNS-A and MNS-A slightly shift to 404 cm−1, indicating an increase in stacking height51.

Figure 2. SEM micrographs with different magnifications showing uniform large size MoS2 nanosheet 
array structures. 
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All of the above results clearly demonstrate that the vertically oriented and well interacting ammoniated MoS2 
are established in a facile hydrothermal method, ultrathin MoS2 nanosheets in situ grown on the GS uniformly. 
Due to the higher surface area and electrical contact conductivity, the flower-like MoS2 may lead to a higher 
active electrocatalysis. To verify our hypothesis, the HER performance of the MoS2 nanosheet array samples 
were demonstrated without any binders in 0.5 M H2SO4 solution using a typical three-electrode setup, where 
the electrode was tested in a static state without rotation to mimic real industrial operation. Figure 8a shows the 
polarization curves with a low sweep rate of 0.5 mV/s. Compared to the GS, all the MoS2 nanosheet composites 
exhibit a relatively high HER activity. Among these samples, flower-like MoS2 nanosheet composites (FMNS and 
FMNS-A) exhibit an onset overpotential (η) of 120 mV, smaller than MNS and MNS-A (160 mV). The cathodic 
current rises rapidly at more negative potentials for all the samples. Notably, FMNS only requires an overpotential 
of 200 mV for driving a cathodic current density of 10 mA cm−2, smaller than those of FMNS-A (255 mV), MNS 
(276 mV), and MNS-A (422 mV). When the MoS2 nanosheet array was annealed in 500 °C, inducing a transition 
to a better crystalline structure, either on FMNS-A and MNS-A, the electrocatalytic performance dramatically 
decreased, as evidenced by their lower catalytic current densities.

Figure 3. TEM micrographs of (a,b,c) FMNS and (d,e,f) MNS.

Figure 4. (a) Digital photos of a FTO glass substrate (left), a flower-like MoS2 nanosheet film on FTO (middle), 
and a large size MoS2 nanosheet film on FTO (right). Each substrate is about 1 ×  2 cm2 in dimension. (b) Schematic 
representation of the flower-like structure in ammoniated MoS2 ultrathin nanosheets.
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The intrinsic HER kinetics of the above catalysts is shown by Tafel slope. The Tafel plots were fitted to the Tafel 
equation (η  =  a +  blog|j|), where η  is the over potential, a the Tafel constant, b the Tafel slope, and j the current 
density. As shown in Fig. 8b, the Tafel slope of flower-like MoS2 nanosheet (49 mV/dec) is the smallest among 
all the MoS2 nanosheet/GS composite. Thus, FMNS exhibits execellent HER activity. The apparent Tafel slope 
of the flower-like MoS2 nanosheet array is larger than that of the reported Pt based catalysts, but smaller than 
oxygen-incorporated MoS2 (55 mV/dec)25, defect-rich MoS2 (50 mV/dec)24 and exfoliated MoS2 (74 mV/dec)52. 
This significant improvement of the HER performance of the flower-like MoS2 sample is caused by the increased 
effective electrochemically active surface area enabled by the high density ultrathin nanosheet surface.

For the HER in acidic media, three principle steps for converting H+   to H2 have been suggested39,53,54.
Volmer discharge reaction:

+ →+ −H e Hads (1)

Heyrovsky desorption reaction:

+ + →+ −Hads H e H (2)2

Tafel combination reaction:

+ →Hads Hads H (3)2

The Tafel slopes of about 120, 40, or 30 mV/dec will be achieved if the Volmer, Heyrovsky, or Tafel step is the 
rate-determining step, respectively. These values can be adopted as a guide in identifying the HER mechanisms. 
The slope falls within the range of 40–120 mV/dec, suggesting that the HER taking place on the GS surface would 
follow a Volmer-Heyrovsky mechanism, and that the rate of the discharge step would be consistent with that of 
the desorption step. To gain a better understanding of the interface reactions and electrode kinetics mechanism, 
electrochemical impedance spectroscopy (EIS) measurements were also performed. The Nyquist plots of the 
FMNS and MNS are given in Fig. 8d. The series resistances (Rs) observed for two samples (~1.7 Ω ) comes from 
wiring and the electrolyte. The semicircular diameter in the EIS of the FMNS composites is much smaller than 
that of large size MoS2 nanosheet film, due to smaller charge transfer resistance (Rct). The higher Rct of the MNS 
can be attributed to the larger height of the MoS2 nanosheet arrays, long diffusion distance between the catalytic 
MoS2 edge sites and the substrate graphite, which will suppress the catalytic performance.

To rationalize this enhanced electrocatalytic performance, we measured the double layer capacitances (Cdl) 
of these two electrodes. Cyclic voltammetry (CV) were performed at various scan rates in 0.1–0.2 V vs. RHE 
region (Fig. S1a,b), which could be mostly considered as the double-layer capacitive behavior. The double-layer 
capacitance is estimated by plotting the ∆ J (Ja-Jc) at 0.15 V vs. RHE against the scan rate (Fig. S1c), which is 
expected to be linearly proportional to the effective surface area. The slope is twice Cdl. The Cdl were calculated 
to be 41.4 mF for FMNS and 10.6 mF for MNS, respectively. The upper numbers of active sites of the FMNS and 
MNS samples were also estimated in N2-saturated 0.5 M H2SO4 solution through a simple cyclic voltammetry 
method (Fig. S2)55. The calculated numbers of the active sites of FMNS (18.3 ×  10−7 mol cm−2) are higher than 
MNS (2.6 ×  10−7 mol cm−2).

The outstanding HER electrocatalytic activity of the flower-like MoS2 nanosheet array can be attributed, on the 
one hand, to the morphology of the electrode that comprises high-density vertical orientated ultruthin MoS2 nano-
sheets, which maximizes the number of the exposed active sites and avoids the use of binders which would block 
active sites. On the other hand, the most unsaturated S atoms and the metallic 1T phase in freshly prepared FMNS 
contribute to the HER activity, given the fact that the catalytic activity of FMNS is higher than other samples.

Figure 5. XRD patterns of the MoS2 nanosheet film samples. 
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To probe the stability of flower-like MoS2 nanosheet catalysts during HER process, a long-term cycling test 
was carried out. Figure 8c displays the polarization curves of ultrathin MoS2 nanoplate before and after 1000 
cycles. After a long term-cycling, the catalyst shows similar polarization curve as before with negligible decay of 
current density, revealing the excellent stability of the nanosheet array film composites under HER conditions. 
Our flower-like nanosheets in tight contact with each other are robust enough to withstand a long-term cyclic 
voltammetry test. Small H2 bubbles generated on the rough surface can be timely released during the working 
process38, which in turn ensures a sufficient solid-liquid interface contact, resulting in a high electrocatalytic 
performance.

Conclusion
In summary, flower-like ammoniated MoS2 nanosheet film grown on graphite sheet has been successfully devel-
oped via a simple hydrothermal method. The electrodes display excellent activity for hydrogen evolution with a 
small Tafel slope and more positive overpotential. The ammoniated dense flower-like vertical orientated ultrathin 
nanosheets not only increase the density of active sites but also could decrease the charge transfer resistance dur-
ing HER process. The high active area and high electrical contact conductivity lead to better HER performance. 
Moreover, without any chemicals, the graphite sheet in the composite can be reused after polishing the electrode. 
Our results demonstrate that the flower-like MoS2 nanosheetcatalysts presented here are very promising for prac-
tical industry applications.

Methods
Synthesis of flower-like MoS2 nanosheet array. Flower-like MoS2 nanosheet array was directly grown 
on a graphite sheet (GS) by a hydrothermal method. 0.968 g sodiummolybdate (Na2MoO4 · 2H2O) and 0.7612 g 
thiourea (CH4N2S) were dissolved in 80 mL deionized water contained in a 100 mL Teflon-line stainless steel 
autoclave under vigorous stirring. Graphite sheet (1 ×  1 cm2) was vertically immersed into the solution, and then 
the autoclave was sealed and maintained at 180 °C for 12 h. After cooling to room temperature, the flower-like 
MoS2 nanosheet array coated graphite was washed with deionized water and absolute ethanol, and dried in a 
vacuum oven at 60 °C for 12 h. The sample was denoted as FMNS.

For comparison, a large scale MoS2 nanosheet array was also synthesized. 0.06 g molybdenum oxide (MoO3), 
0.07 g thioacetamide and 0.3 g urea were dispersed in 26 mL deionized water and 44 mL ethanol. Then, graphite 

Figure 6. XPS spectra showing Mo 3d (a), S 2p (b), O 1 s (c) and N 1 s (d) peaks core level peak regions.

Figure 7. Raman spectra from FMNS-A, FMNS, MNS-A and MNS grown on graphite sheet. 
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sheet (1 ×  1 cm2) was vertically immersed into the solution. The mixture was transferred to a 100 mL Teflon-line 
stainless steel autoclave and maintained at 180 °C for 12 h. After cooling to room temperature, the MoS2 nano-
sheet array coated graphite was washed with deionized water and absolute ethanol, and dried in a vacuum oven 
at 60 °C for 12 h. The sample was denoted as MNS.

The additional samples were annealed at 500 °C for 2 h in a high vacuum condition and denoted as FMNS-A 
and MNS-A.

Materials characterizations. The morphology information was determined by a FEI Sirion 200 scanning 
electron microscope (SEM) and a JEOL 2100F transmission electron microscope (TEM). Samples were charac-
terized by X-ray diffraction (XRD) by a Rigaku Ultima IV X-ray Diffractometer equipped with Cu Kα  radiation. 
Surface composition of the sample was analyzed by X-ray photoelectron spectroscopy (XPS, AXIS ULTRA DLD, 
Kratos, Japan). Raman spectroscopy was recorded on Renishaw in Via-reflex system at room temperature. A laser 
wavelength of 532 nm was used as the excitation sources.

Electrochemical Measurements. Photoelectrochemical measurements were performed using a PARSTAT 
4000 workstation with a standard three-electrode system. Using the prepared samples as the working electrodes, a 
Pt gauze as the counter electrode, and Ag/AgCl as a reference electrode. Linear sweep voltammetry with scan rate 
of 0.5 mV/s was conducted in 0.5 M H2SO4. The electrochemical impedance spectroscopy (EIS) measurements 
for the FMNS and MNS were performed in N2-saturated 0.5 M H2SO4 solution with the frequencies range from 
10 KHz to 0.1 Hz with an AC voltage of 5 mV. In all experiments, the electrolyte solutions were purged with N2 for 
15 min prior to the experiments in order to remove oxygen. All the potentials reported in our manuscript were 
referenced to a reversible hydrogen electrode (RHE) by the Nernst equation ERHE =  EAg/AgCl +  0.059 pH +  0.197.
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Abstract
Doping of silicon nanocrystals (Si-NCs) is one of the major challenges for silicon nanoscale
devices. In this work, phosphorus (P) doping in Si-NCs which are embedded within an
amorphous silicon matrix is realized together with the growth of Si-NCs by plasma-enhanced
chemical vapor deposition under a tunable substrate direct current (DC) bias. The variation of
phosphorus concentration with substrate bias can be explained by the competition of bonding
processes of Si–Si and P–Si bonds. The formation of Si–Si and P–Si bonds is differently
influenced by the ion bombardment controlled by the substrate bias, due to their bonding energy
difference. We have studied the influences of grain size on P doping in Si-NCs. Free carrier
concentration, which is provided by activated P atoms, decreases with decreasing grain size due
to increasing formation energy and activation energy of P atoms incorporated in Si-NCs.
Furthermore, we have studied the P locations inside Si-NCs and hydrogen passivation of P in the
form of P–Si–H complexes using the first-principles method. Hydrogen passivation of P can also
contribute to the reduced free carrier concentration in smaller Si-NCs. These results provide
valuable understanding of P doping in Si-NCs.

Keywords: phosphorus doping, silicon nanocrystals, negative DC bias, formation energy,
activation energy, hydrogen passivation

1. Introduction

Doping of silicon is crucial to the rapid development of the
semiconductor industry. Typical dopant atoms such as
phosphorus (P) and boron in crystalline silicon are in fourfold
coordinated substitutional sites as shallow level impurities,
and can be easily ionized at room temperature, leading to
almost 100% doping efficiency. However, with the successive
development of integrated opto-electronic devices, as the
feature size shrinks to nanoscale, the doping process becomes
more difficult [1–5]. For instance, the doping efficiency of P
in freestanding silicon nanocrystals (Si-NCs) has been found
to significantly decrease with decreasing grain size, which
was attributed to charge compensation of interface dangling
bonds, according to the work of Stegner et al [6]. Moreover, P
has been found to be difficult to ionize in Si-NCs because the
P donor level becomes deeper in them [5, 7].

To resolve this problem, more detailed mechanisms of
the dopant behavior in the Si-NCs need to be understood. As
is well known, incorporation and activation of P atoms are
two primary processes in the P doping of Si-NCs, which are
mainly determined by formation energy and activation
energy, respectively [1]. The decrease of P doping efficiency
and harder ionization in Si-NCs have been predicted by first-
principles calculations which related them to increasing for-
mation energy and activation energy of a single dopant atom
in nanocrystals with decreasing grain size [1–4]. To further
experimentally explore the mechanisms, systematic experi-
ments should be performed. We employ the system of
P-doped hydrogenated nanocrystalline silicon (nc-Si:H), a
mixed-phase structure of Si-NCs embedded in an amorphous
silicon matrix, produced by plasma enhanced chemical vapor
deposition (PECVD). Previous research [8] has shown that
applying a negative direct current (DC) bias on the substrate
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is an effective technique to alter the kinetic energy of the ions
during PECVD, which can strongly influence the ion bom-
bardment on the growing surface. Thus, phosphorus con-
centration would be controlled by selectively etching of Si-Si
bonds under a tunable negative DC bias applied on the sub-
strate during the deposition process, since the Si-Si bonding
energy is relatively smaller than the P-Si bonding energy [9].
Meanwhile, owing to the comprehensive effect of ion bom-
bardment-induced amorphization [10, 11], hydrogen-induced
annealing [12, 13] and dopant atom-induced local deforma-
tion [14, 15], grain size of the Si-NCs can also be regulated by
the negative DC bias. Therefore, the P-doped nc-Si:H pre-
pared under a tunable negative DC bias is suitable for
studying the size dependence of phosphorus doping in
Si-NCs.

In this work, atomic phosphorus concentration [P] of nc-
Si:H was tuned by varying the substrate DC bias with con-
stant feed gas ratio ([PH3]/[SiH4]) and hydrogen dilution
ratio ([H2]/([H2]+[SiH4])) in PECVD. Experimental results
from secondary ion mass spectrometry (SIMS), x-ray photo-
electron spectroscopy (XPS) and x-ray diffraction (XRD)
spectra demonstrated that [P] was enhanced with decreasing
grain size. Nevertheless, free carrier concentration, i.e.,
effective doping efficiency, yielded from Hall effect mea-
surements, was found to decrease with decreasing grain size.
We performed ab initio first-principles calculations on sphe-
rical Si47H60-based Si-NCs (approximately 1.2 nm in dia-
meter) doped with single P atom to study P locations inside
Si-NCs and hydrogen passivation of P. Results from Fourier
transform infrared (FTIR) absorption spectra showed good
agreement with the theoretical analyses. We manifested that
the size dependence of P doping in Si-NCs was mainly
associated with formation energy, activation energy and
hydrogen passivation.

2. Experimental details

The P-doped nc-Si:H films were deposited on both glass
(Corning 7059) and double side polished intrinsic crystalline
silicon (100) substrates at temperature of 250 °C by a PECVD
system with radio frequency of 13.56 MHz and power density
of 0.4 W cm−2. The reactive gases were a mixture of SiH4, H2

and PH3 with total gas flow rate of 120 sccm and chamber
pressure of 150 Pa. The hydrogen dilution ratio ([H2]/
([H2]+[SiH4])) and feed gas ratio ([PH3]/([PH3]+[SiH4]))
were fixed at 99% and 10%, respectively. A negative DC bias
ranging from 0 V to −300 V was applied to the stainless steel
substrate holder.

The average grain size d was derived from XRD spectra,
measured with a Goniometer Ultima IV diffractometer (Cu
Kα radiation, 40 kV and 30 mA). Raman spectra were
obtained by a Jobin Yvon LabRam HR800 UV micro-Raman
spectrometer (backscattering configuration and Ar ion laser at
a wavelength of 514.5 nm). Optical transmission spectra were
measured in 300∼1000 nm spectral range by a double-beam
ultraviolet-visible-near infrared spectrometer (PerkinElmer
UV Lambda 35), from which the optical band gap Eg was

deduced using Tauc’s linear extrapolation method [16, 17].
The atomic concentrations of phosphorus, hydrogen and
oxygen were analyzed by SIMS analysis in a Cameca IMS-7f
apparatus using 9 kV Cs primary ions (detection angle of 23°
and ion intensity of 30 nA). P 2p, O 1s and Si 2p photo-
electron spectra were collected by XPS measurements in an
AXIS UltraDLD system with an Al Kα source monochro-
matic x-ray radiation at an emission angle of 90°. The binding
energy was calibrated with C 1s emission energy at 284.8 eV.
The electronic transport properties such as carrier concentra-
tion, carrier mobility and conductivity were measured by a
Hall effect measurement system (ECOPIA HMS 5300). The
bonded-hydrogen content CH, bonded-oxygen content CO,
and their bonding configurations were obtained by infrared
absorption spectra from 400 cm−1 to 4000 cm−1 using a
Nicolet Nexus 870 FTIR spectrometer. The thicknesses of the
films were obtained by a KLA-Tencor P-7 Profiler, which
were approximately 500 nm. All the measurements were
performed at room temperature.

3. Theoretical treatment

A model of spherical nanocrystal, undoped Si47H60 with
1.2 nm-diameter, was constructed by cutting out a spherical
portion in an optimized bulk Si model and passivating the
surface dangling bonds with H atoms. We carried out ab initio
first-principles calculations to study the electronic properties
of Si47H60-based nanocrystals doped with single P atom. We
discussed the relative energetic stability of Si-NCs with single
P atom in different substitutional sites, and compared the
electronic properties among undoped, P-doped and
H-passivated Si-NCs to investigate the hydrogen passivation
of P. In the calculation, a linear combination of the atomic
orbitals technique [18, 19] was employed to study the elec-
tronic structure of Si-NCs. Double numerical basis sets aug-
mented with p-polarization functions were adopted as the
atomic orbit basis functions. Becke–Lee–Yang–Parr correla-
tion exchange functional [20] at the generalized gradient
approximation level was used. To ensure calculation accur-
acy, a high self-consistent field convergence threshold was set
to 10−6. The maximum forces, displacement and energy on
all of the atoms in the optimized structures were less than
0.002 Ha/Å, 0.005 Å and 10−5 Ha/atom, respectively. The
k-points for the Brillouin-zone sampling were set as Gamma
point only for all cases.

4. Results and discussion

We performed XRD and Raman measurements to obtain the
structural properties of the nc-Si:H films prepared under
various substrate DC biases. Figure 1(a) presents the XRD
pattern of a typical sample under −100 V DC bias. The dif-
fraction peaks at 2θ≈28.3°, 47.4° and 55.7° correspond to
(111), (220) and (311) planes of crystalline silicon, respec-
tively. The Si-NCs have shown preferential growth direction
along the (111) crystal orientation, as seen from figure 1(a)
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that the intensity of the (111) peak is the strongest and
sharpest among the three peaks. Compared with crystalline
silicon, broadening of the three peaks indicates that the Si-
NCs are embedded in an amorphous silicon matrix. The
average grain size d can be calculated from the (111) crystal
orientation of the XRD pattern using the well-known Scherrer
formula [21]: d=kλ/(βcosθ), where k=0.94 is a constant,
λ=0.154 nm is the wavelength of the x-ray, β is the full
width at half-maximum of the diffraction peak, and θ is the
Bragg angle. Figure 1(b) shows the Raman spectrum of the
sample under −100 V DC bias. The spectrum can be
decomposed into three independent Gaussian components
[22, 23]: a narrow peak near 520 cm−1, which belongs to the
asymmetric transverse optical mode of crystalline silicon, an
intermediate mode of crystal-like phase around 506 cm−1

attributed to Si-Si bond dilation at grain boundaries, and a
broad peak at 480 cm−1, which originates from the transverse
optical mode of amorphous silicon. Furthermore, the crys-
talline volume fraction XC can be calculated from the formula
[22, 23]: XC=(IC+IGB)/(IC+IGB+IA), where IC, IGB

and IA represent integrated intensities of the crystalline phase,
grain boundary phase and amorphous phase, respectively. As
shown in figure 1(c), it could be clearly seen that the grain
size d decreases from 5.6 nm to 3.6 nm when the DC bias
increases from 0 V to −200 V, then increases to 6.7 nm when
the DC bias further increases to −300 V. The change of

crystalline volume fraction XC with DC bias is similar to that
of grain size, which is also depicted in figure 1(c). Figure 1(d)
displays the optical transmission spectra for the sample under
−100 V DC bias. According to Tauc’s linear extrapolation
method [16, 17], the optical band gap Eg (1.96 eV) can be
deduced from the following formula: (αhν)0.5=Ba

(hν−Eg), where α is absorption coefficient, hν is photon
energy and Ba is a constant, as shown in the inset of
figure 1(d).

With the increasing DC bias, positive ionic species in
plasmas gain a higher kinetic energy due to the acceleration of
the DC electric field. In the initial increasing stage of the DC
bias from 0 V to −200 V, more distorted chemical bonds are
formed on the growing surface under bombardment of the
positive ionic species. Thus, amorphous phase content will
increase, corresponding to the decrease of grain size and
crystalline volume fraction, as illustrated in figure 1(c). It can
be ascribed to the ion bombardment-induced amorphization
[10, 11] in the DC bias range. While further increasing the
DC bias to −300 V, the H atoms and ions on the growing
surface are energetic enough to permeate into the subsurface
and rearrange the amorphous silicon network structure. The H
atoms and ions insert into the strained Si-Si bonds, and
subsequent relaxation of the structure leads to the transfor-
mation of amorphous silicon to nanocrystalline silicon.
Therefore, the grain size and crystalline volume fraction

Figure 1. Structural and optical properties of a representative nc-Si:H sample under −100 V DC bias. (a) Experimental XRD spectrum
showing diffraction peaks (111), (220) and (311). (b) Experimental (open circles) and fitted Raman spectrum. (c) Average grain sizes d and
crystalline volume fractions XC of the samples under various DC biases. (d) Experimental optical transmission spectrum with Tauc-plot
shown in the inset. Solid lines in (c) are a guide to the eye.
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increase due to the hydrogen-induced annealing effect
[12, 13] in the DC bias range of −200∼−300 V, as shown
in figure 1(c). In contrast to our previous study on intrinsic nc-
Si:H films [8], the grain size and crystalline volume fraction
display a similar but more obvious change due to the addi-
tional P-induced local deformation, which we will elucidate
later.

In order to study the elemental distribution in the nc-Si:H
films, we measure the phosphorus, hydrogen and oxygen
concentrations in the samples directly by SIMS. Figures 2(a)–
(c) present the atomic concentrations of phosphorus [P],
hydrogen [H] and oxygen [O] as a function of depth under
various DC biases, respectively. We can see that the three
elements concentrations are nearly constant under each DC
bias in the region of the plateau between 100 nm and 400 nm.
Thus, we plot the three elements concentrations at the depth
of 200 nm as a function of DC bias, as shown in figures 2(d)
and (e). It can be seen that [P] increases as the DC bias
increases from 0 V to −200 V, and then decreases as the DC
bias further increases to −300 V. There is a negative corre-
lation between [H] and [O], which could be interpreted by the
hydrogen passivation of dangling bonds [24]. Due to the
incorporation of hydrogen atoms with the silicon dangling
bonds located at grain boundaries, less oxygen atoms could
reside along grain boundaries in the form of Si–O bond.

There are two competing processes during which phos-
phorus and silicon atoms are incorporated into nc-Si:H films.
The first one is absorption of phosphorus and silicon atoms
from the plasmas through bonding between radicals, mole-
cules and growing surface. The second one is desorption of
phosphorus and silicon atoms from the growing surface
through etching of P–Si and Si–Si bonds. With the increasing
DC bias, positive ionic species will gain a higher kinetic
energy and bombard the growing surface more severely,

resulting in selectively etching of Si–Si bonds since the Si–Si
bonding energy (321 kJ mol−1) is relatively smaller than the
P–Si bonding energy (331 kJ mol−1) [9]. Under the bom-
bardment of the positive ionic species, a part of kinetic energy
of these species is transferred to P and Si atoms on the
growing surface. Thus, the corresponding P–Si and Si–Si
bonds will break more easily. In the initial increasing stage of
the DC bias (0∼−200 V), P–Si and Si–Si bonds will be
etched simultaneously, but more P–Si bonds will remain due
to the larger bonding energy, which can be evidenced by the
fact that [P] increases obviously from 1.25×1021 cm−3 to
3.71×1021 cm−3 in figure 2(d). However, further increasing
the DC bias to −300 V, kinetic energy of the positive ionic
species is enhanced so much that P–Si bonds will also be
etched severely. Consequently, [P] decreases to
1.39×1021 cm−3, as shown in figure 2(d). It is worthwhile to
note that phosphorus concentration varies inversely with grain
size, as shown in figure 2(f). Since the P–Si bond is shorter
than the Si–Si bond [25], local deformation will be induced
by phosphorus incorporation. A higher phosphorus con-
centration in the nc-Si:H films will reduce the tendency
toward crystallization, which is in agreement with previous
observation [15].

We have also employed XPS measurements to obtain the
chemical composition of the P-doped nc-Si:H films. There are
two peaks centered at around 128.9 eV and 133.8 eV in the P
2p spectra of figure 3(a) corresponding to the P–Si bond and
P–O bond, respectively [26]. It is clearly seen that the P–Si
bond of the sample under −200 V DC bias is the most pro-
minent, which indicates that phosphorus concentration of the
sample is the highest among the five samples. This is in
perfect agreement with the SIMS data in figure 2(d). From
figure 3(b), we can see that there exists a peak at around
532.3 eV in the O 1s spectra, corresponding to the Si–O bond

Figure 2. Atomic concentrations of (a) P, (b) H and (c) O as a function of depth under various DC biases obtained by SIMS. Atomic
concentrations of (d) P, (e) H and O at the depth of 200 nm as a function of DC bias. (f) Atomic concentration of P at the depth of 200 nm as a
function of inverse grain size 1/d. Solid lines in (d), (e) and (f) are a guide to the eye.
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[27]. As shown in figure 3(c), the Si 2p spectra present two
peaks located at about 99.1 eV and 102.9 eV, corresponding
to the Si0 state (Si–Si bond) and Si4+ state (Si–O bond),
respectively [26, 28]. The intensity of the Si–O bond
decreases monotonously with increasing DC bias from 0 V to
−300 V in both figures 3(b) and (c), indicating that oxygen
concentration on the surface decreases along with increasing
DC bias. However, it is somewhat different from that
obtained by SIMS measurements in figure 2(e). The differ-
ence may be related to the surface smoothness at the atomic
level of the sample, i.e., a rough surface of the sample pro-
duces more intermediate oxidation states [28]. The oxygen
concentration in the bulk is mainly influenced by hydrogen
concentration and hydrogen-related defect structure [24].

In order to further investigate the activation of the
incorporated P atoms in Si-NCs, we carried out Hall effect
measurements for the electronic transport properties of the nc-
Si:H films. Effective doping efficiency η=n/[P] is defined
to evaluate ratio of free carrier concentration to total dopant
atom concentration [29], where n is a free carrier (electron)
concentration obtained by Hall effect measurements. Figure 4
presents the variations of free carrier concentration n, effec-
tive doping efficiency η, carrier mobility μ and conductivity σ

as a function of inverse grain size 1/d. It could be clearly seen
that all these quantities decrease as the grain size decreases.
The P atoms incorporated in nc-Si:H films may locate in
nanocrystals and amorphous matrix. According to first-prin-
ciples calculation results [1], the formation energy of P atoms

incorporated in Si-NCs increases with decreasing grain size. It
becomes more difficult to dope Si-NCs with smaller grain
size, and consequently, more P atoms would be incorporated
in amorphous matrix. Moreover, first-principles calculation
results [1] indicate that the activation energy of P atoms
incorporated in Si-NCs is a decreasing function of grain size.
Thus, it would be more difficult to electrically activate P
atoms for smaller nanocrystals. Therefore, free carrier con-
centration and effective doping efficiency decrease as the
grain size decreases.

We have also performed ab initio first-principles calcu-
lations on P location inside Si-NCs and hydrogen passivation
of P to get deeper understanding on P doping in Si-NCs. As
shown in figure 5(a), there are six different substitutional sites
for P substitution of Si in the nanocrystal, which are labeled
as 1 to 6 from center to surface, respectively. These sites are
classified into three groups: sites 1 and 2 in the core of the
nanocrystal, sites 4, 5 and 6 in the surface layer of the
nanocrystal, and site 3 in the subsurface layer of the nano-
crystal. The relative energetic stability of these P-doped Si-
NCs can be evaluated by comparing the formation energy Ef.
Starting from the undoped SinHm nanocrystal, the formation
energy for single P atom is calculated from the formula [1]:
Ef=E(Sin−1PHm)−E(SinHm)+μSi-μP, where E(Sin
−1PHm) is the total energy of the P-doped system, E(SinHm) is
the total energy of the undoped system, μSi is the total energy
per atom of bulk Si, and μP is the total energy per atom of P.
Although μSi and μP depend on the specific experimental

Figure 3. XPS spectra of (a) P 2p, (b) O 1s and (c) Si 2p for the samples under various DC biases.

Figure 4. (a) Free carrier concentration n and effective doping efficiency η as a function of inverse grain size 1/d. (b) Carrier mobility μ and
conductivity σ as a function of inverse grain size 1/d.
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conditions, they can be deemed as constants under the same
experimental conditions. As a result, the difference between
E(Sin−1PHm) and E(SinHm), ΔE, evaluates the relative ener-
getic stability of these P-doped Si-NCs. Figure 5(b) illustrates
the calculated ΔE as a function of P location. It is found that
the value of ΔE at site 3 is minimum, which is 0.23 eV lower
than that at site 1. In addition, the value of ΔE at site 5 is the
second-lowest, which is 0.13 eV above the minimum value.
Such calculation results indicate that sites 3 and 5 are ener-
getically the most favorable for P substitution of Si. Hence,
most of the P atoms incorporated in Si-NCs prefer to reside
near the surface of the nanocrystals. Similar experimental
observations have been reported in colloidal Si-NCs [6, 30].

Calculation on hydrogen passivation of P has been fur-
ther conducted at sites 1 and 3 of the Si47H60 nanocrystal. The
passivating H atom is located at the antibonding site of a Si
atom bonded to the substitutional P, forming P-Si-H complex,
which was found to be the minimum-energy configuration by
Johnson et al [31] and Chang et al [32]. The calculated band
structure and electronic densities of state (DOS) for undoped,
P-doped and H-passivated Si47H60-based nanocrystals are
depicted in figures 5(c) and (d). The band structure and DOS
of H-passivated Si-NCs are similar to those of undoped Si-

NCs, though the bandgap of H-passivated Si-NCs is a bit
smaller than that of undoped Si-NCs. Compared with
undoped case, P doping introduces impurity energy levels and
new electronic states in the forbidden band. However, after
hydrogen passivation of P, such impurity energy levels and
electronic states disappear. In other words, H can indeed
passivate P atoms in the form of P-Si-H complex in Si-NCs,
resulting in reduced free carrier concentration, i.e., the P-Si-H
complex in Si-NCs behaves similarly to that in crystalline Si
and Si nanowires [31–34]. It is worthwhile to note that the
impurity energy level introduced by P at site 3 is much deeper
than that at site 1, demonstrating that P atoms incorporated
near the surface of the nanocrystal are more difficult to be
electrically activated than those incorporated in the core of the
nanocrystal.

Finally, the FTIR absorption spectra have been per-
formed to investigate hydrogen passivation of P. As shown in
figure 6(a), there are four absorption peaks appearing in the
infrared spectra, which are Si-H rocking/wagging mode at
around 640 cm−1, Si-H bending mode at around 880 cm−1,
Si-H stretching mode at around 2090 cm−1, and Si-O
stretching mode at around 1070 cm−1 [35–38]. The bonded-
hydrogen content CH could be calculated by numerical

Figure 5. (a) Model of Si47H60 nanocrystal. Si and H atoms are denoted by yellow and white balls, respectively. Six different substitutional
sites for P substitution of Si are labeled as 1 to 6 from center to surface, respectively. (b) Difference of total energy between P-doped and
undoped Si-NCs, ΔE, as a function of P location. (c) Band structure and (d) electronic densities of state (DOS) for undoped, P-doped and
H-passivated Si47H60-based nanocrystals. The labels undoped, P-1, PH-1, P-3, PH-3 in (c) and (d) denote undoped case, P doping at site 1, H
passivating P at site 1, P doping at site 3, H passivating P at site 3, respectively.
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integration of the Si-H rocking/wagging mode at around

640 cm−1 using the equation [35, 36]: ò
a n
n

n= wC
A

N
d ,H

Si

( )

where ν is the wave number, α(ν) is the absorption coeffi-
cient, Aω=2.1×1019 cm−2 is the proportionality constant
[35], NSi=5×1022 cm−3 is the atomic density of crystal-
line silicon. Analogously, the bonded-oxygen content CO

could be obtained by numerical integration of the Si-O
stretching mode at around 1070 cm−1 with
Aω=2.8×1019 cm−2 [37, 38]. The variations of CH and CO

with increasing DC bias have been demonstrated in
figure 6(b). We can see that CH increases as the DC bias
increases from 0 V to −200 V, and then decreases as the DC
bias further increases to −300 V. On the contrary, CO shows
an inverse evolution compared with CH, which is in good
agreement with the SIMS results in figure 2(e). It is worth
noting that there is a strong positive correlation between CH

and [P] by contrasting figure 6(b) with figure 2(d). It could be
explained by the increasing hydrogen passivation of Si dan-
gling bonds in amorphous matrix [39, 40] and P atoms in Si-
NCs. Along with shrinking grain size accompanied with
increasing P concentration, more P atoms are incorporated
near the surface of the Si-NCs, which are more likely to be
passivated by H atoms.

5. Conclusions

P-doped nc-Si:H has been prepared by the PECVD method,
applying a tunable substrate DC bias in the range of
0∼−300 V. Phosphorus concentration and grain size of the
Si-NCs were regulated by the substrate DC bias simulta-
neously, offering an appropriate way to study the size
dependence of phosphorus doping in Si-NCs. Phosphorus
concentration was mainly associated with ion bombardment
controlled by the substrate DC bias and the difference of
bonding energy between the Si-Si bond and P-Si bond.
Experimental results demonstrated that grain size varied
inversely with phosphorus concentration. Free carrier

concentration provided by activated P atoms declined with
decreasing grain size. Free carrier concentration depends
primarily on the formation energy and activation energy of P
atoms incorporated in Si-NCs that both increase with
decreasing grain size. Furthermore, our first-principles cal-
culations manifest that most of the P atoms incorporated in Si-
NCs prefer to reside near the surface of the Si-NCs and H
atoms could passivate P atoms in the form of P-Si-H complex.
Hence, the effective doping efficiency of P atoms incorpo-
rated in Si-NCs is mainly associated with formation energy,
activation energy and hydrogen passivation.
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Abstract
We present a detailed investigation into the origin of blue emission from colloidal silicon (Si)
nanocrystals (NCs) fabricated by femtosecond laser ablation of Si powder in 1-hexene. High
resolution transmission electron microscopy and Raman spectroscopy observations confirm that
Si NCs with average size 2.7 nm are produced and well dispersed in 1-hexene. Fourier transform
infrared spectrum and x-ray photoelectron spectra have been employed to reveal the passivation
of Si NCs surfaces with organic molecules. On the basis of the structural characterization, UV–

visible absorption, temperature-dependent photoluminescence (PL), time-resolved PL, and PL
excitation spectra investigations, we deduce that room-temperature blue luminescence from
colloidal Si NCs originates from the following two processes: (i) under illumination, excitons
first form within colloidal Si NCs by direct transition at the X or Γ (Γ25 → Γ′2) point; (ii) and
then some trapped excitons migrate to the surfaces of colloidal Si NCs and further recombine via
the surface states associated with the Si–C or Si–C–H2 bonds.

Keywords: colloidal silicon nanocrystals, femtosecond laser ablation, photoluminescence

(Some figures may appear in colour only in the online journal)

Over the previous decade, silicon (Si) nanocrystals (NCs)
with visible luminescence have attracted extensive interest
because of their high natural abundance and high compat-
ibility to optoelectronic devices, which have great potential
applications in light emitting diodes and next generation
photovoltaic devices [1, 2]. Moreover, compared with lumi-
nescent but highly poisonous II-VI NCs (e.g., CdS, CdSe),
the biocompatibility and environment-friendless of Si NCs
make them more attractive in fluorescent labels and biological
sensors [3, 4]. The previous focus was mainly on the light
emission from Si NCs terminated with hydrogen. Exper-
imental investigations suggest that Si NCs passivated with
hydrogen are prone to agglomeration and oxidation, which
can cause a serious shift and fading of photoemission,
resulting in unstable and poor optical properties [5].

Colloidal Si NCs, the surfaces of which are capped with
organic ligands through the formation of covalent Si–C bonds
from organic molecules, have been the subject of intensive
studies in recent years, because of their small size distribution,
high luminescence quantum yields and dispersibility in
solution. The organic molecules passivating the surface of Si
NCs can prevent agglomeration of Si NCs by steric barriers or
electrostatic repulsion, which has been proven to be very
important in controlling and stabilizing the optical properties
of Si NCs [6]. To date, several synthetic procedures have
been developed for colloidal Si NCs. However, among these,
some need two or more steps, resulting in a time consuming
and complicated process; furthermore, these processes need
poisonous agents and deoxygenated conditions, which leads
to the production of toxic by-products [4, 7, 8].
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Very recently, pulsed laser ablation in solution has
attracted much attention in colloidal Si NC fabrication, which
is a convenient and green method without any unnecessary
by-products. The laser plasma plume formed during ablation
and confined within the liquid media is an ideal environment
to promote non-equilibrium processes, which can facilitate
the formation of colloidal Si NCs [9]. Some works have
demonstrated the viability of producing blue-emitting colloi-
dal Si NCs via the laser ablation of bulk Si in water and
organic solutions [10–13], and several luminescence
mechanisms have been proposed, such as (i) quantum con-
finement effect (QCE) [14], (ii) direct band gap transition
[15], (iii) QCE combined with surface states [16], and (iv)
oxide-related radiative recombination of electron–hole pairs
via surfaces of colloidal Si NCs [17]. Nevertheless, the
microscopic origin of the blue luminescence from colloidal Si
NCs has not been clarified yet, and there is not a consensual
interpretation. To clarify the origin of the blue luminescence
of colloidal Si NCs, the combined use of a tunable excitation
laser source and time-resolved spectroscopy is very important
to a thorough understanding of the excitation and emission
pathway. This can reveal not only the transition and radiative
recombination processes of electron–hole pairs but also the
decay kinetics from the excited states, detailed analysis of
which is indispensable to fully understand the mechanism of
the blue luminescence and extend the applications of colloidal
Si NCs.

In this work, colloidal Si NCs were synthesized by
pulsed femtosecond laser ablation of single-crystal Si powder
(>99.99%) with average size 100 nm in 1-hexene (>99%).
The initial Si powder and 1-hexene were purchased from
Aladdin reagent and Sigma Aldrich respectively. In preparing
colloidal Si NCs, 15 mg Si powder was first dispersed in 5 ml
1-hexene in a glass vessel and ultrasonically rinsed for
30 min; then, pulsed Ti/sapphire laser (wavelength 800 nm,
pulsed duration 100 fs and repetition of 1 kHz, focal length
10 cm, and laser fluence 0.15 mJ cm−2) was used to irradiate
the mixture of Si powder and 1-hexene for 2 h. During laser
irradiation, the mixture was constantly stirred by a magnetic
stirrer. After irradiation, the supernatant liquid was filtered by
centrifugation at 11 000 rpm for 30 min with a membrane
filter that had a pore size of 200 nm.

The formation and structure of colloidal Si NCs were
confirmed by x-ray diffraction (XRD) and high resolution
transmission electron microscopy (HRTEM, JEOL JEM-
2100F). Raman scattering spectra were performed on a Jobin
Yvon LabRAM HR 800 UV micro-Raman spectrometer
using 514.5 nm line of Ar ion laser. Infrared absorption
spectra (FTIR) were measured at Nicolet Nexus 870 Fourier
transform infrared spectrometer within 400–4000 cm−1 range.
The bonding configurations were analyzed by the x-ray
photoelectron spectroscopy (XPS) spectra with a Shimadzu
Kratos Axis Ultra DLD spectrometer using a monochromatic
Al Kα x-ray source (1486.6 eV), and UV–visible (UV–vis)
absorption spectra were measured by a Perkin-Elmer Lambda
20 spectrometer. Steady-state photoluminescence (PL) and
PL excitation (PLE) spectra were recorded by Edinburgh
Instruments FLS920 through normalizing the variation in Xe

lamp output over the spectral range of interest. Time-resolved
PL was measured by using a 405.0 nm diode laser with a
pulse width of 60.0 ps as the excitation source. During the
time-resolved luminescence measurements, the laser trigger-
ing, the wavelength scanning, the data acquisition and storage
were controlled using a computer and custom software with
Labview and Matlab.

Figure 1(a) presents the XRD pattern of the sample
prepared in 1-hexene. The diffraction peaks centered at 28.5°,
47.1°, 56.2°, 69.1° and 76.4° are identified as silicon phase
with diamond structure (JCPDF-27-1402), corresponding to
Si (111), Si (220), Si (311), Si (400), and Si (331) planes
respectively [18]. It should be noted that no other products
can be detected. The average size of colloidal Si NCs can be
estimated from the full width half maximum (FWHM) of
XRD peaks using Scherrer equation [19]:

l b q=D K cos

Here D is the mean size of colloidal Si NCs, K is a
dimensionless shape factor with constant 0.89 for sphere, λ is
x-ray wavelength of 0.151 48 nm, θ is Bragg diffraction angle
of the peak, and β is FWHM of the peak.in radians. The
calculated Si NCs size from the corresponding (111)
diffraction peak is 2.64 nm.

A typical HRTEM image of Si NCs fabricated in
1-hexene is shown in figure 1(b), where Si nanoparticles
appear as black dots and are found to be well dispersed. The
average particle size is about 2.7 nm and thus to be nano-
crystalline Si. The upper inset of figure 1(b) is a HRTEM
image of a silicon nanocrystals with lattice fringes ∼0.30 nm,
corresponding to (111) of silicon [20–23]. To clearly under-
stand the Si NCs structure, we have measured the selected-
area electron diffraction pattern, displayed in the lower inset

Figure 1. (a) XRD pattern of the colloidal Si NCs prepared in
1-hexane, (b) a typical HRTEM image of colloidal Si NCs, (c) the
corresponding size distribution, and (d) room-temperature Raman
spectra of colloidal Si NCs as in figure 1(b) and bulk Si. Upper inset:
a HRTEM image of a Si NCs; Lower inset: the selected-area electron
diffraction pattern of colloidal Si NCs.
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of figure 1(b), which shows a ring pattern, suggesting that the
Si NCs are crystalline. Different rings correspond to the dif-
ferent lattice planes of silicon, similar results have been
reported in Si NCs embedded in SiO2 matrix [24]. The sta-
tistics of the size distributions of Si NCs calculated from
HRTEM measurements is displayed in figure 1(c), the mean
diameter is 2.7 nm with a standard deviation of 0.5 nm, in
good consistency with XRD results.

The structure and average size of Si NCs can be further
confirmed by Raman measurements, as shown in figure 1(d).
It can be clearly observed that the Raman peak position
identified at 516 cm−1 of Si NCs shifts to lower wavenumber
compared with that of bulk silicon crystalline (520 cm−1), as
well as a broadening of the full width at half maximum
(FWHM) of Raman spectrum [25]. Both the redshift of
Raman peak position and broadening of Raman spectrum,
with respect to those of bulk silicon crystal, demonstrate the
existence of phonon confinement effect. The dependence of
the Raman peak position redshift ( )wD = - -4 cm 1 on the Si
NCs size (d, in nm) can be described through the phenom-
enological law [10]: wD = - d19.856 .1.586 Here, the calcu-
lated Si NCs size is 2.74 nm, in good agreement with the size
distribution 2.7 ± 0.5 nm as in figure 1(c).

Figure 2(a) shows the FTIR spectrum of the Si NCs as in
figure 1(a), which can directly reveal the chemical bonds
inside Si NCs. The absorption bands at 670, 1258, 1455,
2860, and 2960 cm−1 can be assigned to the modes of Si–C
asymmetric vibration, Si–C asymmetric vibration, Si–CH2

bending, symmetric C–H2 stretching, and asymmetric C–H3

stretching respectively [26, 27]. The formation of Si–C bonds
indicates that the Si NCs surfaces have been passivated by
carbon atoms.

Further insight into the bonding configurations of col-
loidal Si NCs can be achieved by XPS measurements.
Figure 2(b) shows the experimental (open circles) and well
fitted (solid curves) Si 2p (left) and C 1s (right) core-level
binding energy spectra of colloidal Si NCs. Through Gaussian
fitting, three dominant peaks at 98.3, 99.9, and 101.1 eV
correspond to Si(0), Si(I), and Si(II) in Si 2p spectrum
respectively. The Si(I) and Si(II) contributions are assigned to
surface silicon atoms covalently attached to the more elec-
tronegative carbon atoms linking the Si NCs surface to pen-
dant alkyl groups [28], further confirming that the Si NCs

surfaces are well passivated by carbon atoms. For the C 1s
XPS spectrum, the two dominant Gaussian peaks located at
284.7 and 286.2 eV correspond to C–H and Si–C bonds
respectively [29]. This further indicates that the surfaces of Si
NCs have been well passivated by carbon atoms, in good
agreement with the FTIR results.

To investigate the passivation effect of colloidal Si NCs
surfaces, the cover-degree of Si NCs surfaces by carbon
atoms can be obtained as follows. The ratio of the whole area
of the Si 2p peak to that of the Si–C bonds centered at
286.2 eV in C 1s XPS spectrum is 6.5. According to theor-
etical calculations, a pure Si NC with mean diameter 2.37 nm
contains 278 Si atoms [30]. Consequently, there are 240 Si
atoms with a mean diameter of 2.74 nm and 37 Si–C bonds on
Si NCs surfaces for each Si NCs. So, the number of surface
sites is assumed to be 86. As such, the mean surface coverage
of the Si NCs with carbon is about 43%. The passivation
mechanism is that, during laser ablation, Si NCs will have
very high free energy and the surfaces of some Si atoms are
unsaturated and active under extreme conditions, which can
react with surrounding 1-hexene and a cyclic compound will
be formed. This can be well expressed by the chemical
reaction in ablation process [26]:

Here, R represents (CH2)3CH3. Therefore, the Si–C
bonds are expected to be formed at the surfaces of Si NCs.

Figure 3 displays the UV–vis absorption spectrum of
colloidal Si NCs. A long absorption tail in wavelength
>600 nm range and the dominant absorption peak at 270 nm
(4.5 eV) can be clearly observed. The long absorption tail
reflects the indirect band gap electronic structure of crystalline
Si. The absorption edge shifts toward shorter wavelength
(higher energy) compared with that of bulk Si crystal
(∼1125 nm), indicating the existence of QCE [11, 27]. The
QCE will not only influence the indirect band gap but also the
direct transition energies. Due to QCE, the direct transition
energy at X or Γ (Γ25 → Γ′2) point within Si NCs presents
0.3 eV blueshift compared with that of bulk Si crystal
(4.2 eV), leading to the emergence of the absorption peak at
270 nm (4.5 eV) [31].

Figure 4(a) presents the room-temperature PL spectra of
colloidal Si NCs excited under different wavelengths. It can
be observed that the emission peaks centered at 412 nm
(∼3.0 eV) are independent of excitation wavelength (λexc) in

Figure 2. Room-temperature (a) infrared absorption spectrum and (b) the experimental (open circles) and calculated (solid curves) of Si 2p
and C 1s XPS spectra for colloidal Si NCs prepared in 1-hexene.
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the 300–380 nm range. The FWHM of the PL spectra
decreases from 107.4 nm (∼0.63 eV) in the Si NCs excited
with λexc = 300 nm to 95.6 nm (∼0.58 eV) in the one with
λexc = 380 nm. With increasing λexc, a significant improve-
ment of the emission intensity can be observed, and the
maximum luminescence intensity is obtained from colloidal
Si NCs excited under λexc = 360 nm. With the further
increase of λexc to 380 nm, the luminescence intensity dras-
tically decreases.

Due to the combination of indirect and direct band gap
transitions, the luminescence mechanism of colloidal Si NCs
is complicated. To investigate the PL mechanism of colloidal
Si NCs, we first performed temperature-dependent PL mea-
surements. Figure 4(b) displays the typical results for col-
loidal Si NCs excited under λexc = 360 nm, where both
emission peak position and FWHM are independent of
temperature throughout the measured ranges. Moreover, the
room-temperature PL peak energy is independent of excita-
tion wavelength [see figure 4(a)]. Both these observations
suggest that the PL mechanism is not determined by QCE
[32]. In addition, it should be noted that no luminescence can
be observed from 1-hexene alone irradiated by laser. As a

result, we can assume that the blue PL should originate from
colloidal Si NCs rather than the solution.

In order to clarify the light emission mechanism of col-
loidal Si NCs, we have further carried out time-resolved PL
and PLE measurements. Figure 5(a) shows the experimental
(open circles) and calculated (solid curve) decay results for
colloidal Si NCs fabricated in 1-hexene. The decay process
can be accurately fitted by a double exponential function:

( ) = +t t- -I t A Ae e ,t t
1 21 2 where ( )I t is the PL intensity as a

function of time t; A1, A2, τ1 and τ2 are the fitting constants.
The colloidal Si NCs exhibit a fast decay component with
lifetime 0.8 ns and a slow one with lifetime 5.0 ns. First-
principles calculations of optical properties of Si NCs have
revealed that the nanosecond decay time can be attributed to
localized exciton transitions at the surfaces of the Si NCs,
where the fast and slow decay components correlate,
respectively, to the nonradiative excitons’ trapping time at the
X or Γ (Γ25 → Γ′2) point and recombination (both radiative
and nonradiative) of the trapped excitons [33]. The average
decay times t̄ can be calculated through formula:
¯ ( ) ( )t t t t t= + +A A A A ,1 1

2
2 2

2
1 1 2 2 and t̄ is obtained to be

4.2 ns, the fitted constants A1 = 59.4% and A2 = 40.6%. The
PL lifetime in the order of nanoseconds indicates that col-
loidal Si NCs solution has a large radiative decay rate similar
to those of direct band gap semiconductors, consistent with
the results shown in figure 3. The fast radiative recombination
rate is very important for biomedical applications.

We now focus on the radiative recombination process of
the localized state excitons. Figure 5(b) displays the PLE
spectrum of colloidal Si NCs with the detection energy of
3.0 eV [see figure 4(a)]. The PLE spectrum exhibits the
absorption peak at 326 nm (3.8 eV) and a long tail in the
visible range, in good agreement with the UV–vis absorption
results. Compared with the PL peak energy, the PLE peak has
a large Stokes shift of 0.8 eV for colloidal Si NCs. The
configuration coordinate mode is usually used to describe the
large Stokes shift and broadening of the luminescence spectra
of Si NCs [31]. In this model, the coupling between the
electronic state and the lattice occurs through transverse
acoustic phonons with a single frequency Ω, and the Stokes
shift has the form ( )= WE A M ,S

2 2 with A a constant and M
the mass of the coupling phonon. The coupling phonon
energy can be expressed as | ( )W = W E4 ln 2 ,T S

2
0 where

W is the FWHM of the PL spectrum, and it keeps unchanged

Figure 3. UV–vis absorption spectrum of colloidal Si NCs prepared
in 1-hexene.
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Figure 4. (a) Room-temperature PL spectra at the indicated
excitation wavelength and (b) temperature-dependent PL spectra of
colloidal Si NCs with excitation wavelength 360 nm.

Figure 5. (a) Time-resolved PL spectra and (b) PLE spectra
monitored at 3.0 eV for colloidal Si NCs.
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over the investigated temperature range in figure 4(b). The
phonon energy W is found to decrease continuously from
107.4 nm (0.63 eV) in the sample excited with λexc = 300 nm
to 95.6 nm (0.58 eV) in the one with λexc = 380 nm. More-
over, the energies of 0.180 eV (∼1455 cm−1) and 0.56 eV
(∼1258 cm−1) correspond well to Si–C and Si–C–H2 vibra-
tion modes respectively. This indicates that the PL mech-
anism is related to the electron–hole pairs recombination
associated with Si–C or Si–C–H2 vibration phonons. On the
basis of the above analyses, we conclude that the room-
temperature blue luminescence of colloidal Si NCs prepared
in 1-hexene originates from the following two processes, as
schematically illustrated in figure 6: (i) When quantum-con-
fined colloidal Si NCs are under excitation light illumination,
excitons first form through the direct transitions at X or Γ (Γ25

→ Γ′2) point (Process I); (ii) then some trapped excitons
migrate to the surface states at the surfaces of colloidal Si
NCs and further recombine via the surface states related to the
Si–C or Si–C–H2 bonds (Process (II).

After the detailed investigation of PL properties for col-
loidal Si NCs, we can explain the variations of FWHM and
intensity of room-temperature luminescence. With the
increase of λexc, the carriers in smaller Si NCs cannot be
excited, thus leading to the decrease of FWHM [9]. At λexc �
360 nm range, the significant improvement of PL intensity
with the increase of the excitation wavelength can be
explained as follows. With increase of the excitation wave-
length from 300 to 360 nm, the quantum-confined Si NCs
with the most probable sizes can always be excited and the
emission intensity increases. With further increase of excita-
tion wavelength, the smallest excitable size of Si NCs
increases and the number of luminescent Si NCs decreases
sharply, which sequentially quenches PL. Based on the these
analyses, it is reasonable to assume that the 360 nm excitation
corresponds to the resonant excitation condition of the most
probably sized colloidal Si NCs, therefore, the maximum
emission intensity can be obtained under λexc = 360 nm.

In summary, we have fabricated the blue-emitting col-
loidal Si NCs by femtosecond laser ablation in 1-hexene
under ambient conditions, and investigated its structures and
the origin of room-temperature blue emission in detail. The
average size of colloidal Si NCs was about 2.7 nm via
HRTEM and Raman measurements. FTIR and XPS spectra
demonstrated that the surfaces of Si NCs were well passivated
with organic molecules. Based on UV–vis absorption, temp-
erature-dependent PL, time-resolved PL and PLE spectra, we
conclude that the luminescence of colloidal Si NCs originates
from the following two processes: (i) firstly, under illumina-
tion, excitons form within quantum sized colloidal Si NCs by
direct transition at the X or Γ (Γ25 → Γ′2) point; (ii) secondly,
some trapped excitons transfer to the surfaces of colloidal Si
NCs and further recombine via the surface states associated
with the Si–C or Si–C–H2 bonds. Colloidal Si NCs synthe-
sized by femtosecond laser ablation in 1-hexene with good
surface passivation and stable optical properties will meet the
expectation of optoelectronic devices and bioimaging.
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Abstract
We report a facile and large-scale fabrication of highly ordered one-dimensional (1D) indium
phosphide (InP) nanopore arrays (NPs) and their application as photoelectrodes for
photoelectrochemical (PEC) hydrogen production. These InP NPs exhibit superior PEC
performance due to their excellent light-trapping characteristics, high-quality 1D conducting
channels and large surface areas. The photocurrent density of optimized InP NPs is 8.9 times
higher than that of planar counterpart at an applied potential of +0.3 V versus RHE under AM
1.5G illumination (100 mW cm−2). In addition, the onset potential of InP NPs exhibits 105 mV
of cathodic shift relative to planar control. The superior performance of the nanoporous samples
is further explained by Mott–Schottky and electrochemical impedance spectroscopy ananlysis.

Keywords: InP nanopore arrays, photoelectrochemical, hydrogen production

(Some figures may appear in colour only in the online journal)

1. Introduction

Photoelectrochemical (PEC) splitting of water to hydrogen
and oxygen is one of the most promising forms of energy
production, which is a very attractive and desirable way to
solve the energy challenge with the associated detrimental
environmental problem, as both water and sunlight are
abundant on the Earth. Since Fujishima and Honda first
demonstrated a PEC approach to realize water splitting using
TiO2 electrodes in 1972 [1], numerous photoactive materials
have been investigated and optimized to improve PEC
properties based on these considerations: small bandgap to
utilize a significant portion of visible light, a proper con-
duction/valence band position to satisfy water oxidization
and reduction potentials, fast carrier separation and trans-
portation, and so on [2, 3]. Among various photoactive
materials, indium phosphide (InP) is considered a highly

promising photoactive material for solar-fuel conversion. As
the first efficient photocathode for hydrogen evolution [4],
InP has a number of attractive attributes: (1) its direct band
gap of 1.34 eV can absorb light over a broad range of solar
spectrum wavelengths, which makes it widely used in the
field of solar cells. Recently, high-efficiency InP-based pho-
tovoltaic solar cells have been reported [5, 6]. (2) The con-
duction-band edge position of InP is more negative than the
standard water reduction potential [7], hence electron transfer
is more favorable in the PEC system. (3) The high optical
absorption coefficients (typically 104

–105 cm−1) and low
carrier recombination rates of InP can maximize short-circuit
current density [8], which are the decisive factors in the
selection of these materials for the construction of thin-layer
conversion devices. For these reasons, over the past three
decades, InP has been widely studied [4, 9–12] as a photo-
active material for PEC water splitting since 1970s. However,
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the realization of p-type InP devices for overall water splitting
without external bias is still challenging, due to its relatively
high valance band position. To investigate n-type InP as
photoanodes for water oxidation and/or other related oxida-
tion reactions may provide more details of PEC performances
of n-type InP and is also useful for future construction of InP
based heterojunctions to ultimately achieve overall water
splitting without external electric bias. Recently, InP photo-
anodes stabilized by effective protective coatings, have shown
excellent photoanodic performances during long-term opera-
tion under water oxidation conditions in 1.0 M KOH solution
[13, 14]. However, to the best of our knowledge, most work
on n-InP mainly focused on planar InP.

One problem with planar InP is that a large amount of
incident photons are reflected away from the InP surface, and
these cannot produce electron–hole pairs. To maximize the
solar-to-hydrogen efficiency, a low reflectance InP surface is
required. In this regard, one-dimensional (1D) nanostructures
such as nanowires, nanopore arrays (NPs) have been recog-
nized for their potential as high performance photoelectrodes
in PEC cells because they provide several advantages over
their planar counterparts. First, 1D nanostructures arrays
allow the incident light to scatter within their open interiors
(i.e., light-trapping effect) [15, 16]. The scattering enhances
the capability of light absorption by diminishing the reflection
of incident light and increasing the photon path length. Sec-
ond, 1D nanostructures arrays can decouple the directions of
light absorption and charge-carrier collection and provide a
unidirectional conducting channel for rapid electron–hole
separation and charge transport, yielding a low recombination
of electron−hole pairs [17–19]. In addition, highly ordered
1D nanostructure have extremely high surface areas for fast
interfacial charge transfer and more active sites for fast
electrochemical reactions [20], which would decrease the
overpotential needed at the photoelectrodes and improve the
chemical stability against corrosion [21]. The local current
density needed to generate PEC products at a given rate per
unit of semiconductor area for nanostructures are reduced,
and the reduced current density through the local surface
would further improve the PEC stability against corro-
sion [22].

For these reasons, in the last decade, 1D nanostucture
arrays such as ZnO nanowires [23, 24], TiO2 nanowires
[25, 26], and Si nanoporous [22] have been extensively
investigated as photoelectrodes materials and demonstrated to
be efficient in improving conversion of solar energy to H2 fuel
due to their specific geometry. Recently, InP nanowires [27]
and nanopillar [8] photoelectrodes have been studied for
efficient solar-driven hydrogen production and exhibited
excellent PEC performances in terms of energy conversion
efficiency and stability. In this work, we present the synthesis
and characterizations of InP NPs, and their applications as
photoelectrodes for PEC hydrogen generation. Especially, the
surface recombination in InP NPs is investigated in detail by
measuring PEC properties. These nanopores are prepared by
the electrochemical anodization method, the main advantages
of this method for these self-organization InP NPs are facile
and scale-up synthesis process. This InP NPs have unique

features such as large surface area and low optical reflectance.
Especially, InP NPs with pores diameter of sub-50 nm and
wall thickness of ∼40 nm were successfully synthesized. The
nanopores with pore diameters smaller than the wavelength of
incident photons are beneficial to enhance light harvesting
[22], and nanopores with walls thickness close to the width of
space–charge region are expected to perform better than
thicker ones [28]. Our results reveal that this InP NPs possess
excellent PEC performances in comparison to their planar
control.

2. Experimental details

Wafers were monocrystalline, Sn-doped, n-type indium
phosphide (n-InP) supplied by GRINM. They had a surface
orientation of (100) and a carrier concentration in the range
1–4×1018 cm−3. They were first mechanically mirror
polished on one side with emery paper and diamond sus-
pension. To fabricate working electrodes, wafers were
cleaved into coupons along the natural {011} cleavage
planes. Then the coupons were degreased by successively
sonicating in acetone and ethanol for 5 min each step to
remove contaminants followed by rinsing in deionized water
and then dried in nitrogen. Ohmic contact was made by
alloying indium to the back of the coupons by using direct
current magnetron sputtering; they were then annealed at
350 °C for 1 min in N2 atmosphere. The high purity silver
paint was smeared on the In films in order to establish an
electric contact with a copper plate. The copper plate except
the coupon was painted with inert epoxy to ensure only the
coupon contact with the electrolyte. Then the copper plate
with the coupon was pressed in an O-ring of an electro-
chemical cell leaving the coupon exposed to the electrolyte.
The electrode area was typically 0.48 cm2. A conventional
two-electrode cell configuration was used. The coupon elec-
trode was used as the anode and graphite electrode was used
as the cathode. A power supply was connected between the
anode and cathode with the electrodes separated by a distance
of 6 cm. Before etching, the coupons were etched with the
mixture of HF (49%) and H2O (1:10) for 1 min to remove the
native oxides from them surface. Electrochemical etching of
planar InP to form the porous structures was first carried out
in an aqueous solution of 2.1 M HCl (aq) under a constant
anodizing voltage of 7 V in darkness at room temperature.
Next, the coupons etched were then immersed in a mixture
solution of pure HCl and pure H3PO4 (1:3 HCl/H3PO4 by
volume) at room temperature for 1 min to remove the dis-
ordered irregular top layer. After ultrasonic washing in
deionized water for 1 min, followed by drying under a stream
of N2 (g), the black InP NPs samples were obtained. To study
the photoanodic activity dependence on the length of InP
nanopores, four different lengths of InP NPs were prepared by
controlling the etching time between 15 and 90 s.

The crystal structure and phase of the samples before and
after etching were determined by x-ray diffraction (XRD: D8
ADVANCE x-ray diffractometer, Bruker, Germany) with Cu
Ka radiation (1.54 Å). Scanning electron microscopy (SEM)
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data were obtained by using an FEI Sirion 200 scanning
electron microscope (SEM). Porous samples were scored on
the back and cracked along the (110) directions to obtain
cross sectional images, and the resulting pieces were mounted
to the SEM stub using carbon tape. The room-temperature
photoluminescence (PL) spectra of the as-grown porous InP
and planar samples were recorded by using an excitation
wavelength of 514 nm. The reflectance spectrum of porous
InP was measured by using a Lambda 750S spectrometer
(Perkin-Elmer) consisting of a deuterium and tungsten-halo-
gen lamp, photomultiplier, and integrating sphere with
60 mm. The samples were placed at the end of the sphere at
normal incidence.

PEC measurements were performed in a three-electrode
PEC cell with the InP materials as the working electrode, Ag/
AgCl as the reference electrode, and a Pt wire mesh as the
counter electrode. An electrochemical workstation (PAR-
STAT 4000) instrument was used to measure PEC properties
of electrodes. Unless otherwise stated, all PEC measurements
were conducted under 1 sun AM 1.5 simulated sunlight with
an SOLARDGE 700 solar simulator integrating a 300 W
xenon arc lamp and an AM 1.5G filter. The intensity of the
Xe lamp was measured by Solar Simulator Spectroradiometer
(LS-100, EKO Instruments Co., Ltd, Japan), and the incident
illumination was adjusted to 100 mW cm−2 by changing the
position of the lamp relative to that of the electrochemical
cell. All samples were front-illuminated through a quartz
glass, because front-illumination resulted in a much higher
photocurrent generation. The illuminated area was 0.48 cm2

for all experiments, and the photocurrent density was calcu-
lated based on the projected area of the electrode, as opposed
to the actual surface area. All PEC measurements were con-
ducted in an aqueous solution containing 0.35 M Na2S and
0.5 M Na2SO3 (pH 13.6), unless otherwise stated. Prior to the
measurement, the electrolyte was degassed and purged with
N2. The PEC current density−voltage (I−V) curves were
measured sweeping the potential to the positive direction with
a scan rate of 50 mV s−1. Cyclic voltammetric data were
recorded also at this scan rate. Potentials are reported as
measured versus Ag/AgCl and as calculated versus RHE
using the Nernstian relation ERHE=EAg/AgCl+0.059
pH+E0

Ag AgCl/ [26], where ERHE is the converted potential
versus RHE, EAg/AgCl is the experimental potential measured
against the Ag/AgCl reference electrode, and E0

Ag AgCl/ is the
standard potential of Ag/AgCl at 25 °C (0.1976 V). The
applied bias photon-to-current efficiency (ABPE) was calcu-
lated using the following equation [29]:

I G V

P
ABPE % 100,rev 

0
bias

light
( ) ( )⎡

⎣⎢
⎤
⎦⎥=

D -
´

where I is the photocurrent density, Vbias is the applied bias
between working electrode and RHE, and Plight is the incident
illumination power density (AM 1.5G, 100 mW cm−2). Grev

0D
is the Gibbs free energy per coulomb of electrons for the
redox reactions on electrodes. Because the current study uses
polysulfide as hole scavengers, Grev

0D is 0.5 V [30].

Electrochemical impedance spectroscopy (EIS) was car-
ried out to understand the charge transfer process between
photoelectrodes/electrolyte interfaces. All the measurements
were performed on the same workstation under the open-
circuit condition with the frequency ranging from 0.1 Hz to
100 kHz and ac small signal amplitude of 10 mV. Mott
−Schottky plots were measured in the dark at an AC fre-
quency of 1.0 kHz.

3. Results and discussion

XRD patterns (figure 1) obtained from the InP material before
and after etching matched that of cubic InP (JCPDS Card 01-
070-2513). The position of each peak is the same for all
samples, indicating no change of lattice constant for the InP
before and after etching. Figure 2(a) is a typical low magni-
fication SEM image of the as-grown porous InP film, which
reveals a regularly arranged pore structure of the film. Closer
observation (figure 2(b)) reveals that these nearly square
pores have an average pore diameter (rp) of approximately
50 nm and wall thickness of around 40 nm. The pores density
(Np) is roughly 1.1×1010 cm−2. Shown in figure 2(c) is a
cross-sectional view of the films showing that the films are
composed of well-aligned nanopores of about 24.5 μm in
length, which grow vertically from an InP substrate, and that
the wall thickness of the InP crystallite seen in the inset of
figure 2(c) is in the range of 20–60 nm. We observed that the
size distribution of the pores is almost independent of time.
The average lengths of the nanoporous arrays were measured
to be 4.3 μm, 9.2 μm, 16.9 μm, and 24.5 μm for etching times
of 15 s, 30 s, 60 s, and 90 s, respectively. The length of the
nanoporous films (Lp) linearly increased with etching time (T)
(figure 2(d)) at a mean growth rate (k) of 0.25 μm s−1.

The room-temperature PL spectra of the planar and as-
grown porous InP, which are often used to study the surface
processes involving electron–hole recombination of semi-
conductors [31], were measured ex situ by using an excitation

Figure 1. X-ray diffraction pattern for planar InP and as-grown
porous InP.
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wavelength of 514 nm. The PL spectrum recorded from the
planar InP in figure 3 shows a strong near-band-edge emis-
sion at about 915 nm, which is consistent with the results
reported previously [32, 33]. As soon as the porous film
forms, the peak intensity of PL spectra drops drastically
relative to planar InP, and the peak intensity continue to drop
with the length increase. The progressive decrease of the peak
intensity can be attributed to several effects such as the sur-
face nonradiative recombination induced by surface defects

[34]. It should be noted that the length of the NPs is long
enough to ensure that most of the PL signal arises from the
NPs rather than the bulk substrate. The total reflectance
spectra of the ordered nanoporous InP and planar InP in the
wavelength range of 250–1000 nm are shown in figure 4. As
expected, the reflectance of InP NPs structures is significantly
reduced in comparison with the planar InP structure across the
whole measured spectrum. The greatly reduced reflectance of
NPs is also evident in the optical photographs of the samples,

Figure 2. Morphologies of InP nanopore array film: a typical top view SEM images at (a) low and (b) high magnifications, (c) cross section,
inset shows the magnified images corresponding to part of (c). (d) Nanopore lengths were plotted versus time, showing that the growth rate is
linear.

Figure 3. Room-temperature photoluminescence spectra of planar
InP and as-grown InP NPs with different lengths under excitation
wavelength of 514 nm.

Figure 4. Total reflectance spectra of planar InP and InP NPs with
different lengths as a function of wavelength. Inset showing optical
photographs of InP NPs (black) and planar InP (gray).
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with the nanoporous sample appearing black and planar
sample gray (figure 4). Therefore, compared to planar coun-
terpart, InP NPs can absorb more light, and higher photo-
current is expected. Another noticeable feature in figure 4 is
that the reflectance of NPs is enhanced along with the length
of the nanopores increase, which is consistent with 1D silicon
nanostructures [35, 36].

PEC measurements were systematically performed to
assess the PEC properties of photoelectrodes fabricated from
the nanoporous InP and planar InP. A mixture of 0.35 M
Na2S and 0.5 M Na2SO3 aqueous solution was used as elec-
trolyte and sacrificial reagent to maintain the stability of InP.
This mixed electrolyte (S2−+SO3

2 )- was found to be better
than either sulfite alone or sulfide alone for PEC H2 pro-
duction because sulfides are regenerated through the reaction
of disulfide and sulfite as follows [37, 38]:

2S 2h S , 12
2
2 ( )+ - + -

S SO S O S , 22
2

3
2

2 3
2 2 ( )+  +- - - -

S SO 2h S O , 32
3
2

2 3
2 ( )+ + - - + -

SO 2OH 2h SO H O, 43
2

4
2

2 ( )+ +  +- - + -

2SO 2h S O . 53
2

2 6
2 ( )+ - + -

And hydrogen gas is produced on the counter electrode
by photogenerated electrons during illumination of photo-
electrodes given by reaction:

e2H 2 H . 62 ( )+ + -

Figure 5 shows the open circuit potentials (OCP) of the
nanoporous InP and planar InP under chopped AM 1.5G
illumination. Under light illumination, the OCPs are more
negative of −1.21 V and −1.11 V versus Ag/AgCl for
nanoporous InP and planar InP, respectively. When light is
off, the OPCs shift to more positive values. This can be
ascribed to the increased energy band upward bending in dark
compared to that in light [39].

All phenomena associated with PEC systems are based
on the formation of a semiconductor–electrolyte junction
when a semiconductor photoelectrode is immersed in an
appropriate electrolyte. The junction is also known as the
space–charge layer where photogenerated electrons and holes
are separated. As shown in inset of figure 6(a), the InP Fermi
level equilibrates with the electrochemical potential of the
redox pair by transfer of electrons from the semiconductor to
the electrolyte. This produces a positive space–charge layer in
the semiconductor, leading to conduction and valence band
edges bending. As a result, a potential barrier is formed
against further electron transfer into the electrolyte. In con-
trast, it drives holes toward the solution to oxidize S2− and
SO .3

2- Holes, however, are the minority charge carrier in
n-type InP, their density is extremely low. As a result, overall
current is little in the absence of light. Indeed, both the InP
cells showed negligible current under dark, until at more
negative or more positive voltages, thus no leakage current
was observed for the setup. Under light illumination, the holes
density increases drastically due to light excitation. A great
deal of holes photogenerated are subsequently collected and
then transferred to the electrolyte. As a result, obvious pho-
tocurrents are observed. As shown in figure 6(a), under light
illumination, significant photocurrents are observed for both
InP cells. The photocurrents increased with increasing applied
potential. The photocurrent density of InP NPs reached a
maximum value of 26.5 mA cm−2 at 0.6 V versus RHE,
which is ∼3.6 times higher than that of planar InP
(7.4 mA cm−2 at 0.6 V versus RHE). In addition, the onset
potential (I=0) of InP NPs electrode (−0.216 V versus
RHE) shifted negatively around 105 mV, relative to that of
planar InP electrode (−0.111 V versus RHE). This can be
attributed to the enhanced light absorption and the improved
hole transfer to the electrolyte due to the large surface area of
the nanopores structure, which result in a negative shift in the
quasi-Fermi level and thus in the onset potential [40].

The significantly improved PEC performance for the InP
NPs can be ascribed to the following reasons. First, the
ordered NPs have lower reflectance than planar InP. Second,

Figure 5. Photoelectrochemical open-circuit dark and photo potentials of nanoporous InP (a) and planar InP (b). The illumination was turned
on and off with a period of 60 s.
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the NPs structures drastically increase the surface area,
leading to the greatly increase in the interface area between
electrode and the electrolyte. Moreover, NPs decouple the
light absorption and charge charge-carrier collection, hence
photogenerated holes can be effectively collected over a short
distance, at maximum, the radius of nanoporous walls, and
photogenerated electrons rapidly transport to counter elec-
trodes via the unidirectional conducting channel. In general,
the improved PEC performance for the NPs electrodes can be
attributed to the cooperative effects of: enhanced light

harvesting, higher surface area, effective separation of elec-
tron−hole pairs from their specific geometry construction.
These results precisely correspond to figure 7.

Our next study focused on the effect of the length of InP
NPs on the PEC performance and observing how the changes
affect the PEC performance. Figure 6(b) shows a set of linear
sweep voltammagrams recorded from a planar InP electrode
and nanoporous InP electrodes with various length under both
dark and AM 1.5G light illumination. It can be observed that
the photocurrent density of the InP NPs first increased with

Figure 6. Photocurrent density versus applied potential curves of (a) porous InP and planar InP (b) planar InP and InP NPs with different
lengths measured in an aqueous solution containing Na2S and Na2SO3 electrolyte under both dark and AM 1.5G illumination. The
corresponding energy diagram of an n-type photoelectrodes is shown in the inset; Ecb is the conduction band edge, Evb the valence band edge,
and EF the Fermi level, respectively.

Figure 7. Comparison of light absorption and photogenerated charge carrier separation and transport at planar and nanoporous arrays
photoanodes.
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the length and reached a maximum value at the length of
16.9 μm; and then decreased with the further increases in NPs
length. This can be ascribed to the trade-off between the
surface area and recombination loss. On the one hand, longer
NPs lead to enhancement of the light absorption and the
increases in total surface area. On the other hand, the charge
scattering and recombination will also increase with the
length and this would reduce photocurrent. So the optimal
length for maximum photocurrents in this case is around
16.9 μm long. This phenomenon observed is consistent with
silicon nanowire arrays photananodes, and coincidentally, the
optimal length is very close to that of silicon [28]. A con-
sistent trend was also observed for the Voc value. In analogy
to a solid-state p/n junction solar cell, the potential at I=0 is
defined as Voc, which represent the open-circuit voltage.
Similar to photocurrent, Voc is sensitive to optical power and
surface states. The Voc values were relatively stable and
exhibited a slightly trend to decrease with the length (table 1).
This is in line with the Mott–Schottky analyses. The decrease
can be attributed to the increase in surface states per unit
illumination area.

To investigate the photoresponse of the NPs and planar
samples, the transient photocurrents of the samples were
carried out during repeated on/off illumination cycles at
0.3 V versus RHE (figure 8(a)). Upon illumination with light,
a large initial spike due to the transient effect in power
excitation observed in photocurrent appears for all electrodes,
followed by a fast decrease to steady state photocurrent, and
the photocurrent quickly return to zero once the light is
switched off, indicating the fabricated photo electrodes dis-
play fast light response and excellent switching performance.
Moreover, a similar tendency on the relationship between the
NPs length and photocurrent density is also observed. As
shown in figure 8(a), the steady state photocurrent density of
nanopores with length of 16.9 μm is ∼3 mA cm−2, which is
1.21, 1.67, 2.1, and 8.9 times higher than that of 24.5 μm,
9.2 μm, 4.3 μm and planar, respectively. It further confirmed
superior performance for the nanoporous InP electrode over
that of planar InP electrode and nanopores with length of
16.9 μm have the highest photocurrent. However, significant
photocurrent decaying in the initial seconds of illumination
before steady-state photocurrents reached can be seen in the
InP nanoporous electrodes during repeated on–off cycles of
illumination. The significant photocurrent decay observed
during the initial excitation period can be ascribed to one of
two reasons: (1) the inability of the redox pair to fast scavenge
photogenerated holes or (2) dominant charge recombination/
scattering at the InP nanoporous electrodes/electrolyte inter-
face [41].

If the scavenging of holes is a limiting factor, this effect
can be overcome by increasing the concentration of the redox
pair. To evaluate this possibility, typical curves of chopped

transient photocurrent density versus time were measured in
Na2S electrolyte with different concentration between 0.1 and
1 M (figure 8(b)). As expected, upon illumination, the pho-
tocurrent increased with the concentration of Na2S increase.
However, the trend of the pronounced photocurrent decaying
in the initial seconds of illumination still exists at higher
concentrations of Na2S. The fact that we continue to observe
the decay of the photocurrent at higher Na2S concentrations
rules out the above possibility that inefficient holes scaven-
ging is the origin of the observed effect. Therefore, this trend
observed indicates the presence of surface recombination
caused by surface defects within nanopores. In addition, the
cyclic voltammetry of nanoporous InP photoelectrodes in
0.35 M Na2S and 0.5 M Na2SO3 aqueous solution under AM
1.5G illumination also show small hysteresis induced by
surface states (figure 9). Surface states can be passivated by
using a surface coating [42], which is expected to improve
incident photon to current conversion efficiencies of InP NPs
and is the subject of ongoing research in our laboratories.

The stability of the nanoporous electrode was investi-
gated at +0.35 V versus RHE under continuous AM 1.5G
illumination for longer time period (figure 10). Upon illumi-
nation, we observed a spike in photoresponse due to the
transient effect, and the photocurrent then quickly returned to
a steady state. Significantly, we only observed a small decay
of photocurrent density in a continuous running, and 92% of
the initial photocurrent was sustained after 4000 s, indicating
that the InP NPs as photoanodes are well stable in this PEC
system. The long term stability of InP NPs could be achieved
by atomic layer deposition a thin protective shell on the InP
core. We then carried out systematic amperometric I–t studies
on InP NPs under AM 1.5G as a function of applied potential.
As the photocurrent is not stable at applied potential more
than +0.6 V versus RHE, and it is relative small at applied
potential less than +0.25 V versus RHE, thus I–t behavior
was investigated at potential range between +0.25 V and
+0.6 V versus RHE (figure 11(a)). The steady photocurrent
density determined from the I–t curve was used to calculate
ABPE of nanoporous InP photoanode. Figure 11(b) shows
that the maximum ABPE value is 0.67% at 0.35 V ver-
sus RHE.

To study the intrinsic electronic properties of the planar
and nanoporous InP in electrolyte solution, electrochemical
impedance measurements were performed on the samples in
the dark to determine the capacitance of electrodes. Motte–
Schottky curves obtained for all the samples have been pre-
sented in figure 12. All the samples exhibited positive slopes,
indicating the semiconductor thin films to be of n-type. The
carrier density (Nd) and flat band potential (Vfb) at semi-
conductor/electrolyte interface can be calculated using the
Mott–Schottky equation given below:

C e N A
V V

k T

e

1 2
,

2
0 0 d

2 fb
B

0

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ee

= - -

where C is the space–charge capacitance, e0 is the electron
charge, ε and εo are the dielectric constant of semiconductor
electrode and permittivity of the vacuum respectively, Nd is

Table 1. Dependence of Voc on NP length.

L (μ) 4.3 9.2 16.9 24.5
Voc (mV versus RHE) 207 218 216 211
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the carrier density, A is the area, V is the electrode applied
potential, Vfb is the flat band potential, kB is the Boltzmann
constant, and T is the absolute temperature. So, by
extrapolating the lineal region in these plots the flat band
potential can be determined. The flat band potential (Vfb) of
planar InP determined from a Mott−Schottky measurement is
at about −0.5 V versus RHE at pH=13.6 (figure 12(a)). The
dopant density of planar InP calculated from the slope of the
Mott−Schottky plot using the equation below is
3.3×1018 cm−3, which is in the range given by the wafer
supplier

N e C V2 d 1 d .d 0 0
2 1( )[ ( ) ]ee= -/ / /

In contrast to planar InP, InP NPs exhibited a nonlinear
behavior. The flat band potential Vfb of the NPs with different

length was similar, which is consistent with [34], and mea-
sured (figure 12(b)) to be ∼−0.375 V versus RHE. Another
noticeable feature in Mott–Schottky plots was that the slope
gradually decreased with the length of the nanopores increase,
which indicates slightly increased carrier densities induced by
the surface defects.

For a square-shaped n-type semiconductor, the majority
carrier-depleted zones, the space–charge layers, should be
generated at both sides of the porous walls. Therefore, the
width of the space–charge layer (W) at the electrode/elec-
trolyte interface can also be derived from the Mott–Schottky
plot relationship and is described by

W V V e N2 .0 fb 0 d
1 2[ ( ) ]ee= - /

According to equation above, the thickness of space–
charge layer during anodic polarization of the InP NPs at

Figure 8. Amperometric I–t curves of (a) the planar InP and InP NPs with different lengths measured in an aqueous solution containing Na2S
and Na2SO3 electrolyte and (b) InP NPs measured in an aqueous solution containing different Na2S concentration between 0.1 and 1 M at an
applied voltage of +0.3 V versus RHE at 100 mW cm−2 with 60 s light on/off cycles.

Figure 9. Cyclic voltammetry of nanoporous InP photoelectrodes in
0.35 M Na2S and 0.5 M Na2SO3 aqueous solution under AM 1.5G
illumination (100 mW cm−2).

Figure 10. Stability test of InP NPs at +0.35 V (versus RHE) under
AM 1.5G illumination.
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0.6 V versus RHE has been calculated to be about 18.7 nm.
Assuming the space–charge layers generated at both sides of
the nanoporous walls, then the obtained total values of space–
charge layer width was 37.4 nm, which is smaller than the
thickness of some of InP nanoporous walls (20–60 nm),
indicating that the nanoporous is not fully depleted yet. When
the space–charge thickness is smaller than the walls thickness,
then an increase of photocurrent as a function of electrode
applied potential should be observed, which is consistent with
the I–V curves shown in figure 6.

EIS is a powerful tool for studying two-phase interfacial
properties between electrodes and solutions [43]. To under-
stand the charge transport behavior, EIS was performed on
the different InP films under both dark and light illumination
covering the frequency range of 105

–0.1 Hz using an ampl-
itude of 10 mV at the OCP of the system. The EIS response of
the planar (figure 13(a)) and nanoporous InP films with length
of 16.9 μm (figure 13(b)) are plotted as nyquist diagrams in
figure 13. Equivalent circuit modeling was made based on the
impedance experimental data, which is plotted as real

admittance versus imaginary admittance. The data config-
uration in figure 13 all fall into the first quadrant, thus
implying that no inductance is needed in the model. There-
fore, a model for the equivalent circuit is proposed as shown
in figure 13(a), whereas other models have also been used to
describe the PEC behavior [44]. In our model, Rs represents
the bulk resistive loss predominantly at the interface of the
material surface and the electrolyte, RH and CPEH correspond
to the resistance and the Helmholtz layer capacitance in the
electrolyte side, respectively; while Rsc and CPEsc are asso-
ciated with the internal electron–hole recombination resist-
ance and space–charge layer capacitance in the depletion
layer. It should be pointed out that, two constant phase ele-
ments (CPE) can be visualized as a non-ideal capacitor. Using
the model, the solid lines represent results of fitting and the
symbols represent experimental data. As can be seen, this
model fitted well for both InP films under both dark and light
illumination.

The fitted data for these elements are summarized in
table 2. It can be observed that the value of bulk resistance Rs

Figure 11. (a) Amperometric I–t curves of the InP NPs as a function of applied potential from +0.25 V (bottom) to +0.6 V (top) (versus
RHE) at a step of 0.05 V. (b) Applied bias photon-to-current efficiency of InP NPs photoanode as a function of applied potential.

Figure 12. Mott–Schottky plots for (a) planar InP and (b) InP NPs with different length measured at 1 kHz.
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is nearly constant under both dark and light illumination.
However, the values of charge transfer resistance RH and
recombination resistance Rsc under light illumination is much
smaller than the ones under dark for both InP films, which
indicates that the Helmholtz layer and depletion layer were
greatly modified by photogenerated carriers. This is in good
agreement with previous investigations [45]. It should be
noted that the values of RH and Rsc for planar InP, are greater
than the ones of InP NPs under both dark and light illumi-
nation, thus explaining the origin of higher PEC capability of
InP NPs.

As expected, the considerable Helmholtz-layer capaci-
tance of InP NPs should be ascribed to the larger surface area
of nanostructure as compared to planar structure [46]. Under
illumination, the electron Fermi level in the InP shifts upward
and approaches its flat band potential, leading to a small
depletion layer thickness, hence higher chemical capacitance
(CPESC

Light> CPESC
Dark) [47].

4. Conclusions

In summary, we have successfully developed a simple two-
step anodization method for the rational synthesis of 1D InP
NPs as efficient photoelectrodes for PEC hydrogen genera-
tion. The InP NPs with length of 16.9 μm generated a

photocurrent density of 3 mA cm−2 at an applied potential of
+0.3 V versus RHE under simulated AM 1.5G illumination
(100 mW cm−2), which is 8.9 times higher than that of planar
control. The greatly enhanced PEC performance can be
attributed to the cooperative effect: enhanced light absorption,
high-quality 1D conducting channels as well as enlarged
contact area with the electrolyte due to the specific geometry
of NPs. PL spectra and PEC properties indicate that there is
nonradiative recombination caused by surface defects within
nanopores. Further improvements via passivating surface
states are expected to maximize the photoconversion
efficiency.
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In situ asymmetric island sidewall growth (AISG) was developed to enhance Ga-face facet growth and im-

prove the crystalline quality of (112̄2) GaN epilayers on m-plane sapphire substrates. In the early growth

stage island shaping and sidewall faceting were distinct and controlled by growth design. Using in situ AISG,

{0002} instead of {1̄103} sidewall facets were formed on the Ga-rich island surface, which eliminated for-

mation of a {1̄103} phase during subsequent layer growth of semipolar GaN. Enhanced Ga-face sidewall

facet growth led to +c regions overlapping −c regions, which reduced defect density. Pure semipolar (112̄2)

epilayers with a reduced surface striation density and a basal-plane stacking fault density of 8 × 103 cm−1

were obtained. The observation of a narrow EH2 peak and an intense E1(LO) peak in Raman spectra indicates

that almost strain-free high-quality semipolar (112̄2) GaN films were achieved. The photoluminescence

emission intensity from the (112̄2) GaN film prepared by in situ AISG was dominated by band-edge emis-

sion and enhanced ∼4 times more than that from conventional (112̄2) GaN.

Introduction

Growth and design of group-III nitride semiconductor hetero-
structures on semipolar planes have attracted intense re-
search interest due to the reduction of the internal electric
field inherently existing in polar III-nitrides growing along the
c axis.1–7 In comparison with nonpolar GaN, semipolar GaN
grown on (112̄2) and (202̄1) atomic planes has the merits of a
high indium incorporation efficiency8 and a wide growth win-
dow.9,10 (112̄2) semipolar GaN is of a nearly free electric field
and thus preferred as a growth template of long-wavelength
GaN-based optoelectronic devices. Owing to a lack of large-
sized and low-priced GaN substrates, semipolar (112̄2) III-
nitrides are usually grown on heterosubstrates.11–14 Unfortu-
nately, semipolar (112̄2) GaN heteroepitaxial films usually
have high-density structural defects and rough surfaces,
which have become a big obstacle when fabricating high-
performance devices.14–16 Various methods such as two-step
growth, SiNx or ScN or superlattice interlayering, chemical
etching, and epitaxial lateral overgrowth (ELO) have been de-
veloped to reduce the density of threading dislocation (TD),

partial dislocation (PD), and stacking faults (SFs) in semipolar
(112̄2) GaN.17–23 In conventional ELO the SF density was sig-
nificantly reduced in +c wings but remained very high in −c
wings and windows.22–26 This indicates that enhanced Ga-face
sidewall facet (also referred as +c plane) growth, which in-
creases the area of the +c region, may improve the crystalline
quality of semipolar (112̄2) GaN films. However, conventional
ELO requires a complicated ex situ lithography process with a
risk of contamination. Furthermore, thick GaN layers have to
be grown for full coalescence and surface smoothing. Conven-
tional ELO is generally time-consuming and expensive though
the quality of ELO-grown GaN is highly attractive.

Heteroepitaxy usually leads to the formation of three-
dimensional islands in early growth stages, which has a sig-
nificant influence on film qualities. For instance, high-density
defects are usually formed at the coalescence boundary of ad-
jacent misoriented islands.27–29 Therefore, the monitoring of
island shaping and shape variation in the early growth stages
of GaN heteroepitaxy is crucial for the growth of high-quality
GaN films.30–34 In this study, different from conventional
ELO, in situ asymmetric island sidewall growth (AISG) for
faster and more uniform coalescence of neighboring islands
was developed in order to enhance Ga-face island sidewall
facet growth and to improve the crystalline quality and optical
properties of the semipolar (112̄2) GaN epilayers without the
ex situ lithography process. We find that by in situ AISG the
heteroepitaxially grown semipolar GaN films are of (112̄2) sin-
gle phase, reduced SF density, and enhanced band-edge
emission.
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Experimental

The heteroepitaxy of semipolar GaN films on (11̄00) m-plane
sapphire substrates was carried out in a Thomas Swan meta-
lorganic chemical vapor deposition system. Trimethylgallium
(TMGa) and high-purity ammonia were used as the source
precursors, and hydrogen as the carrier gas. The sapphire
substrates were cleaned at 1060 °C and 100 Torr for 10 min
in a H2 ambient atmosphere followed by nitridation at 570
°C for 6 min. A low-temperature GaN nucleation layer (NL,
∼30 nm thick) was grown at 550 °C and 500 Torr for 120 s
followed by a high-temperature annealing process at 1030 °C.
The GaN epilayers at different growth stages were prepared
by varying the growth time, temperature, pressure, and NH3/
TMGa ratio for the investigation of growth behavior. High re-
actor pressure (250 Torr) was employed for the formation of
energetically more stable island sidewall facets at the initial
growth stages and then was gradually decreased to 120 Torr
for island coarsening and coalescence. The reactor pressure
was further decreased and finally kept at 50 Torr for the lat-
eral growth of semipolar GaN films with a smooth surface.
Sample “A1” was prepared under conventional growth condi-
tions (at 1030 °C and 250 Torr for 400 s) as a control sample
of GaN islands on the NL. After that further GaN growth was
carried out at 120 Torr for 800 s on sample “A1”. Sample
“B1” was prepared by intentionally prolonging the island
growth for 1000 s with a low NH3/TMGa ratio of 1100 at 1030
°C. Growth with a low NH3/TMGa ratio and at high growth
temperature in the initial growth stage is expected to en-
hance Ga adatom diffusion and Ga-polar sidewall facet
growth, and suppress the formation of stable N-polar sidewall
facets. By the proposed in situ AISG for sample “B1”, the is-
land sidewall facets are expected to gradually change from
N-polar to Ga-polar; meanwhile, during island coalescence
the −c regions of one island would be covered with high-
quality +c regions of neighboring islands. Samples “A2” and
“B2” were prepared by a subsequent layer growth of ∼2.5 μm
thick GaN on samples “A1” and “B1” with a high NH3/TMGa
ratio of 2176 and low reactor pressure of 50 Torr.

The surface morphologies of the semipolar GaN epilayers
were investigated by atomic force microscopy (AFM, SII
SPA400) and scanning electron microscopy (SEM, Hitachi-
S4800). The surface chemical compositions were analyzed by
X-ray photoelectron spectroscopy (XPS, PHI Quantum2000)
with an Al Kα X-ray excitation source (hν = 1486.6 eV).
Spatially-resolved surface chemical compositions were charac-
terized by elemental mapping using a SEM installed with an
energy dispersive spectroscope (EDS, SU70). The SEM-EDS
operating voltage is 10–20 kV and the collection time is 40 s.
Different areas have been measured for consistency. X-ray dif-
fraction (XRD, PHILIPS X'Pert PRO) and Raman spectroscopy
(RAMAN-11) were used to qualitatively analyze the crystalline
quality of semipolar GaN. The luminescence properties of the
semipolar GaN were investigated by micro-
photoluminescence (PL) excited by a 325 nm He–Cd laser
and spatially-resolved cathodoluminescence (CL, Gatan

MonoCL3+) at room temperature (300 K). An electron acceler-
ation voltage of 5 kV and beam current of less than 20 nA
were employed to avoid radiation damage during the SEM-CL
measurements. The microstructure of sample “B2” was inves-
tigated by transmission electron microscopy (TEM, JEM2100)
using an accelerating voltage of 200 kV.

Results and discussion

In the early growth stage under high reactor pressure,
adatom diffusion is limited and plays an important role in is-
land shaping and shape variation.30–34 Energetically more sta-
ble island sidewall facets of either Ga-polarity or N-polarity
would be formed. Fig. 1 shows a schematic diagram of
atomic structures for the {112̄2}, {1̄103}, and {101̄1} atomic
planes (side view). The {0002} atomic plane is also shown for
reference. Apparently, as confirmed by convergent beam
electron diffraction,13,14 the {1̄103} and {101̄1} atomic planes
are of N-polarity (N-face) whereas the {0002} and {112̄2}
atomic planes are of Ga-polarity (Ga-face). It has been
reported that the N-polar surface is energetically more stable
at low growth temperature with a high NH3/TMGa ratio and
becomes unstable at high temperature with a low NH3/TMGa
ratio.31 This means that the island shaping and shape varia-
tion (e.g. formation of specific smooth sidewall facets, varia-
tion of island sidewall facets from N-polar to Ga-polar, etc.)
may be well controlled by an appropriate growth design. In
the following we present the studies on island shaping, shape
variations, island coarsening and coalescence, and their in-
fluences on the growth of high-quality semipolar GaN films
by in situ AISG.

Fig. 2 shows the XPS spectra of the Ga3d5/2 and N1s
photoelectron peaks from samples “A1” and “B1”. The XPS
spectra were referenced to the XPS data book with the C1s
peak fixed at 284.8 eV.35 In the XPS spectra of the N1s photo-
electron peak strong Ga Auger signals were also observed.
The average gallium to nitrogen ratio (XS

Ga/N) can be esti-
mated by the integrated intensity ratio of deconvoluted XPS
components calibrated by the sensitivity factors. Based on

where S denotes the sample name, I

the integrated intensity and F the sensitivity factor (FGa3d5/2 =
0.438 and FN1s= 0.499), we get XA1

Ga/N ≈ 1.00 and XB1
Ga/N ≈ 1.07

for samples “A1” and “B1”, respectively. In comparison with
sample “A1”, the slight increase of the Ga/N ratio for sample
“B1” indicates the formation of a Ga-rich surface by in situ
AISG under high-pressure and Ga-rich growth conditions. On
the Ga-rich surface the N-polar sidewall facet would become
unstable and Ga-face facet growth would be enhanced.36

Fig. 3a shows a schematic diagram of (112̄2) GaN on the
(11̄00) m-plane sapphire substrates. The epitaxial relationship
between GaN and sapphire is identified as [112̄2]

GaN‖[11̄00]sapphire, [1̄1̄23]GaN‖[0001]sapphire, and
[11̄00]GaN‖[112̄0]sapphire. Fig. 3b shows the SEM image of sam-
ple “A1”. High-density partially coalesced trapezoidal faceted
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Fig. 1 Schematic diagram of atomic structures for the {112̄2}, {1̄103}, and {101̄1} atomic planes (side view).

Fig. 2 XPS spectra of (a) Ga3d5/2 and (b) N1s photoelectron peaks of sample “A1”. XPS spectra of (c) Ga3d5/2 and (d) N1s photoelectron peaks of
sample “B1”. In the figure, the fitted peaks of 19.5 eV and 397.0 eV correspond to Ga3d5/2 (Ga–N) and N1s (N–Ga), respectively.

Fig. 3 (a) Schematic diagram of semipolar (112̄2) GaN on the (11̄00) m-sapphire substrates showing the epitaxial relationship between GaN and
sapphire. (b) SEM image of the surface morphology of sample “A1”. (c) AFM image of typical GaN islands of sample “A1”. Line profiles (d) “L1”, (e)
“L2”, and (f) “L3” crossing over the typical sidewall facets of the island marked by green lines. (g) A geometrical model of the island showing the
presence of island sidewall facets of various polar angles.
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islands with a ridge-like top and arrowhead to [1̄1̄23] were ob-
served. To further investigate the three-dimensional structure
of the GaN islands, the surface morphology was also investi-
gated by AFM. The typical island shape of sample “A1” is
shown in Fig. 3c. Line profiles “L1”, “L2”, and “L3” crossing
over the typical sidewall facets of the island marked by green
lines were drawn and shown in Fig. 3d–f. The specific polar
angles of the sidewall facets referring to the (112̄2) basal
plane are measured to be 58°, 26°, 0°, and 32°, respectively,
indicating the presence of {1̄103}, {101̄1}, {112̄2}, and {202̄1}
sidewall facets on the island surface. Based on the AFM im-
ages, line profiles, and SHAPE software, we sketch in Fig. 3g
the geometrical model of the island with various island side-
wall facets formed under conventional growth conditions.

Fig. 4a and b shows the SEM and AFM images of sample
“B1”. The islands are mesa-like and mostly coalesced. A geo-
metrical model for the coalesced islands marked by red lines
is sketched in Fig. 4c. Interestingly, in comparison with sam-
ple “A1”, {0002} instead of {1̄103} sidewall facets were ob-
served on the islands of sample “B1”. Under the in situ AISG
growth conditions for sample “B1” the Ga-polar {0002} side-
wall facets are energetically more stable than the N-polar
{1̄103} sidewall facets, leading to a gradual change of N-polar
to Ga-polar sidewall facets, which is consistent with the dis-
cussions for Fig. 1 and the XPS analysis in Fig. 2. Further-
more, the {1̄103} atomic planes have a higher dangling bond
density (14.2 nm−2) than that of the {0002} planes (11.4
nm−2) and thus would grow faster and eventually disappear.31

The Ga-face facet growth was enhanced and the {1̄103} facet
growth was suppressed, which would eliminate the formation
of the {1̄103} phase during the subsequent layer growth of
semipolar GaN. Fig. 4d shows a schematic diagram of the is-

land coalescence process. As indicated by the green arrows,
the +c region of one island overlaps the −c region of a neigh-
boring island during coalescence along [1̄1̄23] due to the en-
hanced Ga-face facet growth. As a result, high-density basal
plane SFs (BSFs) usually generated in the −c regions are
blocked by the +c regions on top.

Fig. 5 shows the SEM image and EDS elemental mappings
for Ga Kα1 (red) and N Kα1 (green) over the same area of sam-
ple “A1”. Yellow dashed circles are marked in the same re-
gion of one typical island side and white dashed circles are
marked in the same region of the other island side. In
Fig. 5b and c the intensities (counts) within the yellow circles
of the Ga Kα1 and N Kα1 elemental maps are stronger than
those within the white circles. Fig. 5d shows the EDS line
profiles (red curve for Ga and green for N) from the yellow
circled region to the white circled region of the typical island
along [112̄3̄] as indicated by the red arrow. The line profiles
are fitted and shown as black curves. The tendency of the Ga/
N intensity (without calibration) is roughly estimated from
the black fitted curves and drawn as a line of blue circles.
The tendency curve shows a decrease of Ga/N along [112̄3̄].
We denote the yellow circled region as the +c region and the
white circled region as the −c region of the island
accordingly.

Fig. 6 shows the SEM image and EDS elemental mappings
for Ga Kα1 (red) and N Kα1 (green) over the same area of sam-
ple “B1”. Typically for the island coalescence regions (e.g.,
green circled), the Ga elemental distributions show intensity
fluctuation whereas the N elemental distributions are rela-
tively uniform, indicating the presence of partial overlapping
of the +c and −c regions during island coalescence of neigh-
boring islands. Fig. 6d shows the EDS line profiles crossing
over the coalescence regions of neighboring islands along
[112̄3̄] as indicated by the red arrow. The tendency of the Ga/

Fig. 4 (a) SEM and (b) AFM images of sample “B1”. (c) A geometrical
model of the coalesced island marked by red lines. (d) Schematic
diagram of island coalescence along [1̄1̄23] showing the covering of
the −c region of one island by the +c region of an adjacent island.

Fig. 5 SEM image (a) and EDS elemental mappings for (b) Ga Kα1 (red)
and (c) N Kα1 (green) over the same area of sample “A1”. (d) EDS line
scan along [112̄3̄] as indicated by the red arrow.

CrystEngComm Paper

Pu
bl

is
he

d 
on

 1
0 

Ju
ne

 2
01

6.
 D

ow
nl

oa
de

d 
by

 S
ha

ng
ha

i J
ia

ot
on

g 
U

ni
ve

rs
ity

 o
n 

07
/0

3/
20

17
 0

7:
31

:1
6.

 
View Article Online

109

http://dx.doi.org/10.1039/c6ce00878j


5444 | CrystEngComm, 2016, 18, 5440–5447 This journal is © The Royal Society of Chemistry 2016

N intensity (without calibration) is roughly estimated from
the fitted curves and drawn as a line of blue circles. The ten-
dency curve shows a strong fluctuation of Ga/N with distinct
peaks and dips corresponding to the +c regions and −c re-
gions, respectively. The +c regions (Ga-face island sidewall
facets) are obviously of large area (height and width), indicat-
ing enhanced Ga-face sidewall facet growth. This led to the
+c region of one island overlapping the −c region of a neigh-
boring island during island coalescence. Due to in situ AISG,
enhanced Ga-face sidewall facet growth and the overlapping
of the +c and −c regions between two neighboring islands in
sample “B1” are much more effective than that in sample
“A1” due to the formation of a Ga-rich surface (see Fig. 2)
and the intentionally prolonged island growth with a low
NH3/TMGa ratio and high reactor pressure. The −c regions of
high-density defects would be eventually covered by the high-
quality +c regions, resulting in a significant reduction of BSF
density in the semipolar (112̄2) GaN films.

Fig. 7 shows the SEM images of samples “A2” and “B2”.
The inset AFM images give a close view of the surface mor-
phology. Typical striations were observed for both samples.

The average striation density of sample “A2” was estimated
to be ∼0.46 and 0.16 μm−1 along [1̄100] and [112̄3̄], respec-
tively. The presence of high-density striations on the surface
indicates growth anisotropy and high-density BSFs generated
at the coalescence boundary of neighboring islands.14,20 The
average striation density of sample “B2” was estimated to be
∼0.26 and 0.10 μm−1 along [1̄100] and [112̄3̄], respectively.
The decrease in striation density indicates the reduction of
the BSF density in sample “B2”.18,20

Fig. 8a shows the XRD ω–2θ scans of samples “A2” and
“B2”. The simultaneous appearance of the primary (112̄2)
peak at 34.6° and the secondary (101̄3) peak at 32.3° from
sample “A2” indicates the presence of mixed phases. The
integrated intensity ratio of (101̄3) GaN to (112̄2) GaN is
∼4%. Semipolar (101̄3) GaN has twinned crystallites and a
rough surface, which is deleterious to the crystalline quality
and device performance. The presence of the (101̄3) phase in
sample “A2” is likely a consequence of GaN growth on the ex-
posed (101̄3) island sidewall facets in sample “A1” (see
Fig. 3). In comparison, for sample “B2” a single (112̄2) peak
was observed indicating that pure semipolar (112̄2) GaN was
obtained. The absence of the (101̄3) peak is consistent with
the initial island sidewall faceting in sample “B1” (without
formation of the {101̄3} sidewalls by in situ AISG in the early
growth stage).

Fig. 8b shows the XRD ω scans of the (112̄2) peaks from
samples “A2” and “B2”. In previous studies, as far as we
know, the full width at half maximum (FWHM) of the XRD
peak for polar c-plane GaN was as small as 158 arcsec;37 the
FWHMs of the XRD peaks for nonpolar a-plane GaN on sap-
phire with ScN interlayers or on patterned sapphire substrate
(PSS) were 300 arcsec;19,38 the FWHM of the XRD peaks for
nonpolar m-plane GaN on PSS was 490 arcsec.39 In semipolar
(112̄2) GaN, the XRD ω-scan peak broadening with the inci-
dent beam aligned to the [1̄1̄23] direction is usually corre-
lated with the BSF and dislocation density.19 It has been
reported that an FWHM of 1400 arcsec for the (112̄2) peak
corresponded to a BSF density of 2 × 105 cm−1.14 The disloca-
tion density was evaluated to be 2.0 × 1010 cm−2 by TEM.
Based on the XRD FWHM and using Kurtz's formula,40 the
dislocation density was estimated to be 3.0 × 1010 cm−2. The
FWHM of semipolar (112̄2) GaN prepared by a two-step
growth process was 630 arcsec.17 By use of a ScN interlayer,
the FWHM of semipolar (112̄2) GaN was 432 arcsec, and the
BSF density was estimated to be 6 × 104 cm−1.19 The disloca-
tion density was estimated to be 1.5 × 108 cm−2 by TEM and
4.0 × 108 cm−2 by XRD FWHM and using Chierchia's for-
mula.41 Recently, by growth on etched trenches of r-sapphire,
the crystalline quality was improved with an FWHM of 200
arcsec.42 In this study, the FWHM of the (112̄2) peaks are as
small as 180 and 90 arcsec for samples “A2” and “B2”, respec-
tively. Correspondingly, the BSF density is estimated to be 2
× 104 cm−1 for sample “A2” and 8 × 103 cm−1 for sample “B2”.
By use of Chierchia's formula, the dislocation density is
roughly estimated to be 1.5 × 108 cm−2 for sample “A2” and
8.0 × 107 cm−2 for sample “B2”.41 The dislocation density of

Fig. 6 SEM image (a) and EDS elemental mappings for (b) Ga Kα1 (red)
and (c) N Kα1 (green) over the same area of sample “B1”. (d) EDS line
scan along [112̄3̄] as indicated by the red arrow.

Fig. 7 SEM images of samples (a) “A2” and (b) “B2”. The inset AFM
images give a close view of the surface morphology.

CrystEngCommPaper

Pu
bl

is
he

d 
on

 1
0 

Ju
ne

 2
01

6.
 D

ow
nl

oa
de

d 
by

 S
ha

ng
ha

i J
ia

ot
on

g 
U

ni
ve

rs
ity

 o
n 

07
/0

3/
20

17
 0

7:
31

:1
6.

 
View Article Online

110

http://dx.doi.org/10.1039/c6ce00878j


CrystEngComm, 2016, 18, 5440–5447 | 5445This journal is © The Royal Society of Chemistry 2016

sample “B2” was also investigated by TEM and is shown in
Fig. 9. In the cross-sectional TEM image view along the
[1̄100] zone axis using g = (112̄0), both a and a + c type dislo-
cations are visible, which are indicated by yellow arrows in
Fig. 9a. The dislocation density derived from Fig. 9a is ∼1.2 ×
108 cm−2. The diffraction pattern in Fig. 9b further demon-
strates that high-quality semipolar (112̄2) GaN film has been
obtained. These results suggest that the in situ AISG method
may significantly reduce defect density.

Fig. 10 shows the Micro-Raman spectra with clearly visible
EH2 , A1(TO), and E1(LO) phonon peaks from samples “A2” and
“B2”. In previous studies, the best FWHM of the EH2 peaks
was 3.9 cm−1 for polar c-plane GaN and 3.5 cm−1 for nonpolar
a-plane GaN.43,44 Limited by the resolution of the Raman
spectroscopy employed in this study and for semipolar (112̄2)
GaN, the FWHM of the EH

2 peaks is relatively broad and esti-
mated as 12.1 and 9.4 cm−1 for samples “A2” and “B2”, re-
spectively. The phonon lifetime τ is evaluated to be 0.44 ps
for sample “A2” and 0.56 ps for sample “B2”, via an energy-
time uncertainty relation τ = ħ/ΔE, where ħ = 5.3 × 10−12 cm−1

s and ΔE is the FWHM in units of cm−1.44 In comparison with
567.6 cm−1 for strain-free GaN,45 the EH2 peaks of A2 and B2
are located at 567.7 and 568.5 cm−1 with a red shift of 0.1
and 0.9 cm−1, respectively. The in-plane biaxial residual strain
σ can be estimated from σ = Δω/K, where Δω is the peak shift
and K is the linear strain coefficient (∼4.2 cm−1 GPa−1), to be
about 0.02 and 0.21 GPa in samples “A2” and “B2”, respec-

tively. Very small residual compressive strain was left in both
samples. The observation of the E1(LO) peak at 740 cm−1 for
both samples indicates that almost strain-free high-quality
semipolar (112̄2) GaN films were obtained.46 While the resid-
ual strain in sample “B2” is a little bit higher than that in
sample “A2”, the defect density in sample “B2” is less than
that in sample “A2”, leading to a more intense and narrower
E1(LO) peak from sample “B2”. Accordingly, high-quality al-
most strain-free semipolar (112̄2) GaN was obtained by in situ
AISG, as was consistent with the SEM and XRD results.

Fig. 11 shows the 300 K PL spectra of samples “A2” and
“B2”. For semipolar GaN on sapphire, the emission peak is
in general weak and dominated by defect-related (e.g. BSF)
emission.47,48 The peak energies of band-edge emission (BE)
“p1”, BSF emission “p2”, and prismatic SF (PSF) and partial
dislocation (PD) emission “p3” measured at 300 K are about
3.41, 3.36, and 3.24 eV, respectively. In Fig. 11 an intense
emission peak at ∼3.40 eV was observed for sample “B2”,
which is about 4 times stronger than that of sample “A2”.
Furthermore, the BE intensity (“p1”) is much stronger than
the intensity of the BSF (“p2”), PSF and PD (“p3”) emissions,
which suggests that high-quality semipolar (112̄2) GaN films
were obtained by in situ AISG.

Fig. 12 shows the SEM, panchromatic and 364 nm (∼3.41
eV) monochromatic CL images measured at 300 K for sam-
ples “A2” and “B2”. A ridge-like surface morphology was ob-
served for both samples. Some bright spots in the

Fig. 8 (a) XRD ω–2θ scans of samples “A2” and “B2”. (b) XRD ω scans of the (112̄2) peaks from samples “A2” and “B2” with the incident beam
direction aligned to [1̄1̄23].

Fig. 9 (a) Cross-sectional TEM images of sample “B2” taken close to
the [1̄100] zone axis with g = (112̄0). The yellow arrows indicate
threading dislocations. (b) Selected area diffraction pattern of sample
“B2”.

Fig. 10 Micro-Raman spectra of samples “A2” and “B2”. The EH2 ,
A1(TO), and E1(LO) phonon peaks are clearly visible.
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panchromatic CL image of sample “A2” with a few weak
spots in the 364 nm CL image were observed in
Fig. 12b and c, which indicates very weak BE intensity from
sample “A2”. In comparison, the bright contrast regions in
Fig. 12e and f from sample “B2” are broader and brighter
than those from sample “A2”, which indicates a stronger BE
intensity from sample “B2” and a consistence with the
growth of large-area high-quality +c regions by in situ AISG.

Conclusion

Island shaping and its influences on the growth behavior and
optical properties of semipolar GaN were studied. In situ
AISG was developed to form a Ga-rich island surface and en-
hance the Ga-face facet growth. The {0002} instead of {1̄103}
sidewall facets were formed on the islands, which eliminated
the formation of the {1̄103} phase during the subsequent
layer growth of semipolar GaN. During the island lateral
coarsening and coalescence along [1̄1̄23] the +c region of the
island overlapped the −c region of a neighboring island, lead-
ing to the blocking of SFs formed in the −c regions. By the
use of in situ AISG the average striation density estimated
from the SEM and AFM images was effectively reduced indi-
cating the reduction of SF density; XRD and TEM studies
show that pure semipolar (112̄2) GaN with a basal-plane SF

density of ∼8 × 103 cm−1 and a TDs density of ∼1.2 × 108

cm−2 is obtained; the observation of the narrow EH2 peak and
intense E1(LO) peak in the Raman spectra indicates that al-
most strain-free high-quality semipolar (112̄2) GaN films were
achieved. The luminescence from the semipolar (112̄2) GaN
films was significantly enhanced due to the improvement of
crystalline quality by in situ AISG.
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Abstract Interface modification of high indium content

InGaN/GaN quantum wells was carried out by Mg pre-

treatment of the GaN barrier surface. The indium in the

Mg-pretreated InGaN layer was homogeneously dis-

tributed, making the interfaces abrupt. The improved

interface quality greatly enhanced light emission capacity.

The cathodoluminescence intensity of the Mg-pretreated

InGaN/GaN quantum wells was correspondingly much

stronger than those of the InGaN/GaN quantum wells

without Mg pretreatment.

1 Introduction

While the group III nitrides have been intensively studied

and successfully applied in fabrication of electronic and

optoelectronic devices [1–5], the epitaxial growth of high-

quality and high indium content InGaN layers for high

brightness and reliable devices applications is still a big

challenge [6–12]. This is because high-density threading

dislocations (TDs) and point defects usually exist in the

high indium content InGaN layer and/or at the interface

when the InGaN layer is epitaxially deposited on a GaN

layer due to the large lattice mismatch between the two

crystalline layers. These defects increase nonradiative

recombination rate and may damage the device. In addi-

tion, the intrinsic internal electric field and strong strain-

induced piezoelectric polarization field in the active layer,

which cause a local separation of electrons and holes

within the active regions, result in significant reduction in

radiative recombination rate. Increasing indium content in

the InGaN layer increases the lattice mismatch and dete-

riorates the crystalline quality further. Consequently, the

quantum-confined Stark effect (QCSE) becomes more

severe, leading to a significant drop of internal quantum

efficiency (IQE) [13–16]. To overcome the problems, one

may grow thin InGaN active layer to enhance the overlap

of electron and hole wave functions and thus increase the

IQE. By decreasing the thickness of high indium content

InGaN layer, the strain relaxation by defect formation,

which would increase the nonradiative recombination rate,

would be suppressed. The epitaxy of high indium content

InGaN layer with low TDs density and especially with

atomically smooth and sharp interfaces and homogenous

indium distribution has become critical for high indium

content InGaN/GaN-based devices [17, 18].

The surface structures and properties of a layer (or

substrate) play a critical role in the subsequent epitaxial

growth behavior. Surface treatment has been successfully

applied to improve the surface (or interface after deposited

a top layer) qualities, growth behavior, and device perfor-

mance [19–27]. For instance, the surface modification of

GaN films by gallium droplet epitaxy successfully

improved the crystalline quality and optical properties of
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the subsequently grown InGaN layer [23, 24]. The defect

density of GaN films was substantially reduced by inserting

a very thin heavily Mg-doped GaN layer [25]. Appropriate

Mg doping in InGaN layer improved the surface smooth-

ness and reduced the polarization field [26]. Enhanced hole

injection was achieved by Mg doping in the GaN barriers

[27].

In this study, Mg pretreatment of the GaN barrier sur-

face was carried out prior to the epitaxial growth of the

InGaN active layer. The Mg pretreatment was expected to

modify the growth behavior of the InGaN/GaN quantum

wells (QWs). For instance, indium incorporation behavior

will be modified, especially around the dislocation pits

where Mg atoms would be most likely present. We found

that the Mg pretreatment greatly improved the quality of

the InGaN layer with homogeneous indium distribution and

an abrupt interface between the underneath GaN layer,

thereby considerably enhancing blue–green light emission.

2 Growth, characterization, and simulation

2.1 Epitaxy

The metalorganic vapor phase epitaxy (MOVPE) of GaN

films, InGaN QWs, and GaN barriers was carried out on

c-sapphire substrates. Trimethylgallium (TMGa), Tri-

methylindium (TMIn), and high-purity ammonia were used

as the source precursors. During the growth of InGaN QWs

and GaN barriers, nitrogen was used as the carrier gas,

whereas hydrogen was used as the carrier gas in the other

growth stages.

Figure 1 shows the schematic diagram of the growth

structure of the InGaN/GaN QWs without and with the

Mg pretreatment. The sapphire substrates were cleaned at

1060 �C and 100 Torr for 15 min in H2 ambient followed

by nitridation at 550 �C for 4 min. A conventional 25-nm

low-temperature GaN nucleation layer was grown at

535 �C and 500 Torr followed by annealing at 1035 �C
for 10 min [28]. The subsequent growth of high-temper-

ature (HT) GaN film (*2.0 lm) was carried out at

1035 �C and 100 Torr with TMGa/NH3 ratio gradually

increasing from 970 to 2450. For sample ‘‘A0,’’ the bot-

tom GaN barrier was grown on the HT GaN film at

786 �C and 300 Torr. For sample ‘‘B0,’’ additional Mg

treatment was performed to sample ‘‘A0’’ by a biscy-

clopentadienyl magnesium (Cp2Mg) flow (60 sccm) over

the GaN barrier surface for 12 s (called Mg treatment

process). A chart is shown in Fig. 2 to illustrate the

growth conditions (growth temperature and time, TMIn,

TMGa, and Cp2Mg) of the Mg-pretreated InGaN/GaN

QW. Except for the Mg treatment process, the other

growth conditions for the InGaN/GaN QWs remained the

same for the untreated and Mg-pretreated samples. As

shown in Fig. 2, the untreated and Mg-pretreated GaN

barriers were annealed at 786 �C for 15 s and then cooled

down to 670 �C in 300 s, which was called the cooling

process, for the subsequent growth of InGaN layer on

both samples ‘‘A1’’ and ‘‘B1.’’ In order to suppress the

strain relaxation-induced defect formation and the QCSE,

which were usually observed for the relatively ‘‘thick’’

([2.5 nm) high indium content ([25 %) InGaN layer

grown at low temperature [29, 30], relatively thin InGaN

active layer was grown in this study. For samples ‘‘A2’’

and ‘‘B2,’’ a GaN cap was subsequently grown on sam-

ples ‘‘A1’’ and ‘‘B1’’ at 786 �C. Before temperature

ramping for the growth of GaN cap, a very thin GaN layer

was grown at 670 �C to suppress the indium desorption

and outdiffusion [7, 31]. The InGaN/GaN single-QW

(SQW) samples were prepared for the study of interface

modification on growth dynamics and luminescence

mechanism. Five-period InGaN/GaN multiple-QWs

(MQWs) samples were also prepared for X-ray diffraction

(XRD) investigation.

Fig. 1 Schematic diagram of the InGaN/GaN SQW structure

GaN 
Barrier

InGaN 
Well

GaN 
Barrier

Mg treatment process Cooling process

0

0

0

Temperature 

TMIn

CP2Mg

TMGa

110s

786oC

15s

300s

670oC
786oC

12s

102s

Time (s)

140s

102s

140s

Fig. 2 A chart of the growth conditions (growth temperature and

time, TMIn, TMGa, and Cp2Mg) of the first InGaN/GaN QW
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2.2 Characterization

The surface morphologies of the GaN and InGaN layer

were investigated by atomic force microscopy (AFM,

SPA400, Seiko Instruments Inc.). The surface chemical

compositions were analyzed by X-ray photoelectron spec-

troscopy (XPS, Kratos AXIS Ultra DLD) with an Al Ka

X-ray excitation source (hm = 1486.6 eV). High-resolution

XRD (HR-XRD, PANalytical X’pert-Pro) was used to

analyze the interface quality, average indium content, and

period thickness of the Mg-pretreated InGaN/GaN MQWs.

A scanning electron microscope (SEM, Sirion200) com-

bined with cathodoluminescence (CL, Gatan MonoCL3?)

was employed to characterize the spatially resolved lumi-

nescence properties with relatively high carrier injection.

The microstructures of the InGaN/GaN QWs were inves-

tigated by high-resolution high-angle annular dark field

scanning transmission electron microscopy (HAADF-

STEM, Tecnai G2 F20 S-TWIN).

2.3 Simulation

Crosslight’s APSYS software was employed to simulate

the physical parameters of the InGaN/GaN QWs [32]. The

APSYS is based on 2D/3D finite element analysis of

electrical, optical, and thermal properties of compound

semiconductor devices. The energy band structures and

luminescence properties were numerically studied. In

numerical simulations, the simulator solves Schrödinger–

Poisson equations self-consistently. The polarization

screening factor is set to 0.5. The other parameters used in

the simulations can be found elsewhere [32].

3 Results and discussion

3.1 Modification in growth behavior and growth

dynamics: surface morphology and composition

analysis

Figure 3a, b shows the AFM images of samples ‘‘A0’’ and

‘‘B0,’’ respectively. The surfaces are of layer structure with

surface pits emerging at the terrace edges with a pit density

of about 3.6 9 108 for both samples. Obviously, the pit

size in sample ‘‘B0’’ is generally bigger than that in sample

‘‘A0.’’ As an example, Fig. 3c shows the inverted pyramid

shape and the pit size and depth along lines L1 and L2

marked on the images of Fig. 3a, b, respectively, for

samples ‘‘A0’’ and ‘‘B0.’’ Figure 3d shows the XPS spectra

of the Mg 2p photoelectron peaks for samples ‘‘A0’’ and

‘‘B0,’’ indicating about 1.8 at.% Mg atomic concentration

in the Mg-pretreated sample ‘‘B0.’’ The Mg atoms might be

most likely present at the pit sites [33], which increase the

average pit size from *120 to *180 nm and average pit

depth from *1.2 to *1.6 nm, as shown in Fig. 3c.

Figure 4a shows the surface morphology of sample

‘‘A1,’’ i.e., with bare InGaN layers on sample ‘‘A0.’’ The

estimated pit density, average pit size, and depth are about

6.0 9 108 cm-2, 250 and 2.5 nm, respectively. With Mg

pretreatment for sample ‘‘B1,’’ the surface morphology in

Fig. 4b changes drastically and is featured by interlinked

InGaN layer with shallow troughs (*1.3 nm in depth)

between them. As schematically shown in Fig. 4c, the

trough formation is most likely caused by the preferential

aggregation of Mg around the dislocation pits, which pre-

vents the further nucleation of InGaN around the pit arrays

and results in the formation of InGaN-deficient troughs [34,

35]. Less indium incorporation around the dislocation pits

would form relatively high surface potential around the

dislocation pit arrays and thus may suppress carrier trans-

port to the dislocation cores.

Figure 5 shows the XPS spectra (after background sub-

traction and intensity normalization to the Ga 2p3 peak) of the

Ga 2p3 and In 3d5 photoelectron peaks from samples ‘‘A1’’

and ‘‘B1.’’ The indium content can be estimated by XIn ¼
IIn 3d5=FIn 3d5

IIn 3d5=FIn 3d5þIGa 2p3=FGa 2p3
, where I denotes the integrated inten-

sity of the XPS photoelectron peaks and F the sensitivity

factors (FGa 2p3 = 2.75 andFIn 3d5 = 4.53) [36]. The average

indium content in the InGaN layer is roughly estimated as

about 41 % for the untreated sample ‘‘A1,’’ while it is about

38 % for the Mg-pretreated sample ‘‘B1.’’ As shown in

Fig. 5b, c, the full width at half maximum (FWHM) of the In

3d5 peak is 1.64 eV for sample ‘‘A1’’ and 1.50 eV for sample

‘‘B1.’’ The In 3d5 photoelectron peak is composed of two

components corresponding to the chemical bonding of In–N

(*444.2 eV) and In–O (*444.9 eV) due to the oxidation of

indium [37, 38]. The fitted In 3d5 (In–O) peak intensity from

sample ‘‘B1’’ is much lower than that from sample ‘‘A1,’’

leading to the narrowingof theFWHMof the In3d5 peak from

sample ‘‘B1.’’ A low In–O peak is caused by one of the two

factors: less chemically active In atoms and less available

oxygen. The basically same fabrication process for samples

‘‘A1’’ and ‘‘B1’’ means the same oxidation environment for

the two samples. Thus, the fact that the In–O peak in sample

‘‘B1’’ is lower than that in sample ‘‘A1’’might indicate that the

chemically active In atoms in sample ‘‘B1’’ is less than that in

sample ‘‘A1.’’ Usually, In-rich nanostructures contain more

chemically active In atoms, which are keen to oxidation. The

experimental result might imply that In-rich nanostructures

were formed in sample ‘‘A1’’ and likely suppressed in sample

‘‘B1.’’ The presence of Mg atoms on the surface may also

suppress the formation of indium oxide. As indium incorpo-

ration is impeded by the Mg aggregation around the arrays of

the chemically active dislocation pits [34, 35], the slight
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decrease in average indiumcontentwithin the InGaN layer for

sample ‘‘B1’’ is consistent with the formation of InGaN-de-

ficient troughs around the pit arrays. Both changes in surface

morphology and indium content are correlated with the Mg

pretreatment of the bottom GaN layers. Moreover, the

suppression of the In-rich nanostructures formation may also

be responsible for the decrease in average indium content in

the Mg-pretreated sample ‘‘B1.’’

Samples ‘‘A2’’ and ‘‘B2’’ were obtained by growth of

GaN cap on samples ‘‘A1’’ and ‘‘B1,’’ respectively. As
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Fig. 3 AFM images of samples

a ‘‘A0’’ and b ‘‘B0.’’ c Typical

line profiles ‘‘L1’’ and ‘‘L2’’

crossing over the surface pits on

the samples ‘‘A0’’ and ‘‘B0,’’

respectively. d XPS spectra of

the Mg 2p photoelectron peaks

from samples ‘‘A0’’ and ‘‘B0’’
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shown in Fig. 6a, the surface of sample ‘‘A2’’ is rough with

an rms roughness of about 1.6 nm. The average pit size,

depth, and density are about 86 nm, 12 nm, and

3.7 9 108 cm-2, respectively. The reduction in pit density

in sample ‘‘A2’’ compared with that in sample ‘‘A1’’ is

likely due to the enhanced adatom diffusion during the

growth of GaN capping layers at relatively high tempera-

ture and the TDs termination at the InGaN-to-GaN inter-

face (dislocation bending at the heterogeneous interfaces)

[39–41]. The surface is characterized by lots of dislocation

pits and spiral mounds, which were formed by step pinning

followed by spiral growth of the GaN capping layers

around the dislocation cores. In Fig. 6b for the enlarged

view of the surface mounds, high-density pinned steps and

various growth spirals are clearly visible. The pinned sur-

face steps wind themselves around the dislocation cores

and evolve into spirals and spiral mounds. Some neigh-

boring spiral mounds coalesce and form one hillock with

several pits on it. The spiral growth instead of layer growth

during the subsequent growth of GaN barrier on the high

indium content (*41 %) InGaN layer is due to stabiliza-

tion of the spiral growth by reduction in attachment of Ga

adatoms to the In-rich dislocation cores (otherwise, the

growth spirals would be annihilated) [42]. Accordingly, as

shown in Fig. 6a, b, discrete large spiral mounds grow and

eventually coalesce. Spiral growth, usually correlating with

an increase in indium content in the center of the spiral

domains (dislocation cores) in comparison with their
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Fig. 5 XPS spectra of samples ‘‘A1’’ and ‘‘B1’’: a the normalized Ga

2p3 photoelectron peak and the In 3d5 photoelectron peaks of

b sample ‘‘A1’’ and c sample ‘‘B1.’’ The In 3d5 photoelectron peak is

composed of two components corresponding to the chemical bonding

of In–N and In–O

Fig. 6 AFM images of samples ‘‘A2’’ and ‘‘B2’’: a ‘‘A2,’’ 5 9 5 lm2, b ‘‘A2,’’ 2 9 2 lm2, and c ‘‘B2,’’ 5 9 5 lm2
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periphery [43], would enhance carrier trapping at the TDs

sites and thus increase the nonradiative recombination rate.

Figure 6c shows the surface morphology of sample

‘‘B2’’ with a GaN cap on sample ‘‘B1,’’ exhibiting homo-

geneous and straight pinned steps on the surface. The

emergence of shallow troughs with pit arrays mainly

aligning the troughs (e.g., the circled area) is a conse-

quence of the surface structures of the bottom layers fea-

tured by arrays of pits (sample ‘‘B0,’’ Fig. 3b) and shallow

troughs (sample ‘‘B1,’’ Fig. 4b). Away from the troughs,

the surface layer structure is distinct, indicating layer

growth of the GaN cap. The surface is relatively smooth

with an rms roughness of about 1.0 nm. The average pit

size, depth, and density are about 70, 5.0 nm, and

3.8 9 108 cm-2, respectively. Considering that spiral

growth is detrimental to optoelectronic devices, the Mg

pretreatment technique employed in this study may be an

alternative to suppress the spiral growth and enhance the

IQE of high indium content InGaN-based structures.

3.2 Microstructure analysis

Figure 7a shows the cross-sectional HAADF-STEM image

of sample ‘‘A2.’’ Due to the higher atomic mass of indium

compared with that of gallium, the InGaN layer has a

higher intensity and thus depicted brighter than the GaN

layer. Accordingly, the narrow bright contrast stripes cor-

respond to the InGaN QW, whereas the wide dark contrast

stripes correspond to the GaN barrier. The appearance of

relatively bright (red circled) and dark contrasts in the

InGaN QW of sample ‘‘A2’’ indicates the lateral fluctua-

tion of indium content and QW thickness, and formation of

In-rich regions. To further investigate the indium concen-

tration profile of the InGaN layer along the growth direc-

tion, HR-STEM of the InGaN/GaN QW was characterized

and shown in Fig. 7b. Atomic rows of GaN barrier and

InGaN QW were observed for sample ‘‘A2.’’ The InGaN

QW is 4 atomic layers thick (1.04 nm). A typical line

profile crossing over the InGaN QW along the growth

direction is drawn and shown Fig. 7c. To evaluate the

distribution of indium content in the InGaN QW, we

assume the HAADF-STEM intensity of the GaN barrier

(where the indium content is zero) as the background signal

and the calibrated HAADF-STEM intensity (calibration by

subtraction of the background signal) linearly dependent on

the indium content [9]. Considering the average indium

content 41 % for the InGaN QW of sample ‘‘A2,’’ the

HAADF-STEM intensity (left axis) in Fig. 7c can be

converted to the estimated indium content (right axis). The

indium concentration line profile gives the details of the

interfaces, and apparently the upper InGaN-to-GaN inter-

face shows a shoulder with a gradual decrease in indium

content.

Figure 7d shows the cross-sectional HAADF-STEM

image of sample ‘‘B2.’’ Different from sample ‘‘A2,’’ the

InGaN QW of sample ‘‘B2’’ is of homogenous indium

distribution and uniform QW thickness. The GaN–InGaN–

GaN interfaces in Fig. 7e are quite abrupt, and the InGaN

QW is 5 atomic layers thick (1.30 nm). The line profile in

Fig. 7f details the GaN–InGaN–GaN interfaces of sample

‘‘B2’’ and gives the indium concentration profile. Rela-

tively abrupt GaN-to-InGaN interface (lower) and InGaN-

to-GaN interface (upper) were observed with an average

indium content of about 38 % within the InGaN QW. For

thin InGaN QWs, the fluctuation of indium content and

variation in QW thickness would greatly influence the

interband transition energies and luminescence properties.

Abrupt interfaces and homogeneous indium distribution are

highly desirable for thin InGaN QWs emitting in the blue–

green spectral region [17, 18]. Without Mg pretreatment

for sample ‘‘A2,’’ the surface was characterized by lots of

dislocation pits and spiral mounds (Fig. 6). Fluctuation of

indium content and QW thickness, and generation of

defects around the In-rich regions were observed (Fig. 7).

In comparison, the InGaN QW of sample ‘‘B2’’ was of

abrupt interfaces and homogeneous indium distribution,

and lack of phase separation and defect generation, sug-

gesting improvement in interface quality of the InGaN

layer by the Mg pretreatment.

Figure 8 shows the HR-XRD x-2h scan profile of the

(0002) reflection of the Mg-pretreated InGaN/GaN MQWs.

Well-resolved high-order satellite peaks were observed

indicating high-quality interfaces between GaN barriers

and InGaN QWs. Theoretical fitting of the spectrum by the

PANalytical Epitaxy 4.3a software shows an estimated QW

thickness of about 1.30 nm and average indium content of

about 38 %, which are consistent with the XPS and STEM

results.

3.3 Luminescence properties: the Mg pretreatment

effect

Figure 9a shows the PL spectra of samples ‘‘A2’’ and

‘‘B2.’’ Distinct emission at about 465 nm (2.67 eV) from

sample ‘‘A2’’ and much stronger emission at about 486 nm

(2.55 eV) from sample ‘‘B2’’ were observed. Figure 9b

shows the CL spectra of samples ‘‘A2’’ and ‘‘B2.’’ The CL

emission peaks at about 460 nm (2.70 eV) for sample

‘‘A2’’ and at 485 nm (2.56 eV) for sample ‘‘B2,’’ respec-

tively. The CL peak intensity of about 16,000 from sample

‘‘B2’’ is much higher than that of about 9600 from sample

‘‘A2.’’ The full width at half maximum of the CL peaks is

about 27 nm for both samples. As shown in Fig. 7, the Mg

pretreatment in sample ‘‘B2’’ slightly decreased the indium

content within the InGaN QW, increased the QW thick-

ness, and improved the interface quality (abrupt interfaces,
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homogeneous indium distribution, and lack of defect for-

mation) in comparison with sample ‘‘A2’’ without the Mg

pretreatment, even so the other process conditions for the

two samples were all the same. Additionally, less indium

incorporation around the dislocation pits caused by the Mg

aggregation there would form relatively high surface

potential around the dislocation arrays and thus suppress

carrier transport to the dislocation cores [34, 35]. These Mg

pretreatment-induced changes (interface quality, indium

content, QW thickness, etc.) greatly enhanced the light

emission intensity from the Mg-pretreated InGaN/GaN

QW. The origin of the light emission enhancement will be

further studied by fabrication and comparisons of the Mg-

pretreated and Mg-untreated InGaN/GaN QW LEDs with

similar QW structures in the future. Figure 10 shows the

surface morphology and monochromatic CL images of

samples ‘‘A2’’ and ‘‘B2.’’ Relatively uniform blue–green

light emission was observed for sample ‘‘B2’’ whereas

weak and nonuniform blue light emission was observed for

sample ‘‘A2,’’ which is also correlated with the

microstructures (interface quality and indium distribution)

and consistent with the PL results.

To further explore the origin of the emission spectra,

APSYS was employed to simulate the physical parameters

of the InGaN/GaN QWs. Based on the XPS, STEM, and

XRD results, the 1.04 nm InxGa1-xN and 1.30 nm
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(d) “B2” 

(e) “B2”

2 nm

5 nm

(a) “A2”
[0002]

InGaN

(b) “A2”

2 nm

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Es
tim

at
ed

 I
nd

iu
m

 c
on

te
nt

 (%
)

)tinu.bra(
ytisnetnI

Position (nm)

0

10

20

30

40

50
(c) “A2”

0.0 0.5 1.0 1.5 2.0 2.5 3.0
)tinu.bra(

ytisnetnI

Position (nm)

0

10

20

30

40

50

Es
tim

at
ed

 I
nd

iu
m

 c
on

te
nt

 (%
)

(f) “B2”

Lower

Upper

Lower Upper

GaN GaN

Fig. 7 a Cross-sectional

HAADF-STEM image and

b HR-STEM image showing the

microstructure of the InGaN

layer of sample ‘‘A2.’’ The red

circled bright spots indicate

fluctuation of indium content

and formation of In-rich

regions. c A line profile showing

the indium distribution of

sample ‘‘A2’’ along the growth

direction. d Cross-sectional

HAADF-STEM image and

e HR-STEM image of the

InGaN layer of sample ‘‘B2.’’

Features such as distinct

interface abruptness and

homogeneous indium

distribution are evident. f A line

profile showing the indium

distribution of sample ‘‘B2’’

along the growth direction
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InyGa1-yN QWs with various indium contents from 35 to

45 % have been simulated. Figure 11a shows the energy

band diagram and wave functions of the 1.04 nm In0.39-
Ga0.61N/12 nm GaN QW structure. The interband transi-

tion energy is 2.67 eV (465 nm), which is close to the

emission peak energy of sample ‘‘A2.’’ Figure 11b shows

the energy band diagram and wave functions of the

1.30 nm In0.38Ga0.62N/12 nm GaN QW structure for sam-

ple ‘‘B2.’’ The interband transition energy is 2.55 eV

(486 nm), which is also close to the emission peak energy

of sample ‘‘B2.’’ In the case of one-dimensional infinitely

deep square QW, the energy levels can be easily calculated

analytically. The energy difference between the conduction

band minima and the subband energy level can be given by

DEn ¼ n2p2�h2

2m�L2w
, where n is the quantum number, m* the

effective mass, and Lw the QW thickness. Due to the

increase in QW thickness from 1.04 nm for sample ‘‘A2’’

to 1.30 nm for sample ‘‘B2,’’ the rise of subband energy

level from the conduction band minima decreased, leading

to the ‘‘redshift’’ of the emission peak of sample ‘‘B2.’’
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4 Conclusion

In summary, by Mg pretreatment of the bottom GaN barrier

surface, the growth behavior of the high indium content

InGaN/GaN QWs changed greatly; the interface quality

and luminescence capability were significantly improved.

Without Mg pretreatment, spiral growth dominated; lateral

fluctuation of indium content and QW thickness, lack of

interface abruptness, and formation of In-rich regions were

evident within the InGaN layer. With Mg pretreatment, the

InGaN layer was of homogeneous indium distribution and

abrupt interfaces as investigated by XRD and STEM. The

luminescence properties were investigated by CL and fur-

ther analyzed by energy band structures of various Inx-
Ga1-xN/GaN QWs. Enhanced light emission from the Mg-

pretreated InGaN layer was achieved and attributed to the

improvement in interface quality and suppression of non-

radiative recombination at dislocation pits.
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Abstract Micro-Raman spectra of E2(high) phonon mode

in Cu-doped ZnO nanocombs have been presented in detail

with different Cu compositions under the temperature

ranging from 83 to 443 K grown by a simple catalyst-free

chemical vapor deposition method. The alloy disorder

effect has been investigated by analyzing the asymmetric

broadening of E2(high) phonon mode and Cu-induced

localized vibration mode at room temperature. In addition,

we resort to a theory model including the lattice thermal

expansion and anharmonic phonon–phonon interaction,

which can well describe the temperature dependence of

Raman shift and linewidth of E2(high) phonon. In com-

bining with the theory model, we have revealed an

increasing anharmonic effect on the Raman shift and

linewidth behaviors with increasing Cu composition. Fur-

thermore, it is found that the lifetime of E2(high) phonon

mode shortens with enhancing the anharmonicity.

1 Introduction

Recently, considerable attention has been paid to diluted

magnetic semiconductors (DMSs) for exploiting spin in

magnetic materials along with the charge of electrons for

application in ‘‘spintronic’’ devices [1]. Among the tran-

sition-metal-doped ZnO DMSs, both theoretical and

experimental investigations have shown that Cu can be

used as a p-type dopant in the natural n-type ZnO [2, 3].

Therefore, recent experimental work mainly focuses on the

growth of thin films [4, 5] or nanostructures [6, 7] of Cu-

doped ZnO by a variety of methods, and accordingly the

analysis on the magnetic characterization with the

emphasis on the origin of the ferromagnetic behavior in

Cu-doped ZnO. Another important fact is that doping Cu

ion in ZnO can significantly alter its chemical, electrical,

and optical properties [8]. One of the most important

aspects of substitutional semiconductor alloys is the nature

of the alloy potential fluctuations. Therefore, it is necessary

to further understand the lattice dynamical properties in

Cu-doped ZnO [6].

As a fast and contactless probe of the lattice vibration in

semiconductors, Raman scattering can provide a great deal

of information about the phonon vibrations in the center of

the Brillouin zone [9]. In ternary semiconductor alloys,

Raman spectra of phonon modes, including an asymmetry

linewidth broadening, Raman frequency shift, and an

emergence of disorder-activated modes, will change with

compositional disorder. The detailed information on lattice

dynamics can be obtained via observing the parameters of

Raman phonon mode, such as Raman frequency, linewidth,

and lifetime [10–12]. Additionally, the Raman scattering is

also greatly sensitive to the lattice temperature. It is very

important to study the evolution of these parameters with

temperature for practical applications of ternary alloys
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[13]. However, few studies are done on detailed investi-

gation on the temperature dependence of the phonon

behavior in Cu-doped ZnO [14], in contrast to the com-

prehensive analysis of temperature effects on Raman

scattering for other ternary alloys [15, 16]. The substitution

of Cu ions at Zn ion sites in ZnO may breakdown the

translational symmetry because of the modifications of the

crystal lattice, and thus, the information of phonon decay is

an essential aspect to understand the lattice dynamical

behaviors.

In this paper, we synthesize the Cu-doped ZnO nano-

combs by a simple catalyst-free chemical vapor deposition

method at 750 �C. Furthermore, Raman spectra of Cu-

doped ZnO nanocombs have been comprehensively

investigated as a function of temperature (83–443 K) with

different Cu compositions (0–3.24 %). In order to study the

temperature and dopant effects on the E2(high) phonon

mode in the Cu-doped ZnO nanocombs, we employ a

theoretical model to accurately describe the Raman

downshift and linewidth broadening. It is found that the

anharmonic effects are enhanced with the increase in Cu

dopants and temperature for the E2(high) phonon mode. In

addition, we will also demonstrate the anharmonic effect

on the Raman frequency, linewidth, and lifetime.

2 Experimental details

Cu-doped ZnO nanocombs were grown on Si substrate in a

horizontal tube furnace by a simple thermal evaporation

method. A mixture of Zn powders (99.99 % purity) and

CuCl2 (99.99 % purity) powders was loaded into an alu-

mina boat, which were placed at the center of a horizontal

quartz tube. Then, carefully cleaned n-type Si (100) sub-

strates were placed about 10 cm away from the evaporation

source along the downstream position of the carrier gas. By

a mechanical rotary pump to remove the residual oxygen,

the quartz tube was evacuated to *2 Pa before heating.

Next, the carrying gas mixed with O2 (flow rate of

50 sccm) and Ar (flow rate of 300 sccm) was introduced

from one end of the quartz tube after the furnace was

heated to 750 �C at a rate of 10 �C/min. The evaporation

was performed at 750 �C for an hour. After the experiment

was over, the furnace was cooled naturally to room tem-

perature. Finally, the Cu-doped ZnO nanocombs have been

successfully obtained. The prepared samples displayed the

light yellow surface layer on the Si substrate. Temperature-

dependent micro-Raman scattering spectra were performed

in a backscattering geometry of zðx;�Þ�z configuration

using a high-resolution Jobin–Yvon LabRAM HR 800UV

system. The 514.5-nm line of an Ar ion laser was focused

on four samples (a laser spot size of *1.3 lm) by a 509

optical microscopy objective with a numerical aperture of

0.5 yielded. A PHI Quantum 2000 X-ray photoelectron

spectroscopy (XPS) (Chanhassen, MN, USA) was

employed to measure the bonding characteristics. The

morphologies of Cu-doped ZnO nanocombs were obtained

by field emission scanning electron microscopy (FE-SEM)

(Philips XL30FEG).

3 Results and discussion

Figure 1a displays the room-temperature Raman spectra of

four Cu-doped ZnO nanocombs with different Cu contents.

We have assigned the modes at *437 cm-1 [the sharp

Raman peaks], *330, *384, and 580 cm-1 to the E2-

(high) phonon modes, the second-order acoustic mode, A1

transverse optical mode, and E1 longitudinal optical mode,

respectively [17]. These phonon behaviors are character-

istics of Cu-doped ZnO nanocombs, which will provide

much physical information on the alloy disorder effect and

electronic state localization [3]. It is noted that the E2(high)

phonons shift to lower frequency and asymmetrically

broaden as the Cu composition increases. In addition, an

additional mode near 534 cm-1 is found in the Cu-doped

ZnO nanocombs, which can be attributed to the substitu-

tional incorporation of Cu ions into the host ZnO lattice

[18]. Moreover, the intensity of the additional mode

enhances with the Cu composition increasing, indicating

that more lattice defects triggered by Cu doping are

introduced in Cu-doped ZnO samples. As an example,

Fig. 1b presents the XPS spectra of Cu-doped ZnO

(1.17 %), and the inset shows the typical FE-SEM image of
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Fig. 1 a Room-temperature spectra of Cu-doped ZnO with different

Cu compositions, b XPS of Cu 2p for Cu-doped ZnO (1.17 %)

nanocombs, together with the corresponding SEM pattern shown in

the inset, c asymmetry Ca/Cb and Raman shift Dx of the E2(high)

phonon mode versus Cu content, d temperature-dependent Raman

spectra of Cu-doped ZnO (1.17 %) nanocombs
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the corresponding sample. The peaks of Cu 2p3/2

(933.1 eV) and Cu 2p1/2 (952.5 eV) demonstrate that Cu

ions are a bivalent state in Cu-doped ZnO nanocombs [19].

That is consistent with room-temperature Raman spectra of

Cu-doped ZnO nanocombs (Fig. 1a).

Figure 1c exhibits the asymmetric ratio Ca/Cb (solid

squares) and the frequency shift Dx from that of pure ZnO

nanocombs (solid circles) as a function of Cu content,

where Ca (Cb) is defined as the low-frequency (high-fre-

quency) half width at half maximum in the phonon line.

The asymmetric ratio Ca/Cb and the frequency shift Dx of

the E2(high) phonon increase with the increasing of Cu

content. This result comes from the alloy potential fluctu-

ation, since not only topological disorder but also structural

disorder is induced by atom substitution in ternary alloys

[12, 20]. As a result, the disorders break the translational

symmetry, leading to the contribution of q = 0 phonons to

the Raman line shape. In order to accurately calculate the

frequency shift and linewidth of E2 phonon modes, we

have employed spatial correlation model (SCM) to fit the

Raman spectra of E2(high) phonon mode in different

temperatures. Figure 1d shows the temperature dependence

of Raman spectra of the E2(high) phonon mode in the Cu-

doped ZnO nanocombs with 1.17 % Cu composition in the

range from 83 to 443 K. It is found that the E2(high)

phonon peak broadens and shifts to lower frequency with

increasing temperature. In the following, we mainly focus

on the changes of the Raman shift, linewidth, and lifetime

of the E2(high) mode in Cu-doped ZnO nanocombs with

temperature.

Figure 2 shows the Raman frequencies of the E2(high)

mode as a function of the temperature for four Cu-doped

ZnO nanocombs. The Raman frequency decreases with

increasing temperature, because of the thermal expansion

of the lattice and the anharmonic coupling of the phonon.

Including the temperature-dependent peak position, the

Raman frequency x(T) can be shown as [21]:

xðTÞ ¼ x0 þ Dx1ðTÞ þ Dx2ðTÞ ð1Þ

where x0 is the harmonic frequency, Dx1ðTÞ is the fre-

quency shift due to the thermal expansion of the lattice and

can be written as Dx1ðTÞ ¼ �x0c
R T

0
½acðT

0 Þ þ 2aa
ðT 0 Þ�dT 0

, with c the Grüneisen parameter [22], ac and aa the

parallel and perpendicular temperature-dependent coeffi-

cients of linear thermal expansion of ZnO, respectively

[23]. Dx2ðTÞ is the frequency shift due to phonon decay

processes.

The phonon decay term Dx2ðTÞ depicts the anharmonic

coupling between phonons. Considering the anharmonic

phonon coupling to two phonons (three-phonon process)

and three phonons (four-phonon coupling), it can be given

by [21]

DxdðTÞ ¼ A 1 þ 2

eð�hx0=2kBTÞ � 1

� �

þ B 1 þ 3

eð�hx0=2kBTÞ � 1
þ 3

ðeð�hx0=2kBTÞ � 1Þ2

 !

ð2Þ

The anharmonic constants A and B are related to the rel-

ative probability of the occurrence of each process and

taken as fitting parameters to the experimental data.

However, the E2(high) phonon cannot decay into two

longitudinal acoustic (LA) or transverse acoustic (TA)

phonons of equal frequency and opposite wave vector in

the three-phonon process for ZnO, since one half of the

E2(high) phonon energy is less than the energy gap

between the acoustic and optical phonon branches

(xE2ðhighÞ\2xLA;TA) [22]. On the other hand, E2(high)

phonon is located at the lower edge of the optical phonon

branch, so it also cannot decay into a transverse optical

(TO) phonon and a TA (LA) phonon. In consequence, we

only need to take into account the four-phonon process for

the fitting of the decay of the E2(high) phonon in Cu-doped

ZnO nanocombs with the symmetric decay of zone-center

phonons into three phonons to the frequency x0=3,

respectively. The solid curves in Fig. 2 are the calculated

phonon frequencies with an increase in temperature using

Eqs. (1) and (2). The fitting parameters x0 and B are given
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in Table 1 in the case of different Cu compositions. We

note that the results of theoretical analysis agree well with

the experiments of the Raman shift with an increase in

temperature under different Cu compositions. In order to

distinguish the contributions of the lattice thermal and

anharmonic decay effect for the Raman shift, we have also

presented the net contribution of Dx1ðTÞ and Dx2ðTÞ in

Fig. 2. It is noted that the anharmonic decay to other

phonons is mainly responsible for the Raman frequency

downshift through four-phonon processes with low Cu

composition, especially in the high-temperature range.

However, the lattice thermal process also plays a key role

in the Raman frequency downshift with high Cu compo-

sition (3.24 %).

Several factors, involving the finite resolution of the

spectrometer [24], the alloy-induced disorder, and the

anharmonic decay of the phonon [25], all contribute to the

linewidth broadening C(T) of the Raman peaks, whereas

the finite resolution of the spectrometer and alloy-induced

disorder induced the phonon linewidth broadening, which

are not dependent on the temperature. Although the lattice

thermal expansion is leading to the Raman frequency shift,

it is not responsible for the broadening of the phonon

peaks. Therefore, the pure anharmonic broadening mainly

results in the decay into lower-energy phonons for the

temperature-dependent phonon linewidth. Similar to the

temperature-dependent Raman frequency, the phonon

linewidth can be expected by the assumption of the

asymmetric decay into two phonons with frequencies x1

and x2 and symmetric decay into three phonons with fre-

quency x0/3. According to the above analysis, the asym-

metric two-phonon decay process will not occur for the

E2(high) phonon mode in Cu-doped ZnO nanocombs, and

thus, the temperature-dependent phonon linewidth C(T)

can be described by [21]:

CðTÞ ¼ C0 þ Canharmonic

¼ C0 þ C 1 þ 3

eð�hx0=2kBTÞ � 1
þ 3

ðeð�hx0=2kBTÞ � 1Þ2

 !

ð3Þ

where C0 is attributed to inherent defect or impurity scat-

tering. The second term represents the symmetric decay of

four-phonon process. Anharmonic constant C is related to

the probability of the occurrence of this process. Figure 3a

displays the temperature-dependent linewidths of the E2-

(high) phonon mode in Cu-doped ZnO nanocombs using

the least-square fit of Eq. (3) (solid curves). The fitting

parameters C0 and C are also presented in Table 1.

It is worth noting that the value of x0 varies with Cu

composition, which can be ascribed well to the variation of

the lattice constant. Due to the incorporation of Cu sub-

stitutionally into the Zn sublattice, the lattice constants of

ZnO increase with the increasing in Cu composition [26],

leading to the decrease in x0. Furthermore, we can also

clearly observe that the anharmonic constants B and C of

the E2(high) phonon mode in Cu-doped ZnO alloys are

bigger than that in pure ZnO nanocombs, as given in

Table 1. In Cu-doped ZnO, the increasing impurity-in-

duced disorder with the Cu composition gives rise to an

increase in phonon density of states (DOS), resulting in an

increase in the probability of inelastic (anharmonic) scat-

tering between phonons and the substitutional atoms. In

addition, such a behavior is consistent with the calculated

phonon DOS of ZnO given by Serrano et al. (as shown in

Fig. 3b) [22], where the intensity of x0/3 (*147 cm-1)

increases with the decreasing of x0, indicating an

Table 1 Fitting parameters for

the Raman frequencies,

linewidths, and lifetimes of the

E2(high) phonon mode of Cu-

doped ZnO nanocombs

Cu content x0 (cm-1) B (cm-1) C0 (cm-1) C (cm-1) sanharmonic (ps)

83 K 308 K 433 K

0 439.81 -0.011 4.31 0.31 1.70 0.65 0.29

1.17 % 439.19 -0.034 6.05 0.39 1.66 0.64 0.28

2.36 % 438.99 -0.096 10.25 0.40 1.64 0.63 0.28

3.24 % 438.90 -0.137 12.11 0.55 1.58 0.60 0.26
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0
the calculated phonon DOS of CuO
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c Lifetime s(T) of the E2(high) phonon mode of Cu-doped ZnO with
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curves are the theoretical calculation results with Eq. (4)
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increasing of the occurrence probability of four-phonon

process. Moreover, the decreasing of x0 with Cu compo-

sition also results in an increase in the phonon DOS in Cu-

doped ZnO due to the increasing CuO phonon DOS (the

lowest intensity at *150 cm-1) (as shown in Fig. 3b
0
)

[27]. As a consequence, the anharmonic constants due to

impurity-induced disorder enhance with the increase in Cu

composition. On the other hand, the increasing temperature

produces larger numbers of phonons, which also result in

an increase in probability in inelastic (anharmonic) scat-

tering between phonons and the substitutive atoms

[15]. The probability of inelastic decay of phonons will

become bigger with the increasing number of the substi-

tutive atoms. Therefore, the impurity-induced disorder

anharmonicity is quite obvious by an increase in temper-

ature in these Cu-doped ZnO nanocombs.

Finally, it is well known that the linewidth broadening is

usually connected with the lifetime s(T) of the decay pro-

cesses of the involved phonons. The estimated relaxation

time can be written by [15, 21]:

1

s
¼ 1

selastic

þ 1

sanharmonic

; ð4Þ

where selastic ¼ 1=ð2pcC0Þ is closely related to the elastic

scattering, and sanharmonic ¼ 1=ð2pcCanharmonicÞ is relation

to the anharmonic decay, with c the velocity of light. Fig-

ure 3c exhibits the lifetimes s(T) of theE2(high) mode in Cu-

doped ZnO nanocombs with different Cu compositions as a

function of temperature, and the solid curves are the theo-

retical fitting results. The anharmonic decay time (sanhar-

monic) of the E2(high) phonon mode in Cu-doped ZnO

nanocombs is also listed in Table 1. It is significant that the

lifetime of the E2(high) mode becomes shorter with an

increase in Cu composition and lattice temperature. It is

reasonable and understandable that the phonon mean free

path decreases with the increase in temperature due to the

thermal interaction, while the anharmonicity due to disorder

further enhances the decay of theE2(high) mode in Cu-doped

ZnO.

4 Conclusions

In summary, temperature-dependent Raman spectra have

been investigated in detail under the temperature range from

83 to 443 K for the Cu-doped ZnO nanocombs with different

Cu compositions (0–0.324 %), grown by a simple catalyst-

free chemical vapor deposition method. By the aid of SCM

model, We obtain the phonon frequencies and linewidths of

the E2(high) mode in Cu-doped ZnO nanocombs throughout

the temperature ranges (83–443 K). A statistical model

involves the contributions of the thermal expansion, and

symmetric four-phonon coupling has been employed to fit

the temperature-dependent frequencies and linewidths. We

have explained in detail that the frequency shift and line-

width of E2(high) phonon mode vary sensitively with tem-

perature and Cu composition in Cu-doped ZnO nanocombs.

Due to the variation in the lattice structure and phonon

density of states in Cu-doped ZnO, we can find that the

contribution of anharmonic effects of the four-phonon pro-

cess enhances with the increase in Cu composition.
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Abstract Here, large-scale and uniform hexagonal zinc oxide (ZnO) nanosheet films were deposited onto indium tin

oxide (ITO)-coated transparent conducting glass substrates via a facile galvanic displacement deposition process. Com-

pared with other commonly used solution methods, this process avoids high temperature and electric power as well as

supporting agents to make it simple and cost-effective. The as-fabricated ZnO nanosheet films have uniform hexagonal

wurtzite structure. The photoelectrochemical (PEC) cell based on ZnO nanosheet film/ITO photoelectrode was also

fabricated and its performance was improved by optimizing the solution concentration. A higher photocurrent density of

*500 lA cm-2 under AM 1.5 G simulated illumination of 100 mW cm-2 with zero bias potential (vs. Ag/AgCl elec-

trode) was obtained, which may ascribe to the increased surface-to-volume ratio of disordered ZnO nanosheet arrays. Our

developed method may be used to deposit other oxide semiconductors, and the ZnO nanosheet film/ITO PEC cell can be

used to design low-cost optoelectronic and photoelectrochemical devices.

Keywords Zinc oxide � Nanosheet film � Self-assemble � Galvanic displacement method � Photoelectrochemical property

1 Introduction

Over the past decades, there has been an increasing sci-

entific interest in oxide semiconductors (such as TiO2,

ZnO, Fe2O3, CuO, NiO, and so on) [1–3], because of their

numerous potential technological applications, including

photovoltaic device [4], lithium ion battery [5], photo-

catalysis, and optoelectronic device [6, 7]. Among the

oxide semiconductors, ZnO as a prototypical n-type con-

ducting oxide has attracted considerable attentions for wide

usages in piezoelectric device, ultraviolet optoelectronics

detectors [8, 9], low-cost dye-sensitized solar cells [10],

gas sensors [11, 12], photocatalysis, and photoelectro-

chemical (PEC) devices [13, 14]. Most of these applica-

tions are based on the advantages of its abundance, low

cost, non-toxicity, chemical stability and the possibility of

growing ordered nanostructures, and strong exciton bind-

ing energy [15]. Especially, nanostructured ZnO exhibits

enhanced performance and provided an ideal system to

study the influence of surface effects and interface science

on photoelectrochemical properties due to their large sur-

face-to-volume ratios [16–18].

To date, ZnO and other nanostructured materials have

been assembled and studied by various methods and means

[19–22], including magnetron sputtering [23], chemical

vapor deposition [24], hydrothermal process [25], electro-

chemical deposition [26–28], electroless deposition [29,

30], and other combination of methods [31]. Among all

these techniques, electroless deposition presents several
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advantages such as low cost, large-scale deposition, and

low-temperature processing. Here, we explored a facile

solution-based galvanic displacement deposition technique

to self-assembly synthesis uniform hexagonal ZnO

nanosheet film on ITO glass substrate under ambient con-

ditions. ZnO nanosheet film/ITO PEC cell and its photo-

electrochemical property were also investigated.

2 Experimental Details

2.1 Synthesis of the ZnO Nanosheet Films

Compared with other common electrodeposition methods,

an electroless deposition process was employed to fabricate

ZnO nanosheets. A typical galvanic cell system with two

half-cells (A and B) was used to generate a current by

coupling oxidation and reduction reactions in a sponta-

neous process, in which the A cell solution is 5–15 mM

ZnSO4 and the B cell solution is 0.25 M NaOH. The two

half-cells were connected by a porous salt bridge that

supplied ions to maintain charge neutrality during current

flow. The galvanic cell deposition system is composed of

Al sheet (99.99 % purity) and ITO conducting glass (sheet

resistance of 10 X cm-2), which acted as anode and

cathode, respectively. The two electrodes were short-cir-

cuited externally through a metal copper wire. Before

deposition, 4 cm 9 2 cm Al sheet and ITO glass were,

respectively, cleaned in acetone, ethanol, and deionized

water for 5 min. Then, the Al sheet was immerged into A

cell solution and the ITO glass was immerged into B cell

solution without stirring and oxygen gas bubbling at room

temperature. In order to obtain higher crystal quality, the

as-prepared samples were annealed at 550 �C for 60 min

with the increasing rate of 10 �C min-1 in an air

atmosphere.

2.2 Characterization

The surface morphology of the as-deposited ZnO

nanosheet films was obtained by field emission scanning

electron microscopy (FE-SEM; FEI Sirion 200, Holland).

A D8 ADVANCE DA VINCI X-ray diffractometer (XRD,

Bruker, German) was employed to verify the crystal

structure of the samples using Cu Ka radiation

(k = 0.15418 nm) with a scanning rate of 5� min-1. The

photoluminescence (PL) spectrum of the as-resulting ZnO

films was obtained using the Jobin–Yvon LabRam HR

800 UV system with a 325-nm laser at room temperature.

The UV–Vis spectra of the ZnO samples were obtained

through UV–Vis spectrophotometer (PerkinElmer

Lambda 950, America).

2.3 PEC Cell Preparation and PEC

Characterization

PEC cell was fabricated by placing a copper wire onto a

bare portion of the ITO conducting substrate and securing

with high-purity silver conducting glue. Then, the part

active area of ZnO nanosheet films was sealed with epoxy

resin leaving an exposed working electrode surface area of

1 cm 9 1 cm. An electrochemical workstation (Princeton

Applied Research, PARSTAT 4000, America) was used to

study the photoelectrochemical property of the samples.

The photoelectrochemical experiment was performed in a

conventional three electrode, in which the resulting ZnO

nanosheet film/ITO substrate acted as working electrode

(illuminating area of 1 cm2), a platinum net (surface area

of 1 cm2) as counter electrode, and an Ag/AgCl as refer-

ence electrode. The PEC experiments were carried out in a

mixture solution of 0.35 M Na2S and 0.25 M Na2SO3

under AM 1.5 G (100 mW cm-2) simulated illumination,

which was provided by a 300 W xenon lamp (Beijing

Perfectlight Technology, PLS-SXE300C, China) equipped

with an AM 1.5 filter. The illumination intensity was

measured with a solar simulator spectroradiometer (EKO

instrument, LS-100, Japan).

3 Results and Discussion

The schematic drawing of the experimental setup used for

the fabrication ZnO nanosheet films is shown in Fig. 1.

When the Al electrode, connected with the ITO glass

externally, was dipped into the NaOH solution, Al3? ions

formed in the solution due to the dissolution of Al foil.

Then, the released electrons moved through the externally

short-circuited path to the ITO electrode. At the same time,

the electron prompted the basic electrochemical reduction

of oxygen (O2) in the aqueous solution, and then led to the

formation of OH- ions on ITO substrate surface. Finally,

Cu wires

Salt bridge

ZnSO4
solution

Anode: Al0(s)→Al3+(aq)+3e−
Cathode: O2 + 2H2O(aq) + 4e− → 4OH−

Zn2+(aq) + 2OH−→ Zn(OH)2 → ZnO(s) + H2O

NaOH
solution

ZnO nanosheet film
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O
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Fig. 1 The schematic drawing of the experimental setup used for the

fabrication of hexagonal ZnO nanosheet films
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the Zn2? ions in the solution were attracted by the corre-

sponding OH- ions on the ITO surface, and an interme-

diate Zn(OH)2 was formed and rapidly converted to ZnO.

The growth mechanism of ZnO nanosheet film has similar

electrochemical reaction with the electrodeposition [32].

The reactions may be as follows:

Anode: Al0 sð Þ ! Al3þ aqð Þ þ 3e�

Cathode: O2 þ 2H2O aqð Þ þ 4e� ! 4OH�

Zn2þ aqð Þ þ 2OH� ! Zn OHð Þ2! ZnO sð Þ þ H2O:

In the process of nanosheet film formation, ZnO

nanocrystals were primarily generated and then they were

self-assembled into ordered hexagon nanostructure. These

staggered arrangement nanosheet formed ZnO film in the

substrate surface finally. Actually, semiconductor self-

assembly is a complex phenomenon that depends on the

interplay of several physical factors and competing inter-

actions of different nature. A thorough understanding of the

self-assembly mechanism of nanocrystals to organize into

ordered nanostructure is one of the keys of future

nanoscience [33].

Figure 2 shows FE-SEM images of the top and side

view of the hexagonal ZnO nanosheet films grown on the

ITO substrate at 5 and 10 mM ZnSO4 aqueous solution for

2 h, and annealed at 550 �C for 1 h. One can see that the

ZnO had quite perfect hexagon and large-scale irregular

arrangement. The samples shown in Fig. 2a, b were,

respectively, grown at 5 mM ZnSO4 solution and 10 mM

ZnSO4. It can be seen that the concentration of ZnSO4

aqueous solution plays an important role in the size and

thickness of hexagonal ZnO nanosheets, as well as the

surface-to-volume ratios.

Figure 3 shows XRD pattern of the hexagonal ZnO

nanosheet films on ITO by electroless depositing at

7.5 mM ZnSO4 for 2 h under room temperature and post-

annealing at 550 �C for 1 h in open air conditions. All

diffraction peaks correspond to the standard diffraction of a

hexagonal wurtzite ZnO crystal (JCPDS 36-1451) [34].

The major diffraction peaks have sharp features, corre-

sponding to the (100), (002), (101), (102), (110), (103), and

(112) planes, which is due to the disorder arrangement of

ZnO nanosheets on the ITO. At the same time, the peaks

from the ITO conducting substrates were observed as well.

Figure 4 exhibits the representative room temperature

PL spectrum of the ZnO nanosheet films grown in 7.5 mM

ZnSO4 aqueous solution and annealed at 550 �C for 1 h. A

laser with wavelength of 325 nm was used as the excitation

source. The strong UV emission peak at about 390 nm

could be usually attributed to the free exciton emission

from the wide band-gap ZnO [35]. The lower broad peak

around 500 nm is usually considered to be the recombi-

nation of a photogenerated hole with the single ionized

charged state of the defect in ZnO and could be related to

the surface oxygen vacancies of the ZnO because the ZnO

nanosheet films have much high surface-to-volume ratios

[36]. The PL spectrum result indicates that the as-prepared

ZnO has few defects [37]. The inset image in Fig. 4 shows

the UV–Vis absorption spectrum of this sample, indicating

Fig. 2 FE-SEM images of the as-prepared hexagonal ZnO nanosheet films grown on the ITO-coated glass substrate with different concentrations

of ZnSO4. a 5 mM and b 10 mM, top view. c 10 mM, side view
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Fig. 3 XRD pattern of the as-annealed hexagonal ZnO nanosheet

film at 550 �C in open air conditions
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its band gap at nearly 3.25 eV. The band-gap values of

ZnO film were calculated by Tauc plot [38, 39].

The photoelectrochemical property of ZnO nanosheet

thin film/ITO electrode was measured with an electro-

chemical workstation. All PEC measurement was carried

out in a mixture solution of 0.35 M Na2S and 0.25 M

Na2SO3 under AM 1.5 G (100 mW cm-2). Figure 5 shows

the photoelectrochemical property of ZnO nanosheet thin

film/ITO electrode. Its photocurrent was investigated under

a bias voltage of 0 V (vs. Ag/AgCl) with a light on–off

interval of 20 s, as shown in Fig. 5a. All PEC cell exhibits

significant photoresponse under a bias voltage of 0 V (vs.

Ag/AgCl), but the sample fabricated at 7.5 mM solution

has superior characteristics with a higher photocurrent of

500 lA cm-2. The photocurrent density of the photoelec-

trode varies with the different growth concentrations of

ZnSO4 aqueous solution, which may be related to the

resistance and surface-to-volume ratio of the samples that

could affect the light absorption. Linear sweep voltam-

mograms (LSV) curves were recorded for the 7.5 mM

sample in the dark and at 100 mW cm-2 (AM 1.5) with a

scan rate of 10 mV s-1 in the applied potentials from -1 to

?1 V (vs. Ag/AgCl), as shown in Fig. 5b. The dark scan

shows a very small current density in the range of

10 lA cm-2, whereas under light illumination a pro-

nounced photocurrent density was observed, implying
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Fig. 4 Room temperature photoluminescence spectrum of the as-

prepared ZnO nanosheet film. Excitation wavelength: 325 nm. The

inset picture is the UV–Vis absorption spectrum of the same sample
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efficient charge separation and transfer in this nanostruc-

tured ZnO. Figure 5c shows the chronoamperometric plots

of the ZnO/ITO electrode for about 1 h, which indicated

that the photoelectrochemical property was fairly

stable under illumination. The photocurrent did not obvi-

ously decrease which is very important for the develop-

ment of practical PEC cells.

In order to further understand the photoelectrochemical

property of ZnO nanosheet films, the UV–Vis reflectance

spectra were also measured by PerkinElmer Lambda 950

UV–Vis spectrophotometer. Figure 6 shows the UV–Vis

reflection spectra of the ZnO nanosheet films grown at

different concentrations of ZnSO4. It can be seen that the

7.5 mM sample had a maximum ultraviolet absorption

compared to other samples. The reflectance spectra result

was consistent with the photoelectrochemical result. These

results clearly demonstrated that the PEC performance

strongly depended on the morphology of ZnO and could be

optimized through controlling the material growth

condition.

4 Conclusion

In this paper, we had presented a simple and highly effi-

cient solution-based method to prepare large-scale hexag-

onal ZnO nanosheet films using a galvanic displacement

reaction. The advantages of this solution-processing tech-

nique are its simplicity as well as it does not need electric

power and supporting agents. The hexagonal ZnO

nanosheet films prepared by this method exhibited excel-

lent PEC properties. These results indicated that the ZnO

nanosheet film could be applied in low-cost, high-perfor-

mance photoelectrochemical devices or other application

fields.
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We study the fluorescence spectrum from a two-level system with a controllable energy separation modulated
by the longitudinal field and excited by the transversal field. Combining the rotating-wave approximation and
the Floquet theory, we derive a formal solution to the Bloch equations in the presence of both longitudinal and
transversal driving fields and numerically evaluate the fluorescence spectrum. Exotic spectral features associated
with the added longitudinal driving are found to be dramatically different from the standard Mollow triplet
with a multipeak structure. The spectrum may be experimentally realized in the context of artificial atoms in a
superconducing circuit.

DOI: 10.1103/PhysRevA.93.033812

I. INTRODUCTION

The resonance fluorescence has been extensively studied
in theory [1–9] and experiment [10–13]. In 1969, Mollow
predicted with semiclassical theory the fluorescence spectrum
for a two-level atom driven by a strong laser consisting of
coherent (elastic scattering) and incoherent (inelastic scat-
tering) parts [1]. In particular, the incoherent part exhibits
three separated emission lines if the driving strength exceeds a
threshold value. Such a profile is also known as the celebrated
Mollow triplet. To physically understand the triplet generation,
it is necessary to use the dressed-atom model [14], in which
the triplet is interpreted as a result of the transition between
specific dressed states. On the other hand, due to the limitation
of natural atoms, the theories developed and experimented
performed are limited in the context of the emitter with
a fixed transition frequency. However, this limitation can
be lifted after the artificial atoms became available. It has
been recognized that quantum optics experiments can be
implemented in superconducting circuits that simulate the
natural atoms [15]. In particular, the resonance fluorescence
has been experimentally studied in the context of a flux qubit
[16], where Mollow’s theory has been quantitatively verified.

Recently, an artificial atom with an additional longitudinal
modulation described by a general Hamiltonian,

H (t) = − 1
2Bz(t)σz − 1

2Bx(t)σx, (1)

can be realized by using an elaborated superconducting circuit
[17]. Here, σz(x) is the usual Pauli matrix. Bz(x)(t) is a time-
dependent driving force, which may be controlled through
gate voltage and external magnetic flux. The time-dependent
level separation resulting from the longitudinal modulation
is an essential difference between an artificial system and a
natural two-level atom. Recently, the related physics associated
with the level separation modulation has been studied both in
experiment and theory. Reference [18] reports an experimental
study of motional averaging in the context of a transmon

*YZhao@ntu.edu.sg

with controllable energy separation. In Ref. [19], the probe-
pump spectroscopy signals are calculated for a qubit pumped
longitudinally. Generally speaking, the study of such systems
has an important significance for complementarity to the
traditional theory and quantum control.

In this paper, we investigate the spectrum of resonance
fluorescence emitted from a qubit simultaneously driven by
the longitudinal and transverse fields. The effects of the
longitudinal driving on the spectrum is of primary interest
and has not been studied yet. Using the rotating-wave
approximation (RWA) for the transverse field and the Floquet
theory, we solve the Bloch equations in the presence of
both the longitudinal and transversal fields and derive the
fluorescence spectrum in the steady-state limit. We find that as
the relative strength of the longitudinal driving increases, the
incoherent fluorescence spectrum varies from the celebrated
Mollow triplet to an exotic multipeak structure. The new
spectral feature is explained in terms of the transitions of the
two-mode Floquet states, which are analytically derived using
a unitary transformation approach. In addition, the effects of
longitudinal driving on the splitting and width of emission lines
are illustrated. Our calculations use the driving parameters in
the experimentally accessible range and results obtained may
be verified experimentally in a superconducting qubit.

The paper is organized as follows. In Sec. II, we introduce
the procedure of the Floquet method to solve the Bloch
equations. In Sec. III, we derive the fluorescence spectrum
and present the main results. Finally, the conclusion is given
in Sec. IV.

II. MODEL AND FLOQUET THEORY

A. Bloch equations

We consider a superconducting qubit driven simultaneously
by longitudinal and transversal fields, which can be described
by the Hamiltonian below (� = 1):

H (t) = 1
2 [ω0 + �z cos(ωzt)]σz + �x cos(ωxt)σx, (2)
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where ω0 is the static energy splitting of the two levels, and
�x(z) and ωx(z) are the driving strength and the frequency of the
transversal (longitudinal) field, respectively. When the driving
fields are relatively weak, i.e., ω0 � �x(z) and ωz (this is the
experimentally accessible parameters regime [18]), we can
include the dissipation from the reservoir, with which the qubit
interacts, by adding phenomenologically dissipative terms in
the Liouville equation, i.e., the equation of motion for the qubit
is given by a Lindblad master equation:

d

dt
ρ(t) = −i[H (t),ρ(t)] − κ

2
[σ+σ−ρ(t) + ρ(t)σ+σ−

− 2σ−ρ(t)σ+], (3)

where ρ(t) is the reduced density matrix of the qubit, κ is
the radiative decay rate, and σ± = (σx ± iσy)/2 are the usual
raising and lowering operators for the qubit.

In this work, we consider the resonance case of ωx = ω0,
which allows us to invoke the usual RWA in Eq. (2). With the
RWA, the Hamiltonian becomes

H (t) = 1

2
[ω0 + �z cos(ωzt)]σz + �x

2
(σ+e−iωx t + σ−eiωx t ).

(4)

Now it is convenient to transform Eq. (3) into a frame that
rotates at frequency ωx along the z axes, and the master
equation takes the form

d

dt
ρ̃(t) = −i[H̃ (t),ρ̃(t)] − κ

2
[σ+σ−ρ̃(t) + ρ̃(t)σ+σ−

− 2σ−ρ̃(t)σ+], (5)

where

ρ̃(t) = exp(iωxσzt/2)ρ(t) exp(−iωxσzt/2) (6)

and

H̃ (t) = �x

2
σx + �z

2
cos(ωzt)σz (7)

are the reduced density matrix and the Hamiltonian in the
rotating frame, respectively. Denoting 〈σ̃ (t)〉 = Tr[σ ρ̃(t)] as
the expectation value of operator σ in the state ρ̃(t), we can
rewrite Eq. (5) in a matrix form,

i
d

dt

⎛
⎜⎝

〈σ̃+(t)〉
〈σ̃−(t)〉
〈σ̃z(t)〉

⎞
⎟⎠ = M(t)

⎛
⎜⎝

〈σ̃+(t)〉
〈σ̃−(t)〉
〈σ̃z(t)〉

⎞
⎟⎠+ i

⎛
⎝ 0

0
−κ

⎞
⎠, (8)

where the coefficient matrix takes the form

M(t) =

⎛
⎜⎝

−�z cos(ωzt) − i κ
2 0 �x

2

0 �z cos(ωzt) − i κ
2 −�x

2

�x −�x −iκ

⎞
⎟⎠.

(9)

It is evident that M(t) = M(t + 2π/ωz) has a periodicity of
2π/ωz, which allows us to use the Floquet theory to solve
Eq. (8).

B. Floquet theory and the solution to the master equation

In this section, we shall solve Eq. (8) by using the Floquet
theory. According to the Floquet theory, we assume that the

homogeneous part of Eq. (8) possesses the formal solution as
follows [20,21]:

⎛
⎜⎝

〈σ̃+(t)〉
〈σ̃−(t)〉
〈σ̃z(t)〉

⎞
⎟⎠ =

3∑
γ=1

|φγ (t)〉〈ϕγ (t ′)|

⎛
⎜⎝

〈σ̃+(t ′)〉
〈σ̃−(t ′)〉
〈σ̃z(t ′)〉

⎞
⎟⎠e−iεγ (t−t ′), (10)

where |φγ (t)〉 and 〈ϕγ (t ′)| are 3 × 1 and 1 × 3 vectors to
be determined below, respectively, and εγ is the character-
istic exponent. In addition, |φγ (t + 2π/ωz)〉 = |φγ (t)〉 and
〈ϕγ (t ′ + 2π/ωz)| = 〈ϕγ (t ′)| are periodic in time with the same
periodicity as M(t). By differentiating the formal solution with
respect to t , we obtain

i
d

dt

⎛
⎜⎝

〈σ̃+(t)〉
〈σ̃−(t)〉
〈σ̃z(t)〉

⎞
⎟⎠

= i

3∑
γ=1

[
d|φγ (t)〉

dt
− iεγ |φγ (t)〉

]

×〈ϕγ (t ′)|e−iεγ (t−t ′)

⎛
⎜⎝

〈σ̃+(t ′)〉
〈σ̃−(t ′)〉
〈σ̃z(t ′)〉

⎞
⎟⎠

= M(t)
3∑

γ=1

|φγ (t)〉〈ϕγ (t ′)|e−iεγ (t−t ′)

⎛
⎜⎝

〈σ̃+(t ′)〉
〈σ̃−(t ′)〉
〈σ̃z(t ′)〉

⎞
⎟⎠, (11)

which leads to

[M(t) − i∂t ]|φγ (t)〉 = εγ |φγ (t)〉. (12)

Since |φγ (t)〉 is periodic in time, we can expand it as

|φγ (t)〉 =
3∑

β=1

∞∑
n=−∞

exp(inωzt)φ
(γ )
n,β |β〉, (13)

where φ
(γ )
n,β is the Fourier coefficient, and |β〉 (β = 1,2,3)

represents the 3 × 1 unit basis vector in which the βth element
equals 1 and the others are zero, for instance,

|1〉 =
⎛
⎝1

0
0

⎞
⎠.

Substituting the expansion into Eq. (12), we obtain

3∑
β=1

∞∑
n=−∞

[M(t) + nωz − εγ ] exp(inωzt)φ
(γ )
n,β |β〉 = 0. (14)

Multiplying 〈α| exp(−imωzt) (α = 1,2,3) from the left on
both sides of the above equation and performing the integration
ωz

2π

∫ 2π/ωz

0 (dt), we arrive at a stationary equation for the Fourier
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coefficients of |φγ (t)〉,
3∑

β=1

∞∑
n=−∞

M(m−n)
αβ φ

(γ )
n,β = εγ φ(γ )

m,α, (15)

where

M(m−n)
αβ = ωz

2π

∫ 2π/ωz

0
〈α|M(t) + nωz|β〉ei(n−m)ωztdt (16)

can be arranged as an infinite matrix with its row (column)
specified by α and m (β and n), which takes the form

M =

⎛
⎜⎜⎜⎜⎜⎜⎝

. . .
D(n+1) C

C D(n) C

C D(n−1)

. . .

⎞
⎟⎟⎟⎟⎟⎟⎠

, (17)

where

D(n) =

⎛
⎜⎝

nωz − i κ
2 0 �x

2

0 nωz − i κ
2 −�x

2

�x −�x nωz − iκ

⎞
⎟⎠, (18)

C =

⎛
⎜⎝

−�z

2 0 0

0 �z

2 0

0 0 0

⎞
⎟⎠. (19)

Now we face an eigenvalue problem in linear
algebra: M|φ(γ )〉〉 = εγ |φ(γ )〉〉 and |φ(γ )〉〉 ≡∑3

β=1

∑∞
n=−∞ φ

(γ )
n,β |β〉|n), where |n) merely represents

the nth Fourier component exp(inωzt). In spite of an infinite
rank of the matrix M, it is feasible to introduce an appropriate
truncation and diagonalize M with a desired accuracy. The
accuracy can be verified easily by increasing the dimension
of truncated matrix and comparing the results with those of a
smaller truncated one.

Similarly, we can differentiate the formal solution with
respect to t ′ and get

〈ϕγ (t ′)|[M(t ′) + i
←−
∂t ′ ] = εγ 〈ϕγ (t ′)|. (20)

By using the Fourier expansion

〈ϕγ (t ′)| =
3∑

α=1

∞∑
m=−∞

〈α|ϕ(γ )
m,α exp(−imωzt

′), (21)

one readily derives the stationary equation for the Fourier
coefficients of 〈ϕγ (t ′)|:

3∑
α=1

∞∑
m=−∞

ϕ(γ )
m,αM

(m−n)
αβ = εγ ϕ

(γ )
n,β, (22)

which corresponds to 〈〈ϕ(γ )|M = εγ 〈〈ϕ(γ )| with 〈〈ϕ(γ )| ≡∑3
α=1

∑∞
m=−∞ ϕ

(γ )
m,α〈α|(m|. We should emphasize that M is

a non-Hermite matrix leading to 〈〈ϕ(γ )| 	= (|φ(γ )〉〉)†. This is
also the reason why ϕ

(γ )
m,α should be determined by means of

Eq. (22). In this work, we use the numerical method to find
the matrix P and its inverse such that P −1MP = �, where
� is a diagonal matrix whose diagonal entries are, of course,
the characteristic exponents. Provided that P is known, we
can obtain |φ(γ )〉〉 from the corresponding column (specified
by the column or the row of εγ in �) of P , and 〈〈ϕ(γ )| from
the corresponding row of P −1. Finally, we obtain |φγ (t)〉 by
(t |φ(γ )〉〉 with (t |n) = exp(inωzt), while 〈ϕγ (t)| is obtained
from 〈〈ϕ(γ )|t) with (m|t) = exp(−imωzt).

We now discuss briefly the properties of the characteristic
exponents. For the model considered here with a finite κ ,
it is found by numerical calculation that the characteristic
exponents are complex and can be sorted into three groups
with the forms

ε1,n ≡ nωz − i�1, ε2(3),n ≡ nωz ± �′ − i�2. (23)

Here n is an integer, and �′ and �1,2 are positive real
numbers. Within each group, one finds that the imaginary
parts of the characteristic exponents are unique while their
real parts differ by integer multiples of ωz, which are derived
from the periodic structure of M similar to the Floquet
matrix [20]. Moreover, it can be verified that the sum of the
three types of characteristic exponents satisfies the relation∑

γ εγ,n mod ωz = ωz

2π

∫ 2π/ωz

0 Tr[M(t)]dt = −2iκ , which re-
sults from Abel’s identity [21]. In principle, in the calculation
it is arbitrary to choose three characteristic exponents from the
diagonal matrix � as long as the three characteristic exponents
satisfy the aforementioned sum rule, which leads to the unique
physical results. In this paper, we choose three exponents
with real parts in the interval of (−ωz/2,ωz/2]. The physical
significance of these exponents is discussed in the next section.

After obtaining |φγ (t)〉 and 〈ϕγ (t)|, we can derive the
solution to the inhomogeneous Eq. (8). According to the theory
of linear differential equations, we have the solution to Eq. (8)
in a vector form:

⎛
⎜⎝

〈σ̃+(t)〉
〈σ̃−(t)〉
〈σ̃z(t)〉

⎞
⎟⎠ =

3∑
γ=1

|φγ (t)〉〈ϕγ (t ′)|

⎛
⎜⎝

〈σ̃+(t ′)〉
〈σ̃−(t ′)〉
〈σ̃z(t ′)〉

⎞
⎟⎠e−iεγ (t−t ′) +

3∑
γ=1

∫ t

t ′
|φγ (t)〉〈ϕγ (s)|

⎛
⎜⎝

0

0

−κ

⎞
⎟⎠e−iεγ (t−s)ds

=
3∑

γ=1

∞∑
n,m=−∞

⎛
⎜⎜⎝

φ
(γ )
n,1

φ
(γ )
n,2

φ
(γ )
n,3

⎞
⎟⎟⎠
{[

ϕ
(γ )
m,1〈σ̃+(t ′)〉 + ϕ

(γ )
m,2〈σ̃−(t ′)〉 + ϕ

(γ )
m,3〈σ̃z(t

′)〉]einωzt−imωzt
′

× e−iεγ (t−t ′) − κϕ
(γ )
m,3e

i(n−m)ωzt

[
1 − ei(mωz−εγ )(t−t ′)

i(εγ − mωz)

]}
. (24)
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FIG. 1. The population difference as a function of time t

calculated from Eq. (3) (dotted line with �z = 0 and red dashed line
with �z 	= 0) and Eq. (24) (blue, solid). The driving parameters are
(a) ωz = 0.01ω0 and �z/ωz = 0.1, (b) ωz = 0.01ω0 and �z/ωz =
1.5, (c) ωz = 0.05ω0 and �z/ωz = 0.1, and (d) ωz = 0.05ω0 and
�z/ωz = 1.5. The other parameters are set as ωx = ω0 = 103κ and
�x = 20κ .

It is evident that the last term in the first line of Eq. (24) results
from the inhomogeneous part of the Bloch equations and deter-
mines the steady-state behavior of the system. With this expres-
sion (24) at hand, we are now in a position to illustrate its accu-
racy by comparing its predictions with those of Eq. (3) solved
by the Runge-Kutta method. To check the dynamics of popula-
tion difference, we set the initial time t ′ = 0 and 〈σz(0)〉 = 1.
Physically, this means that the system is prepared in the excited
state.

Figures 1(a)–1(d) display the dynamics of the population
difference. When performing numerical calculation, we use
the fixed truncation number Ntr = 10 instead of ∞ for the
sum over n and m in Eq. (24). In all plots, we find that
Eq. (24) provides almost the same results as those of Eq. (3)
numerically solved by the Runge-Kutta method, i.e., solid
and dashed lines coincide very well. Such an agreement
confirms two facts: one is that our formal solution (24) can
provide reliable results under a relatively small truncation;
the other is that the traditional RWA used in the formal
solution is applicable in our model. In addition, we can see
the role of longitudinal driving on the population difference
dynamics. It is evident that when �z/ωz = 0.1, the dynamics
without influence of the longitudinal driving (�z = 0) are
similar as those with the influence (�z 	= 0) [see Figs. 1(a)
and 1(c)]. However, if �z/ωz increases to 1.5, one finds that
the longitudinal driving makes the dynamics to dramatically
deviate from the result of �z = 0, implying that the effect
of longitudinal driving becomes significant only if the ratio
�z/ωz is sufficiently large. In general, we can perform further
numerical simulations to estimate the threshold ratio that the
longitudinal driving starts to cause significant modification.
Roughly speaking, the modification apparently appears when
�z/ωz > 0.5.

To end this section, we remark on the validity of the
present method. Our treatment is based on the RWA for the

transverse field and the Floquet theory. When the RWA is
valid for the relatively weak transverse field (�x/ω0 
 1)
and on- or near-resonant cases (ωx ∼ ω0), the Floquet method
is generally applicable to arbitrary values of the longitudinal
driving strength and the frequency.

III. FLUORESCENCE SPECTRUM

We now proceed to derive the fluorescence spectrum for
the superconducting qubit by using Eq. (24). In the rotating
frame, the steady fluorescence spectrum is proportional to the
real part of the Fourier transform of the first-order correlation
function [22]:

S(ω) ∝ 1

π
Re
∫ ∞

0
lim

t ′→∞
g(1)(τ ; t ′)ei(ω0−ω)τ dτ, (25)

where

g(1)(τ ; t ′) ≡ 〈σ̃+(t ′ + τ )σ̃−(t ′)〉
= TrS+B[Ũ †(t ′ + τ )σ+Ũ (t ′ + τ )

× Ũ †(t ′)σ−Ũ (t ′)ρ̃(0) ⊗ ρB] (26)

is the first-order correlation function. ρ̃(0) and ρB are the qubit
state and the reservoir vacuum state, respectively. Here Ũ (t)
is the unitary evolution operator for the composite system
of the qubit and the reservoir in the rotating frame. We
use the quantum regression theory to evaluate this two-time
correlation function [23]. In the Markovian approximation,
with t ≡ t ′ + τ , we have

〈σ̃+(t)σ̃−(t ′)〉 = TrS+B [σ+Ũ (t,t ′)σ−ρ̃(t ′)ρBŨ †(t,t ′)]

= TrS{σ+TrB[Ũ (t,t ′)σ−ρ̃(t ′)ρBŨ †(t,t ′)]}.
(27)

The second line of the above equation indicates that the
two-time correlation function is equivalent to the single
time expectation value of σ+ in the reduced state evolving
from the initial state σ−ρ̃(t ′). In other words, we can
obtain the expression for 〈σ̃+(t)σ̃−(t ′)〉 from 〈σ̃+(t)〉 by
replacing the initial condition ρ̃(t ′) with σ−ρ̃(t ′), which
leads to (〈σ̃+(t ′)〉,〈σ̃−(t ′)〉,〈σ̃z(t ′)〉) → ( 1+〈σ̃z(t ′)〉

2 ,0,−〈σ̃−(t ′)〉)
and Tr[ρ(t ′)] → 〈σ̃−(t ′)〉. Therefore, the two-time correlation
function can be straightforwardly derived as

〈σ̃+(t)σ̃−(t ′)〉 =
3∑

γ=1

∞∑
n,m=−∞

φ
(γ )
n,1e

inωzt−imωzt
′
e−iεγ (t−t ′)

×
[
ϕ

(γ )
m,1

1 + 〈σ̃z(t ′)〉
2

− ϕ
(γ )
m,3〈σ̃−(t ′)〉

]

− κ

3∑
γ=1

∞∑
n,m=−∞

φ
(γ )
n,1ϕ

(γ )
m,3e

i(n−m)ωzt

×
[

1 − ei(mωz−εγ )(t−t ′)

i(εγ − mωz)

]
〈σ̃−(t ′)〉. (28)
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In the steady-state limit (t ′ → ∞, fixing t − t ′ = τ ), we can
simplify the above expression as follows:

g(1)(τ ) = lim
t ′→∞

〈σ̃+(t ′ + τ )σ̃−(t ′)〉

=
∑
γ,β

∑
n,m,k,l

κ2φ
(γ )
m,1ϕ

(γ )
m−n,3φ

(β)
k,2ϕ

(β)
l,3 δn,l−k

(lωz − εβ)[εγ − (m − n)ωz]
einωzτ

+
∑
γ,n

φ
(γ )
n,1ϕ

(γ )
n,1e

i(nωz−εγ )τ

2
+ κ

∑
γ,β

∑
n,m,k,l

φ
(γ )
n,1

×δn,m+l−k

{
ϕ

(γ )
m,3φ

(β)
k,2

[
1 − κ

i(εγ − mωz)

]

−ϕ
(γ )
m,1φ

(β)
k,3

2

}
ϕ

(β)
l,3 ei(nωz−εγ )τ

i(εβ − lωz)
. (29)

The sum over the Greek index runs from 1 to 3, while the Latin
variable takes values from −∞ to ∞.

Upon substituting Eq. (29) into Eq. (25) and integrating
with respect to τ , we obtain the fluorescence spectrum, S(ω) =
Scoh(ω) + Sinc(ω), where the so-called coherent part is given
by

Scoh(ω) = κ2
∑
γ,β

∑
n,m,k,l

φ
(γ )
m,1ϕ

(γ )
m−n,3φ

(β)
k,2ϕ

(β)
l,3 δn,l−k

(lωz − εβ)[εγ − (m − n)ωz]

×δ(ω − ω0 − nωz) (30)

and the incoherent part by

Sinc(ω) = 1

π
Re

{∑
γ,n

1

i(ω − ω0 − nωz + εγ )
φ

(γ )
n,1

×
⎡
⎣ϕ

(γ )
n,1

2
+
∑

β,m,k,l

ϕ
(γ )
m,3φ

(β)
k,2ϕ

(β)
l,3

κ

i(εβ − lωz)

×δn,m+l−k

(
1 − κ

i(εγ − mωz)

)

−κ

2

∑
β,m,k,l

ϕ
(γ )
m,1φ

(β)
k,3ϕ

(β)
l,3

δn,m+l−k

i(εβ − lωz)

⎤
⎦
⎫⎬
⎭. (31)

By using these results, in principle one can obtain the
spectral line shape numerically and understand the spectral
properties by analyzing the quantities in the formal spectrum.
In particular, the mean intensities per unit time of the coherent
and incoherent parts can be obtained as follows:

Icoh =
∫ ∞

−∞
dωScoh(ω)

=
∑
γ,β

∑
n,m,k,l

κ2φ
(γ )
m,1ϕ

(γ )
m−n,3φ

(β)
k,2ϕ

(β)
l,3 δn,l−k

(lωz − εβ)[εγ − (m − n)ωz]

= 〈σ̃+(∞)〉〈σ̃−(∞)〉, (32)

Iinc =
∫ ∞

−∞
dω[S(ω) − Scoh(ω)]

= 〈σ̃+(∞)σ̃−(∞)〉 − 〈σ̃+(∞)〉〈σ̃−(∞)〉, (33)

FIG. 2. The mean intensities per unit time of the coherent
component (blue, solid) and incoherent component (red, dashed) flu-
orescence as a function of �x for ωx = ω0 = 103κ . The longitudinal
driving parameters are set as ωz = 0.01ω0 and (a) �z/ωz = 0.1 and
(b) �z/ωz = 1.8.

where 〈σ̃+(∞)σ̃−(∞)〉 ≡ [1 + 〈σ̃z(∞)〉]/2 and the overline
indicates the time average.

In Figs. 2(a) and 2(b), we display Icoh and Iinc as a function
of �x for ωz = 0.01ω0 and two values of the ratio �z/ωz. If
�z/ωz = 0.1, Icoh and Iinc are found to behave in a similar
manner as those that follow from Mollow’s prediction [1].
As the transverse driving gains in strength, the coherent part
decreases rapidly while the incoherent part becomes dominant.
However, if �z/ωz = 1.8, both Icoh and Iinc are modified
dramatically by the longitudinal driving. The coherent part
Icoh survives and is enhanced in the range of 2κ < �x < 15κ

as compared to the case of �z/ωz = 0.1. On the other hand,
the incoherent part is found to be suppressed significantly
as compared to the case of �z/ωz = 0.1. This phenomenon
shows that the spectrum can be significantly modified in the
presence of a sufficiently large ratio of �z/ωz.

Using the numerically calculated formal spectrum S(ω),
we can now illustrate new spectral features caused by the
longitudinal driving. In Figs. 3(a)–3(d) we show the line
shapes of the incoherent part of the fluorescence for various
longitudinal driving parameters and fixed transverse driving
�x = 5κ . As the ratio �z/ωz increases, the line shape morphs
from a typical Mollow triplet to a multipeak structure.
Interestingly, the splitting between the central peak at ω0 and its
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FIG. 3. The incoherent fluorescence spectrum as a function of � = ω − ω0 for ωx = ω0 = 103κ , �x = 5κ , and ωz = 0.01ω0. The ratio
�z/ωz is set as (a) 0.1, (b) 0.5, (c) 0.75, and (d) 1.5.

nearest-neighbor sidebands is found to decrease significantly
with the increase of �z/ωz. In addition, it turns out the intensity
of the central component around ω0 decreases while those
of the components around nωz (n = ±1,±2, . . .) increases
instead. In what follows, we carry out a comprehensive study
of the effect of longitudinal driving on the spectrum based on
our formal incoherent spectrum given by Eq. (31).

In the incoherent part, Eq. (31) shows that for fixed γ

and n, the Lorentzian emission line is contributed from the
real part of 1/[i(ω − ω0 − nωz + εγ )]. It is evident that the
Lorentzian emission line is centered at ω0 + nωz − Re[εγ ]
with the FWHM given by 2|Im[εγ ]|. Hence, it is not difficult
to imagine that the sum over γ and n can give rise to
the multipeak spectrum. To understand physically how the
emission lines arises, it is instructive to recall the dressed-atom
model, where the emission naturally arises as a result of
the transition between the dressed states [14]. Similarly, the
spectrum calculated in this work can be explained in a similar
manner. The key task is to find out the dressed states and
their transitions. Alternatively, it is more appropriate to use
the Floquet states in the semiclassical model [24].

For the model we consider, the Floquet states (the combined
state of the qubit and driving) and quasienergies can be derived
as follows:

|u±,nz,nx
(t)〉 = exp

[
iωxt

2
(2nx + 1 − σz)

]
|ũ±,nz

(t)〉,
(34)

ε±,nz,nx
= 1

2
(ωx + ωz ± E) + nzωz + nxωx,

where |ũ±,nz
(t)〉 and E are defined in Eqs. (A13) and

(A10), respectively. The details of derivation can be found
in the Appendix. When finding these states, we can figure
out their transitions and understand the generation of the

emission lines. Roughly speaking, the transition such as
|u±,nz+n,N+1(t)〉 → |u±,nz,N (t)〉 gives rise to an emission line
at frequency ε±,nz+n,N+1 − ε±,nz,N = ω0 + nωz, where n is an
integer and we recall that ωx = ω0. The other transition such
as |u∓,nz+n,N+1(t)〉 → |u±,nz,N (t)〉 gives rise to an emission
line at frequency ε∓,nz+n,N+1 − ε±,nz,N = ω0 + nωz ∓ E. In
Fig. 4, we show the schematic diagram of transitions of
the Floquet states leading to the generation of the emission
lines. On the other hand, by these observations and recalling
that the position of the emission line is formally given by
ω0 + nωz − Re[εγ ], we conclude that the real parts of the
characteristic exponents shifted in the range of (−ωz/2,ωz/2]
and take on three values: 0, ±Emodωz. Below we examine
whether these values derived from the viewpoint of the
transitions of the two-mode Floquet states are consistent with
the numerical results.

FIG. 4. Schematic diagram represents transitions of the two-
mode Floquet states. Each color of arrows represents a frequency de-
termined by the difference between the two two-mode quasienergies.
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FIG. 5. The real (a) and imaginary (b) parts of ε1 (purple, dash-
dotted), ε2 [blue solid line for finite κ and red circle for κ = 0 obtained
by ωz − E with E given by Eq. (A10)], and ε3 (red, dashed) as a
function of ratio �z/ωz for ωz = 0.01ω0 and �x = 5κ . The other
parameters are set as ωx = ω0 = 103κ .

In Fig. 5(a), we show the real parts of the characteristic
exponents as a function of ratio �z/ωz for fixed transverse
driving strength, which are obtained by numerically diagonal-
izing the matrix M. One readily notes that the real parts of
characteristic exponents take on zero and two nonzero values
with opposite signs. We also find that the analytical result

FIG. 6. The weights of the components of incoherent fluores-
cence spectrum centered at ω0 − ωz (W1,−1, blue solid line), ω0 (W1,0,
purple dash-dotted line), and ω0 + ωz (W1,1, red dashed line) as a
function of ratio �z/ωz for ωz = 0.01ω0 and �x = 5κ . The other
parameters are set as ωx = ω0 = 103κ .

ωz − E (red circle) as a function of �z/ωz indeed agrees
with the numerical result of Re[ε2]. (We use ωz − E not ±E

because E is out of the interval (−ωz/2,ωz/2] while Re[εγ ]
has been shifted in the interval.) The agreement confirms
that the emission lines can be interpreted as a result of the
transitions of the two-mode Floquet states we derived. On
the other hand, we find that |Re[ε2,3]| decreases with the
increase of the ratio �z/ωz. This behavior is reflected in
the spectrum in which the larger the ratio �z/ωz, the smaller
the splitting between the central peak (centered at ω0 + nωz)
and its satellite sidebands [Figs. 3(c) and 3(d)]. We can
understand the role of longitudinal driving on the exponents’
real part by the analytical expression of E. When �x < ωz, the
first-order Bessel function J0(ξ�z/ωz) decreases and ξ → 1
as the ratio �z/ωz increases. It follows that E tends to ωz,
resulting in a decrease in the exponent’s real part. In addition,
one finds that Re[ε2,3] → ±5κ in the limit of �z/ωz → 0.
Thus, the two sidebands appear at frequencies ω0 ± �x when
�z = 0, which are the same as the Mollow spectrum sidebands
(under the same transverse driving condition) [1].

We now examine the imaginary parts of the characteristic
exponents, which determines the FWHM of the emission
lines. In Fig. 5(b), the imaginary parts of the characteristic
exponents are plotted as a function of the ratio �z/ωz. It
is clear that there are only two independent values for the
three exponents for each fixed ratio �z/ωz. The imaginary
part of the exponent with a vanishing real part takes on a
smaller absolute value than the imaginary parts for the other
two exponents with nonzero real parts. This relation shall be
reflected in the spectrum in which the FWHM of the line
at frequency ω0 + nωz is narrower than those of the lines at
frequencies ω0 + nωz − Re[ε2,3]. Furthermore, we find that as
the ratio �z/ωz increases, −Im[ε2,3] decreases and −Im[ε1]
increases, which means that the longitudinal driving can cause
narrowing and broadening of the spectral emission lines at
frequencies ω0 + nωz − Re[ε2,3] and ω0 + nωz, respectively.
On the other hand, in the limit of �z/ωz → 0, one finds
that −Im[ε1] → 0.5κ and −Im[ε2,3] → 0.75κ , leading to
the FWHM of the emission line at ω0 being κ and those
of the emission lines at ω0 ± �x being 1.5κ , which recovers
the FWHM of the Mollow spectrum (under the same transverse
driving condition) [1].

Next, we investigate the weights of the emission lines
centered around ω0 + nωz as a function of the ratio �z/ωz.
From the formal spectrum, we can obtain the weight of each
Lorentzian emission line:

Wγ,n = Re

⎧⎨
⎩φ

(γ )
n,1

⎡
⎣1

2
ϕ

(γ )
n,1 +

∑
β,m,k,l

ϕ
(γ )
m,3φ

(β)
k,2

κ

i(εβ − lωz)

×ϕ
(β)
l,3

(
1 − κ

i(εγ − mωz)

)
δn,m+l−k

− κ

2

∑
β,m,k,l

ϕ
(γ )
m,1φ

(β)
k,3ϕ

(β)
l,3

δn,m+l−k

i(εβ − lωz)

⎤
⎦
⎫⎬
⎭. (35)

In Fig. 6, we calculate the three weights W1,n with n = 0,±1
as a function of the ratio �z/ωz, corresponding to the weights
of the Lorentzian lines at ω0,ω0 ± ωz. In the limit �z/ωz → 0,
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FIG. 7. The incoherent fluorescence spectrum as a function of
� = ω − ω0 for ωx = ω0 = 103κ , ωz = 0.02ω0, and �z/ωz = 1. The
�x is set as (a) 10κ and (b) 20κ .

it is not surprising to see that W1,±1 → 0, indicating that
the emission lines at ω0 + nωz disappear. With the increase
of �z/ωz, we find that the W1,±1 increases from zero to a
maximum and W1,0 decreases monotonously. In particular,
W1,±1 can even exceed W1,0 when the ratio is large enough.
In other words, the emission line at ω0 is suppressed while
the emission lines at ω0 ± ωz become significantly enhanced
for a moderately large ratio �z/ωz [see Fig. 3(d)]. To end
this section, we examine the spectral line shape by increasing
the longitudinal driving frequency ωz. In Figs. 7(a) and 7(b)
we show the spectra for ωz = 0.02ω0 with moderately strong
transverse driving: �x = 10κ and �x = 20κ , respectively.
One finds that the emission lines are well separated as
compared to the case of ωz = 0.01ω0. When further increasing
ωz up to 0.05ω0, in Figs. 8(a) and 8(b) we are able to observe
the well-separated individual Mollow triplets centered around
ω0 and ω0 ± ωz. Interestingly, one finds that the central triplet
has equal sidebands while the two satellite triplets have two
unequal sidebands. These results indicate that it is possible to
clearly observe an exotic fluorescence spectrum provided that
the qubit is exposed to the relatively strong (�z/ωz > 0.5 but
�z/ω0 
 1) and slow (ωz 
 ω0) longitudinal driving.

IV. CONCLUSION

In this work we have studied the fluorescence spectrum
from a superconducting qubit driven simultaneously by the

FIG. 8. The incoherent fluorescence spectrum as a function of
� = ω − ω0 for ωx = ω0 = 103κ , ωz = 0.05ω0, and �z/ωz = 1. The
�x is set as (a) 10κ and (b) 20κ .

longitudinal and transverse fields. To solve the time evolution
and derive the spectrum for the qubit, we first invoke the RWA
for the transverse field and then transform the equation of
motion into a frame rotating at frequency ωx , yielding a set of
Bloch equations with time dependence contributed only from
the longitudinal field. The time-dependent Bloch equations
are solved by the Floquet theory, yielding the formal solution
expressed in terms of the Fourier coefficients. The validity
of the solution under an appropriate truncation has been
verified by comparison with the Runge-Kutta method. Using
the formal solution to the Bloch equations, we have derived the
fluorescence spectrum and carried out numerical calculation to
illustrate the exotic fluorescence spectrum with the modulation
of the longitudinal driving. We have found that the spectrum
exhibits a rich multipeak structure and dramatically deviates
from the standard Mollow triplet. The multipeak spectrum can
be physically interpreted as a result of the transitions between
the specific two-mode Floquet states for the combined system
of the qubit and the longitudinal and transverse driving fields.
In addition, it turns out that the longitudinal driving is able to
modulate the splitting between the main peak and its sidebands,
as well as the linewidth. Our results show that the influence
of the longitudinal driving on the spectrum depends on the
ratio �z/ωz. Moreover, the exotic spectral features become
apparent with the increase of the ratio.
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APPENDIX: THE DERIVATION OF TWO-MODE
FLOQUET STATES AND QUASIENERGIES

We first construct the single-mode Floquet state by solving
the time-dependent Schrödinger equation in the rotating frame
i∂t |ψ̃(t)〉 = H̃ (t)|ψ̃(t)〉 in the absence of dissipation, where
H̃ (t) is given in Eq. (7) and the ket used here and following
represents the state in the Hilbert space for the qubit. It is
feasible to perform unitary transformation as [25]

|�(t)〉 = eX(t)|ψ̃(t)〉, (A1)

where X(t) = i
�z

2ωz
ξ sin(ωzt)σz. Here the parameter ξ is

constrained between 0 and 1 and will be determined self-
consistently later. By the unitary transformation, the equation
of motion is transformed as

d

dt
|�(t)〉 = h(t)|�(t)〉, (A2)

where

h(t) = eX(t)H̃ (t)e−X(t) + i∂tX(t) (A3)

is the transformed Hamiltonian. One readily obtains the
explicit form for h(t) as follows:

h(t) = �x

2

{
cos

[
�zξ sin(ωzt)

ωz

]
σx − sin

[
�zξ sin(ωzt)

ωz

]
σy

}

+ �z

2
(1 − ξ ) cos(ωzt)σz

= �x

2

[
J0

(
ξ�z

ωz

)
+

∞∑
n=1

2J2n

(
ξ�z

ωz

)
cos(2nωzt)

]
σx

−�x

∑
n=1

J2n−1

(
ξ�z

ωz

)
sin[(2n − 1)ωzt]σy

+ �z

2
(1 − ξ ) cos(ωzt)σz, (A4)

where we used the identity exp[iz sin(ωzt)] =∑∞
n=−∞ Jn(z)einωzt , with Jn(z) being the Bessel function of

the first kind. To proceed, we retain the slow-varying terms
with the harmonic nωz (n � 1) and omit the fast-varying
terms, which leads to

h(t) = �x

2
J0

(
ξ�z

ωz

)
σx − �xJ1

(
ξ�z

ωz

)
sin(ωzt)σy

+ �z

2
(1 − ξ ) cos(ωzt)σz. (A5)

When ξ is self-consistently determined via the equation [25]

�xJ1

(
ξ�z

ωz

)
= �z

2
(1 − ξ ), (A6)

we can rewrite h(t) as follows:

h(t) = �x

2
J0

(
ξ�z

ωz

)
σx + �̃z

2

[
e−iωzt

(σz − iσy)

2

+ eiωzt
(σz + iσy)

2

]
, (A7)

where

�̃z = �z(1 − ξ ). (A8)

The validity of this treatment was discussed in detail in our
previous work. Generally speaking, this treatment is fully
justified when �z/ωz < 2, regardless of ωz or �z/ωz < 6
with �x 
 ωz [25]. To proceed, we further perform a rotation
operation along the x axes with rotating frequency ωz, which
leads to

h = exp (iωztσx/2)[h(t) − i∂t ] exp(−iωztσx/2)

= 1

2

[
�xJ0

(
ξ�z

ωz

)
− ωz

]
σx + �̃z

2
σz. (A9)

This is a static 2 × 2 matrix and can be diagonalized yielding
the eigenstates |�±〉 and eigenenergies ± 1

2E:

E =
{[

�xJ0

(
ξ�z

ωz

)
− ωz

]2

+ �̃2
z

}1/2

. (A10)

By these observation, we can construct Floquet states in the
rotating frame as follows:

|ψ̃±(t)〉 = Ũ (t)|�±〉

= e−X(t) exp

(−iωztσx

2

)
e−iht |�±〉

= e∓iEt/2e−X(t) exp

(−iωztσx

2

)
|�±〉

= exp

{
−i

[
1

2
(ωz ± E) + nzωz

]
t

}

×eiωzt(nz+ 1
2 )−X(t)e− i

2 ωztσx |�±〉
≡ e−iε±,nz t |ũ±,nz

(t)〉, (A11)

where

ε±,n ≡ 1
2 (ωz ± E) + nzωz, (A12)

|ũ±,nz
(t)〉 ≡ eiωzt(nz+ 1

2 )−X(t)e
−iωztσx

2 |�±〉. (A13)

Transforming back into the original frame, we have

|ψ±(t)〉 = exp

(
− iωxσzt

2

)
|ψ̃(t)〉

= e−iε±,nz,nx t |u±,nz,nx
(t)〉, (A14)

where |u±,nz,nx
(t)〉 are the two-mode Floquet states associated

with quasienergies ε±,nz,nx
in the laboratory frame.
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and P. Michler, Phys. Rev. Lett. 106, 247402 (2011).

[14] C. Cohen-Tannoudji and S. Reynaud, J. Phys. B: At. Mol. Phys.
10, 345 (1977).

[15] J. Q. You and F. Nori, Nature (London) 474, 589 (2011).
[16] O. Astafiev, A. M. Zagoskin, A. A. Abdumalikov, Y. A. Pashkin,

T. Yamamoto, K. Inomata, Y. Nakamura, and J. S. Tsai, Science
327, 840 (2010).

[17] Y. Makhlin, G. Schön, and A. Shnirman, Rev. Mod. Phys. 73,
357 (2001).

[18] J. Li, M. P. Silveri, K. S. Kumar, J. M. Pirkkalainen,
A. Vepsäläinen, W. C. Chien, J. Tuorila, M. A. Sillanpää,
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We investigate the bias-modulated dynamics of a strongly driven two-level system using the counterrotating-
hybridized rotating-wave (CHRW) method. This CHRW method treats the driving field and the bias on
equal footing by a unitary transformation with two parameters ξ and ζ , and is nonperturbative in driving
strength, tunneling amplitude, or bias. In addition, this CHRW method is beyond the traditional rotating-wave
approximation (Rabi-RWA) and yet by properly choosing the two parameters ξ and ζ , the transformed
Hamiltonian takes the RWA form with a renormalized energy splitting and a renormalized driving strength.
The reformulated CHRW method possesses the same mathematical simplicity as the Rabi-RWA approach and
thus allows us to calculate analytically the dynamics and explore explicitly the effect of the bias. We show that the
CHRW method gives the accurate driven dynamics for a wide range of parameters as compared to the numerically
exact results. When energy scales of the driving are comparable to the intrinsic energy scale of the two-level
systems, the counterrotating interactions and static bias profoundly influence the generalized Rabi frequency. In
this regime, where ordinary perturbation approaches fail, the CHRW works very well and efficiently. We also
demonstrate the dynamics of the system in the strong-driving and off-resonance cases for which the Rabi-RWA
method breaks down but the CHRW method remains valid. We obtain analytical expressions for the generalized
Rabi frequency and bias-modulated Bloch-Siegert shift as functions of the bias, tunneling, and driving field
parameters. The CHRW approach is a mathematically simple and physically clear method. It can be applied to
treat some complicated problems for which a numerical study is difficult to perform.
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I. INTRODUCTION

Quantum mechanically two-level systems (TLSs) provide
an ideal testing ground for exploring nonclassical phenomena
and understanding the nature of quantum physics [1,2].
The primary importance of a TLS in the fast developing
area of quantum information processing is in its controlled
manipulation as the elementary building block, called a
qubit [3]. The controllable dynamics of a driven TLS is at
the core of many vastly different state-of-the-art technolo-
gies, especially solid-state implementations of individually
addressable TLSs [4]. The studies of driven TLSs have quite
a rich history, and wide application for both experimental
and theoretical investigations [5–15]. Recently, great progress
has been made experimentally using superconducting devices
based on Josephson tunnel junctions [16–21], optically and
electrically controlled single spins in quantum dots [22–26],
individual charge in quantum dots [27,28], and nitrogen
vacancy center in diamond [29–31], for the implementation
of the controllable coherent dynamics of qubits.

Periodically time-dependent driving fields are widely em-
ployed to realize the control and manipulations of qubits. The
prototype here described by the semiclassical Rabi model in
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the tunneling or localized representation is

H (t) = −�

2
σx − ε(t)

2
σz

= −�

2
σx −

(
ε

2
σz + A cos(ωt)

2
σz

)
, (1)

where � is a time-independent tunneling strength, ε(t) is a
driving field with a static bias ε, A cos(ωt) is a periodical
driving field with amplitude A and frequency ω, and the
symbols σx , σy , and σz are the usual Pauli matrices. We
set throughout this paper � = 1. Subjecting the Hamiltonian
to a rotation about the y axis, we get a new representation
exp (iπσy/4)H (t) exp (−iπσy/4) = −�

2 σz + ε(t)
2 σx . This is

the Hamiltonian typically used in quantum optics and nuclear
magnetic resonance in which � is energy difference between
the two levels and the driving term is responsible for the
transitions between them.

The Hamiltonian of Eq. (1) can represent, for example, a
flux qubit with a static bias and a driving field in the persistent
current basis. Although this Hamiltonian looks simple, there
exist a wide variety of interesting dynamical features [32], such
as Rabi oscillations, the invalidity of the RWA [33], Bloch-
Siegert shifts [6,34,35], nonlinear phenomena due to level
crossings induced quantum interference, coherent destruction
of tunneling (CDT), and the possibility of chaos [36–39].
Thus, even for this simplest driven TLS model with a
sinusoidal driving field A cos(ωt), it is a difficult task to
present an analytical and exact solution transparently. In order
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to discover the driven tunneling physics analytically, a number
of approximate methods, such as Rabi-RWA and the RWA
in a rotating frame (RWA-RF) of Refs. [33,40], have been
developed, even though the dynamics of the Rabi model can
be solved exactly by numerical methods. We discuss briefly
the conditions to make the Rabi-RWA for the Hamiltonian
of Eq. (1) and the dynamics of the driven TLS using the
Rabi-RWA method in the Appendix.

It is interesting and important to study how the counter-
rotating (CR) terms and static bias together influence the
dynamics in a wide range of parameter space, especially
in the regime where the relevant energy scales are of the
same order, i.e., ε ∼ � ∼ A ∼ ω. When the energy scales
are near the same, the perturbation based on �, A, or ε

becomes invalid. Therefore, it is necessary to develop an
alternative analytical method to extract the physics in this
specific parameter regime. Moreover, only for the zero-bias
case and when the CR terms are dropped (in other words, the
Rabi-RWA method is applicable), can the dynamics of Eq. (1)
be solved analytically. For the finite bias case, the Rabi-RWA
Hamiltonian reduced from the Hamiltonian of Eq. (1) by
neglecting all the fast oscillatory terms in the energy eigenbasis
can then be analytically solvable. This raises the question
on the validity of the results in the strong driving strength
and off-resonance (ω �= 
0 = √

�2 + ε2) regimes where the
breakdown of the reduced Rabi-RWA Hamiltonian occurs [6].
Recently, it has been found that the effects of CR terms are
significant in different interesting topics, such as quantum
Zeno effect [41], entanglement evolution [42], resonance
fluorescence [43], and so on. On the other hand, in the context
of superconducting flux qubits, recent investigations of strong
driving-induced effects on Rabi oscillations [35,44] prompt us
to investigate the problem of how much the Rabi frequency
and Bloch-Siegert shift would change as a function of the static
bias ε.

The main purpose of this paper is to demonstrate the
significant role of the bias and the driving on the time evolution
and physical properties of the driven TLS. The dynamics of
the TLS with far off-resonance and strong driving strength
conditions is interesting but difficult to study analytically due
to its complexities [32,40]. The availability of accurate and
transparent analytic evaluation of the dynamics is very useful
and important. In our previous papers [45,46], we proposed the
counterrotating-hybridized rotating-wave (CHRW) method
to analytically treat the driven dynamics and numerically
calculate Bloch-Siegert shift at zero bias. In the present paper,
we develop a novel analytical method using the idea of CHRW
to systematically study finite bias cases, which are realistically
operated in current experiments. The major difference from our
previous papers and the main result of the current paper are
as follows. (i) From the viewpoint of methodology, in order to
take into account the resultant effects of static bias, our present
approach adopts a unitary transformation with a two-parameter
(ξ and ζ ) generator of Eq. (2) in contrast with a simple unitary
transformation with a single parameter ξ for the unbiased case
in our previous papers [45,46]. The present developed CHRW
approach paves a way to investigate the physics of the bias in a
driven TLS. (ii) The bias ε modulates the energy levels of the
TLS and therefore modulates the resonant condition between

a driving field and the TLS. It is interesting and important to
investigate the effects of bias on the dynamics of the TLS and
the competition between the bias and driving. In broad regions
of the ε-extended parameter space (near resonance 
0 ∼ ω

and off-resonance 
0 < ω), we find that our CHRW results
are in very good agreement with the exact numerical results.
We demonstrate the significant role of the CR coupling and the
bias on the time evolution and physical properties of the driven
TLS. (iii) We calculate the generalized Rabi frequency and the
bias-modulated Bloch-Siegert shift that can be measured in
experiments [35,44]. Our results are in good agreement with
those of the flux qubit data presented in Ref. [44]. (iv) After
comparing the results obtained by our method with those of the
other RWA methods, the second-order Van Vleck (2nd-VV)
perturbation method and the exact numerical method, we
demonstrate the various parameter regimes for the validity
of the different methods and show clearly that our CHRW
method is more efficient and accurate than the other RWA and
perturbation methods we discuss.

As the Hamiltonian Eq. (1) can be numerically solved
easily and quickly by the Floquet theory, why do we pursue an
approximate analytical solution? The reasons are as follows.
A good approximate analytical solution should be as simple
as possible, especially mathematically, so that it can be
straightforwardly extended to investigate more complicated
situations where a numerical study is hard to perform. More
importantly, the main physics should be described pretty well
and the dynamics should be as accurate as possible when
compared with the numerically exact results, at least for the
interesting and concerned range of the parameters (especially
those of experimental relevant parameter regimes). The simple
analytical CHRW method we provide does have such merits.
The CHRW method is beyond the Rabi-RWA and enables one
to understand the physics, such as effects of the CR coupling
and the bias, more clearly. The important physical properties
in the driven system, such as the generalized Rabi frequencies
and Bloch-Siegert shifts, which are not easy to extract directly
from the time evolution by the numerical methods, can be
calculated in analytical forms. Our CHRW method can also
explore explicitly important physical phenomena, for example,
the CDT, and describe other important dynamical features
and behaviors very well for a wide range of parameters.
Furthermore, it can be applied to other more complicated
models or driven open quantum systems where numerically
exact solutions are hard to obtain. Besides, it is interesting to
discuss the validity of different RWA schemes and show how
the previous results appear in the various limits of the CHRW
method.

The structure of this article is as follows. In Sec. I, we
introduce the driving TLS model with a static bias. In Sec. II,
we develop a simple and efficient method to analytically and
quantitatively solve the monochromatically driven dynamics.
In Sec. III, we analyze the dynamics in a wide parameter
regime including the cases of resonance, near resonance, and
far-off resonance. Moreover, we demonstrate in Sec. IV the
effects of the CR wave terms and the bias on the dynamics,
the generalized Rabi frequency, and the Bloch-Siegert shift.
Finally, we give the parameter regions for the CHRW method
to be valid before we present a short conclusion in Sec. V.
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II. COUNTERROTATING-HYBRIDIZED
ROTATING-WAVE METHOD

In this section, we describe the CHRW method to calculate
the driven tunneling dynamics for the finite bias case [45–47].
In the CHRW method a time-dependent unitary transformation
exp(S) is applied to the system and we propose the generator
of the unitary transformation to be

S = −i
A

2ω
sin(ωt)[ξσz + ζσx]. (2)

The two significant parameters ξ and ζ introduced in S

will be determined later on. We use the time-dependent
Schrödinger equation i d

dt
|�(t)〉 = H (t)|�(t)〉 to solve the

dynamics. After the unitary transformation, we obtain readily
the interaction picture formulas with |� ′(t)〉 = exp(S)|�(t)〉
and i d

dt
|� ′(t)〉 = H ′(t)|� ′(t)〉. Here the transformed

Hamiltonian is

H ′ = −�

2

[
σx − 1 − cos �

X2
ξ (ξσx − ζσz) + sin �

X
ξσy

]

− ε(t)

2

[
σz + 1 − cos �

X2
ζ (ξσx − ζσz) − sin �

X
ζσy

]

+ A

2
(ξσz + ζσx) cos(ωt), (3)

where

� = A

ω
X sin(ωt), (4)

Z = A

ω
X, (5)

X =
√

ξ 2 + ζ 2. (6)

After making use of the relation [33]

exp(iz sin α) =
∞∑

n=−∞
Jn(z)einα, (7)

where Jn(z) are the nth-order Bessel functions of the first kind,
we divide the Hamiltonian into three parts H ′ = H ′

0 + H ′
1 +

H ′
2 according to the order of the harmonics (photon transfer

process: 0 photon, 1 photon, ..., m photons), where

H ′
0 = −�̃

2
σx − ε̃

2
σz, (8)

H ′
1 = − (�ξ − εζ )

X
J1(Z) sin(ωt)σy

− A

2
[1 − ξ − ζ 2Jc] cos(ωt)σz

+ A

2
ζ [1 − ξJc] cos(ωt)σx, (9)

H ′
2 = A

2

ζ

X
J1(Z) sin(2ωt)σy

− (�ξ − εζ )

X2
J2(Z) cos(2ωt)(ξσx − ζσz)

+ A

2

ζ

X2
J2(Z) cos(3ωt)(ξσx − ζσz)

− [�ξ − ε(t)ζ ]

X2

∞∑
n=2

{XJ2n−1(Z) sin[(2n − 1)ωt]σy

+ J2n(Z) cos(2nωt)(ξσx − ζσz)}, (10)

and the parameters �̃, ε̃ and Jc are defined as

�̃ = � − ξ

X2
[1 − J0(Z)](�ξ − εζ ), (11)

ε̃ = ε + ζ

X2
[1 − J0(Z)](�ξ − εζ ), (12)

Jc = 1 − J0(Z) − J2(Z)

X2
. (13)

Note that the zero-ω Hamiltonian H ′
0 consists of the renor-

malized tunneling �̃ and the renormalized bias ε̃, both with
a modified factor J0(AX/ω) including infinite order of A

[see Eqs. (11) and (12)]. H ′
1 contains all single-ω terms in

the transformed Hamiltonian with a factor J1(AX/ω), which
relates to single-photon assisted transitions and H ′

2 includes
all higher-order harmonic terms such as cos(nωt) and sin(nωt)
with n � 2.

The Hamiltonian H ′
0 can be diagonalized by a unitary

matrix U = uσz − vσx with

u =
√

1

2
− ε̃

2
̃
, v =

√
1

2
+ ε̃

2
̃
, (14)

into the form

H̃0 = 
̃

2
τz, (15)

where τz is the z-component spin operator in the energy
eigenbasis and


̃ =
√

�̃2 + ε̃2 (16)

is the renormalized energy splitting. At the same time H ′
1

becomes a little bit complicated H̃1 = U †H ′
1U in the new

energy basis,

H̃1 = (�ξ − εζ )

X
J1(Z) sin(ωt)τy

+ A

2
[1 − ξ − ζ 2Jc] cos(ωt)

(
ε̃


̃
τz + �̃


̃
τx

)

+ A

2
ζ [1 − ξJc] cos(ωt)

(
ε̃


̃
τx − �̃


̃
τz

)
, (17)

where τx and τy are, respectively, the x-component and the
y-component spin operators in the energy eigenbasis. Then,
in order to make the driving interaction term H̃1 = U †H ′

1U

hold the RWA-like interaction form, we choose the two proper
parameters ξ and ζ to satisfy the following two self-consistent
conditions. First, we require the coefficient of counterrotating
terms exp(±iωt)(τx ± iτy)/2 in Eq. (17) to vanish, so we have

0 = A

2

[
�̃


̃
[1 − ξ − ζ 2Jc] + ε̃


̃
ζ (1 − ξJc)

]

− �ξ − εζ

X
J1(Z). (18)
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Second, we require the coefficients of A
2 cos(ωt)τz term in H ′

1
to be zero. This then leads to

0 = ε̃(1 − ξ − ζ 2Jc) − �̃ζ (1 − ξJc). (19)

The two parameters ξ and ζ can be self-consistently solved
by Eqs. (18) and (19). Notice that from Eq. (3) to Eq. (19), no
approximation is involved.

In the following treatment, we keep all the zeroth and first
harmonics of the transformed driven Hamiltonian (nω, n =
0,1) H̃0 + H̃1 and neglect the higher-order harmonic terms of
H̃2 = U †H ′

2U that involves all multi-ω or multiphoton assisted
transitions (nω, n = 2,3,4, . . .) in the transformed energy
eigenbasis. The validity of the omission of H̃2 or H ′

2 depends
on the effects of the higher-frequency driving terms (n � 2),
i.e., the fast-oscillating term, generally accompanying the
second-order or higher-order Bessel functions. Its contribution
to the dynamics is not prominent except for the ultrastrong
driving-strength case. This is called the CHRW method and
we obtain the reformulated RWA Hamiltonian

HCHRW = H̃0 + H̃1

= 
̃

2
τz + Ã

2
[τ+ exp(−iωt) + τ− exp(iωt)], (20)

where τ± = (τx ± iτy)/2, 
̃ is the renormalized energy split-
ting involved with the static bias’s modulation, and Ã is the
renormalized amplitude of the driving field resulting from the
combination of the CR coupling and static bias,

Ã = A

[
�̃


̃
(1 − ξ − ζ 2Jc) + ε̃


̃
ζ (1 − ξJc)

]
(21)

= �ξ − εζ

X
2J1

(
A

ω
X

)
. (22)

In obtaining the second equality of Eq. (22), we have used
Eq. (18).

One can see that the effects of the driving and bias have
been taken into account in our treatment, which leads to
the renormalization of the significant physical properties. An
interesting and key point about the CHRW method is that
the CHRW Hamiltonian, Eq. (20), has the same mathematical
formulation as the Rabi-RWA one except for the renormalized
physical quantities. Therefore, it is mathematically straight-
forward to obtain the CHRW dynamics by the well-known
Rabi-RWA one. We note here that the CHRW method that
neglects the higher-order harmonic terms of H̃2 with n � 2
is not a perturbation based on small tunneling, bias, or
driving strength. In principle, when the driving frequency is
greater than the energy splitting, i.e., ω � 
0 = √

�2 + ε2,
the processes involving zero and single photon are dominant.
In this case, one can safely neglect the contributions from
the higher-order harmonic terms in the transformed frame.
When ω < 
0 = √

�2 + ε2 and A � ω, neglecting the high
harmonic terms in the transformed Hamiltonian still yields

pretty good results. We will verify these in Sec. V by detailed
examination of the dynamics and the general Rabi frequency
of the CHRW method with the exact numerical results. It is
only when ω � 
0 = √

�2 + ε2 and in the very strong driving
case that the multiphoton processes might make considerable
contributions to the dynamics and the physical quantities, and
in this case the higher harmonic terms in H̃2 can not be
completely omitted. Thus our CHRW method is a reliable
and effective approach to investigate the bias-modulated Rabi
model in a wide range of parameters.

In the following, we calculate an important property
in the driven dynamics, namely the occupation probability
Pup(t) [33] in the CHRW method. Pup(t) denotes the prob-
ability for the system at time t to be in the spin-up state of
the σz operator in the original spin basis of Eq. (1) while
it is initially in the spin-down state of the same σz operator
[i.e., Pup(0) = 0]. Because the generator S is a function
of sin(ωt), the initial system state is the same as that in
the unitarily transformed frame, namely, |� ′(0)〉 = |�(0)〉.
Since we have also used a unitary matrix U to obtain HCHRW,
the corresponding system states |�̃(t)〉 = U †|� ′(t)〉 satisfies
the Schrödinger equation,

i
d

dt
|�̃(t)〉 = HCHRW|�̃(t)〉. (23)

Let us write |�̃(t)〉, in terms of the eigenstates of the τz

operator as |�̃(t)〉 = c1(t)|s1〉 + c2(t)|s2〉 with τz|s1〉 = −|s1〉
and τz|s2〉 = |s2〉. Substituting it back to the Schrödinger
equation (23), we can readily solve for c1(t) and c2(t) for the
initial condition of the TLS being in the spin-down state of σz,
i.e., 〈σz(0)〉 = −1, which corresponds to c1(0) = −u,c2(0) =
−v, as [48]:

c1(t) = ei ωt
2

{
− u

[
cos

(
�Rt

2

)
+ i

δ̃

�R
sin

(
�Rt

2

)]

+ iv
Ã

�R
sin

(
�Rt

2

)}
, (24)

c2(t) = e−i ωt
2

{
− v

[
cos

(
�Rt

2

)
− i

δ̃

�R
sin

(
�Rt

2

)]

+ iu
Ã

�R
sin

(
�Rt

2

)}
, (25)

where

�R =
√

δ̃2 + Ã2, (26)

δ̃ = 
̃ − ω (27)

are, respectively, the modulated Rabi frequency and the
renormalized detuning parameter of the CHRW method. Thus,
the population of the spin-up state (1

0) in the σz basis at time t for

initial Pup(0) = 0 is P CHRW
up (t) = 〈�(t)| σz+1

2 |�(t)〉, in which

〈�(t)|σz|�(t)〉 = 〈�̃(t)|U †eS(t)σze
−S(t)U |�̃(t)〉 =

{
1 − ζ 2

X2
[1 − cos �(t)]

}
{(v2 − u2)(|c1|2 − |c2|2) − 2uv(c∗

2c1 + c∗
1c2)}

− ξζ

X2
[1 − cos �(t)]{2uv(|c1|2 − |c2|2) − (v2 − u2)(c∗

2c1 + c∗
1c2)} − ζ

X
sin �(t)i(c∗

2c1 − c∗
1c2). (28)
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FIG. 1. Time evolutions of Pup(t) = 〈 σz(t)+1
2 〉 as a function of �t for different values of the bias (a) ε/� = 1.0, (c) 0.35, and (d) 10 in the

on-resonance case (ω = 
0 = √
�2 + ε2). The driving strength A is set to be A/
0 = 1. The Fourier transform F (ν) of Pup(t) in (a) is shown

in (b) with a discrete set of frequency components.

Note that c1 and c2 are time dependent and their expressions are
given, respectively, in Eqs. (24) and (25), and the parameters
� and X are defined, respectively, in Eqs. (4) and (6). The
general renormalized Rabi frequency �R of Eq. (26) has
taken into account the effects of CR terms and static bias
on frequency shifts and will give the Bloch-Siegert shift in
a simple way (will be described in Sec. IV). Physically,
the renormalized quantities in the transformed Hamiltonian
Eq. (20) can be detected from the general Rabi frequency and
the Bloch-Siegert shift.

As discussed in our previous work [45], we demonstrated
clearly that the result of the RWA-RF method [40] is a
limiting case of the CHRW method for the zero bias case.
For the resonance condition nω + ε = 0 to hold, only one
value of n is kept in the RWA-RF approach. One usually
identifies the kind of resonance with a given value of n

as an n-photon process. For example, the Rabi-RF reso-
nance condition for the case n = −1 means ε = ω (the
difference from the traditional condition ω = 
0 = √

�2 + ε2

in the Rabi-RWA case will become clear shortly). Therefore,
the effective RWA-RF Hamiltonian is written as

HRWA−RF = −Jn

(
A

ω

)
�

2
σx. (29)

Thus, the probability Pup(t) of the RWA-RF approach in
Ref. [33] is obtained as

P RWA−RF
up (t) = sin2

{
Jn

(
A

ω

)
�t

2

}
(30)

whose amplitude is always one for any driving parameter. With
parameters satisfying the resonance condition, the oscillation
frequency is Jn(A

ω
)�. This means that the Pup(t) always

exhibits a full periodic oscillation between the up and down
states of σz except the CDT case where P RWA−RF

up (t) ≡ 0 due
to Jn(A

ω
) = 0. Therefore, the result of Eq. (30) of the RWA-RF

approach is distinguished from that of the CHRW method
[c.f. Eq. (28)]. This treatment simply corresponds to the case
ξ = 1 and ζ = 0 of the CHRW method, which is only valid
in the limit of a really strong driving strength (A � ω,�)
and with the condition |nω + ε| = 0. Moreover. in Ref. [40],
the Van Vleck perturbation theory is used to get the survival
probability to second order in � for a finite static bias. We
will show in the next section that the CHRW method gives
a significantly better description of the system dynamics than
the previous RWA or perturbative treatments as compared with
the numerically exact results.
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FIG. 2. Time evolutions of Pup(t) = 〈 σz(t)+1
2 〉 as a function of �t for different values of the driving strength (a) A/� = 0.25, (b) 0.5,

(c) 1.0, and (d) 1.3 in the near-resonance case (ω = 1.2
0 = 1.2924�). The bias ε is set to be a fixed value of ε/� = 0.4.

III. DRIVEN QUANTUM DYNAMICS

We systematically discuss here the dynamics of the driven
TLS with a bias in different parameter regimes: at resonance,
near resonance, and far-off resonance. With the increase of the
driving strength from the weak- to strong-coupling regime, a
rich distinct dynamics can be observed. We also compare all the
results of the CHRW approach with those of the other methods,
namely, the Rabi-RWA method, the RWA-RF method, the 2nd-
VV perturbation method and the numerically exact method.
Moreover, we discuss the results of time evolutions through
a frequency spectrum analysis to show the accuracy of our
CHRW method.

A. At resonance and near resonance

The bias modulates the energy levels of the TLS and
therefore modulates the resonant condition between a driving
field and the TLS. Let us take a look at the dynamics at
resonance (ω = 
0) and near resonance (ω ∼ 
0) for the
small to large bias cases. In Fig. 1, we show the occupation
probability at resonance with A/ω = 1. For comparison, we
also give the results of the other different approaches. One can
see that the results of the CHRW are in good agreement with
the numerically exact results. While the Rabi-RWA method

works for ε/� < 1 with small deviation in amplitude from the
numerically exact one [see Fig. 1(c)], the results of the Rabi-RF
and 2nd-VV methods give different frequencies of oscillation
from the numerically exact result. Nevertheless, the Rabi-RF
and 2nd-VV could correctly predict the frequency of main
oscillation for ε/� � 1 but could not give correctly the small
wiggling amplitudes of the fast oscillations shown in Fig. 1(d).
When ε/� = 1, the population probabilities Pup(t) obtained
by the Rabi-RWA, Rabi-RF, and 2nd-VV methods all show
considerable difference from the exact numerical result [see
Fig. 1(a)]. But the CHRW result still agrees rather well with
the corresponding numerical result. In Fig. 1(b), we show the
Fourier transform of the Pup(t) in Fig. 1(a):

F (ν) =
∫ ∞

−∞
dtPup(t) exp(iνt). (31)

The values (or positions) of the discrete frequencies obtained
by the CHRW method are precisely the same as those obtained
by the numerically exact method. One can see that there exist
two dominating oscillation frequencies with larger weight, one
corresponding to the driving frequency ω/� = √

2 and the
other corresponding to the Rabi frequency �R/� = 0.4643.
Moreover, there are the components of the frequencies nω ±
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FIG. 3. Time evolutions of Pup(t) = 〈 σz(t)+1
2 〉 as a function of �t for different values of the driving strength (a) A/� = 1, and (c) A/� = 2

in the off-resonance case (ω = 2� > 
0). The corresponding Fourier transform F (ν) of Pup(t) in (a) and (c) is shown in (b) and (d), respectively.
The bias ε is set to be ε/� = 1.

�R (n � 1) and mω (m � 2) with small weight, which are
consistent with the formula in Eq. (28).

We show the near-resonance dynamics (ω = 1.2
0 =
1.2924�) for several moderate driving strengths in Fig. 2.
It is easy to check that for a very weak driving strength the
results of all methods are nearly the same [see Fig. 2(a)].
However, the Rabi-RWA method breaks down when A/� >

0.5 [see Figs. 2(c)–2(d)]. Meanwhile, the deviation of the
RWA-RF and 2nd-VV results from the numerically exact
results becomes much larger with the increase of the driving
strength [see Figs. 2(b)–2(d)]. In contrast, our CHRW method
works quite well for all the parameters used in Fig. 2. The time
evolutions of P CHRW

up (t) are in quantitatively good agreement
with numerically exact results when the driving strength
increases from a small value to A ∼ 
0 or even to A = 1.5�.

From all the above figures, one can see that the CHRW
captures correctly the characters of the on-resonance and
near-resonance dynamics. By comparison with the numerical
results, the CHRW treatment gives a significantly better
description than the other treatments. Physically, the CHRW
method takes into account the effects of the bias and the driving
on equal footing. The combined effects result in the renormal-
ization of the physical quantities in the transformed CHRW

Hamiltonian [see Eq. (20)]. For example, in the near-resonance
case of ω/
0 = 1.2(ε/� = 0.4) with A/� = 1.3 of Fig. 2(d),
we obtain ζ = 0.1855 and ξ = 0.6279 by self-consistently
solving Eq. (18) and Eq. (19). Thus we get the renormalized
physical quantities Ã = 0.5273� and 
̃ = 1.0085�. One can
see from Fig. 2(d) that the time evolution of the CHRW method
is quantitatively in good agreement with the numerically exact
result, but the Rabi-RWA, averaged second-order VV, and
RWA-RF results show large deviation from the numerically
exact result. Due to the renormalization, the TLS Pup(t) of
Eq. (28) yields the correct driven tunneling dynamics. Thus,
the CHRW method is a simple tractable method that allows us
to study the influence of the bias and CR terms on the dynamics
and the physics in the parameter regime where the Rabi-RWA
and RWA-RF methods fail, especially the moderately strong
driving-strength regime with A ∼ ω ∼ ε ∼ �.

B. Off resonance

Next, we show the time evolutions of Pup(t) in the
off-resonance case of ω = 2� > 
0 with ε/� = 1 for two
moderately strong driving strengths A/� = 1 and A/� = 2
in Figs. 3(a) and 3(c), respectively. At the same time, we also
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FIG. 4. Time evolutions of Pup(t) = 〈 σz(t)+1
2 〉 as a function of �t for different values of the bias (a) ε/� = 0.5, (b) 1, (c) 2, (d) 4, (e) 6, and

(f) 8 in the off-resonance case (ω = 8� �= 
0). The driving strength A is set to be A/ω = 1 (A/� = 8).

show the corresponding Fourier transform with a discrete set of
frequency components in Figs. 3(b) and 3(d). For A/� = 1,
the dynamics of the the CHRW method agrees quite well
with the numerically exact ones, which can be confirmed
by the consistence of their frequency components as shown
in Fig. 3(b). The dynamics of the Rabi-RWA exhibits some
deviation in oscillation amplitude from but with the main
oscillation frequency close to the exact numerical results in
Fig. 3(a). On the other hand, the main oscillation frequencies

of the RWA-RF and second-order VV results are substantially
different from that of the exact result. As the driving strength
increases up to A/� = 2, the CHRW method still gives a
correct dynamics with only small errors in amplitude [see
Figs. 3(c) and 3(d)]. In contrast, the other analytical methods
could not give the accurate oscillations and Rabi frequency.

In Fig. 4, we show the effects of the bias on the dynamics
of the driven system for the off-resonance (ω = 8� �= 
0)
and strong driving (A = ω = 8�) cases. In comparison with
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FIG. 5. Time evolutions of Pup(t) = 〈 σz(t)+1
2 〉 as a function of �t for different values of the bias (a) ε/� = 4, and (c) 0.6 in the off-resonance

case (ω < 
0). The corresponding Fourier transform F (ν) of Pup(t) in (a) and (c) is shown in (b) and (d), respectively. The driving strength is
set to be A/ω = 1.

the exact results, the CHRW method gives not only the main
oscillations but also the time evolution of tiny higher harmonic
frequency right for all the cases of Figs. 4(a)–4(f). In contrast,
the Rabi-RWA approach fails apparently in the strong driving
cases. The RWA-RF and the 2nd-VV results have the main
oscillations close to those of the exact numerical results for al-
most all the cases, while they can not show the fine structures in
the time evolutions. Furthermore, the oscillation amplitudes of
the RWA-RF and the 2nd-VV results in Figs. 4(d) and 4(e) are
considerably smaller than those of the exact numerical results.

We show the time evolutions of Pup(t) as well as the
corresponding Fourier transform for the off-resonance case of
ω < 
0 in Fig. 5. In the large bias case of ε = 4� in Fig. 5(a)
with A = ω = 0.5�, we solve the Rabi frequency, Eq. (26),
and obtain �R/� = 3.6238 � ω/� = 0.5. The frequency of
amplitude envelope of the driven dynamics in Fig. 5(a) is
0.5�. On the other hand, in the small bias case of ε = 0.6�

in Fig. 5(c) with A = ω = 0.1�, we get the Rabi frequency
�R/� = 1.0677 � ω/� = 0.1. By the Fourier transform of
the time evolutions, we show in Figs. 5(b) and 5(d) the
discrete frequencies are nω and �R ± nω (n = 0,1,2, . . .).
The dominant oscillation frequency is neither ω nor �R. It is
�R + ω with the largest weight for the parameters in Fig. 5.
Besides, the Rabi-RWA results agree roughly with the exact

results, but the RWA-RF and 2nd-VV results show Pup(t) = 0
without any oscillation in contrast with the numerical results.
In other words, in this parameter regime of Aω/�2 < 1, the
RWA-RF and the 2nd-VV methods are invalid.

IV. GENERALIZED RABI FREQUENCY

We discuss and calculate the generalized Rabi frequency
and the Bloch-Siegert shift and compare our calculated values
with the data shown in the experiment of flux qubit [44]. First,
we derive, for simplicity, a formula of the Rabi frequency
to second order in A based on the general Rabi frequency,
Eq. (26). Then we calculate and discuss the bias-modulated
Bloch-Siegert shift. Finally, we illustrate the valid parameter
regime of our CHRW method.

A. Frequency shift: Bloch-Siegert shift

In the following, we shall address the question of whether
the bias leads to a profound change of the Rabi frequency
and the shift of the resonance frequency. To this end, in this
subsection we calculate the generalized Rabi frequency and
bias-modulated Bloch-Siegert shift analytically and numeri-
cally. From Eqs. (26), (27), (22), (16), (11), and (12), the
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FIG. 6. (a) Generalized Rabi frequency �R as a function of the driving strength A with ω = � for several different values of bias ε/� = 0,
0.25, 0.5, 0.75, and 1. (b) Generalized Rabi frequency �R as a function of A with ω = 2� for different values of bias ε/� = 0, 1, and 2.
(c) Generalized Rabi frequency �R as a function of � with A/ω = 1 for several different values of bias ε/ω = 0, 0.5, 0.75, 1, 1.25, 1.5, and 2.
(d) Generalized Rabi frequency �R as a function of the bias ε with ω = 
0 for several different values of driving strength A/� = 0.5, 1, and 2.

general renormalized Rabi frequency that takes into account
the effects of CR couplings and the bias can be written as

�2
R = [ω − 
̃]2 +

[
2
�ξ − εζ

X
J1

(
A

ω
X

)]2

=
⎧⎨
⎩ω −

√

2

0 −
[

1 − J 2
0

(
A

ω
X

)](
�ξ − εζ

X

)2
⎫⎬
⎭

2

+
[

2
�ξ − εζ

X
J1

(
A

ω
X

)]2

. (32)

For a finite bias, we will derive an analytical expression up
to second order in the driving strength A. The Bloch-Siegert
shift is a well-known correction to the RWA, and accounts for
the CR field to leading order. Expanding ξ and ζ up to lowest
order in A, we obtain from Eqs. (18) and (19)

�ξ − εζ = ω�

ω + 
0
. (33)

Thus the modulated effective Rabi frequency to second order
in A has the form

�2
R−2nd = [ω − 
0]2 + A2�2

2
0(ω + 
0)
, (34)

whose expression in the limit of vanishing bias is the same
as those given in Refs. [32] and [34]. Moreover, Eq. (34) can
be used to analytically calculate the Bloch-Siegert shift of the
resonance frequency �res, which is defined as the frequency at
which the transition probability average is a maximum [34].
This occurs when ∂�2

R/∂� = 0 [34]. Thus, we obtain the
Bloch-Siegert shift δωBS as

δωBS = �res − 
0 = A2

4
0

[
1 − 3

4

(
�


0

)2]
. (35)

For ε = 0, Eq. (35) reproduces the result of 1
16

A2

�
given in

Ref. [34]. In the unbiased case, the Rabi frequency �R up to
fourth order in A has been given in our previous work [45].
Moreover, we confirm that the Bloch-Siegert shift for the
unbiased case given by our method is in a good agreement
with that obtained by the Floquet approach in the entire
driving-strength regime [46]. These results strongly prove that
the CHRW method has properly taken into account the effects
of CR terms and the bias.

B. Effects of the bias on the Rabi frequency

We discuss here the dependence of the generalize Rabi
frequency �R on the parameters of A, �, and ε. Figure 6(a)
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FIG. 7. (a) Generalized Rabi frequency �R as a function of the detuning δ = 
0 − ω obtained by the CHRW method (black solid line)
with A/2π = 4.100 GHz, ε/2π = 4.154 GHz and �/2π = 4.869 GHz (
0 = 6.4 GHz). The data for numerically calculation of the flux qubit
(NCFQ) in Ref. [44] are represented by red triangles. (b) Numerically calculated frequency shift δω by the CHRW method (black solid line),
the second-order Bloch-Sigert shift (red dashed line) and the NCFQ results in Ref. [44] (open circles). (c) Generalized Rabi frequency �R as a
function of ε given by Eq. (34) (red dashed line) and Eq. (32) (black solid line). (d) Generalized Rabi frequency �R as a function of 
0 with
ω/2π = 6.1 GHz calculated by Eq. (34) (red dash-dotted line) and Eq. (32) (black solid line). The blue dotted line denotes the Rabi frequency
�RR obtained by the Rabi-RWA method.

shows �R as a function of the driving strength A for various
bias values and a fixed driving frequency ω = �. One can see
that for ε = 0, �R is linearly proportional to A in the small
driving-strength regime where A/� � 1. When A/� < 0.5,
the values of �R with a finite bias ε > 0 are larger than those
with ε = 0, and increases with the increase of the bias. When
A/� > 0.5, however, the crossover of the curves for different
values of the bias ε appears. In this regime, the increase of
the bias does not always favor the increase of �R. This comes
from the competition between different controlled parameters
(ε/�,ω/�, and A/�). It indicates that the relation of �R

versus A is beyond a linear dependent behavior when all the
energy scales are nearly in the same order. Figure 6(b) displays
the Rabi frequency �R as a function of the driving strength
A for three values of bias ε and a fixed driving frequency
ω = 2�. Obviously, the increase of the bias ε decreases the
Rabi frequency �R in this parameter regime.

In Fig. 6(c), we show the dependence of the Rabi frequency
�R on � for different values of the bias ε with A/ω = 1. For
ε = 0, the position of the scaled tunneling �/ω corresponding
to the minimum value of �R is not located at �/ω = 1 but
at �/ω = 0.93. This indicates that the CR terms lead to the
explicit deviation from the RWA result of �/ω = 1 in the
intermediate driving-strength regime. For finite bias case (0 <

ε � 0.5ω), with the increase of �/ω, �R falls first and then
rises. For ε/ω = 0.75, �R is insensitive to the change of the
scaled tunneling when �/ω � 0.5 in comparison with its fast
increase when �/ω � 1. For ε/ω � 1, �R generally increases
with the increase of the scaled tunneling. We notice that near
�/ω ∼ 1, �R is almost the same for ε/ω < 1. Moreover, when
�/ω > 1.25, �R increases with the increase of the bias in
contrast to its nonmonotonic dependence on bias when �/ω <

0.5. This indicates that the competition between the quantum
tunneling �/ω and the driving A/ω leads to the complicated
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LÜ, YAN, GOAN, AND ZHENG PHYSICAL REVIEW A 93, 033803 (2016)

dependence of �R on the bias ε in the intermediate driving-
strength regime.

In Fig. 6(d), we show the Rabi frequency �R as a function
of the bias ε at ω = 
0 for different driving strengths. �R

displays a parity symmetry with respect to the bias ε, i.e.,
�R(−ε) = �R(ε), which can be seen, for example, by Eq. (37)
valid to second order in A. When the bias ε is fixed, the
larger the driving strength A, the larger the Rabi frequency �R.
When A is set to a fixed value, �R decreases with increasing
the absolute value of ε, and �R reduces more drastically for
A/� = 2 than A/� = 0.5.

Present calculated results may be examined and compared
to available experimental measurements of superconducting
flux qubits. In order to show the effects of the bias on the
generalized Rabi frequency in the flux qubit, we use the
parameters of the flux qubit in Ref. [44], �/2π = 4.869 GHz
and ε/2π = 4.154 GHz (
0/2π = 6.400 GHz). In Fig. 7(a),
we plot Rabi frequency �R as a function of δ = ω − 
0.
The minimum of the Rabi frequency is not located at δ = 0,
but at δω/2π = 70 MHz, which is very close to the value
δω/2π = 66.5 MHz given in Ref. [44]. One can see that our
results are in good agreement with the numerically calculated
data of the flux qubit (NCFQ) in the whole parameter regime
presented in Ref. [44]. Figure 7(b) displays the frequency
shift as a function of �R0 ≡ �

2
A

0

together with the second-

order Bloch-Siegert shift [6,34], δω2nd
BS = 1

4
�2

R0

0

. It is obvious

that δω2nd
BS overestimates δω when �R0/2π � 0.8 GHz. Our

CHRW results are in close agreement with the results in
Ref. [44]. The deviation from the Bloch-Siegert shift comes
from the combined effects of the driving and the static bias.

We compare in Fig. 7(c) the generalized Rabi frequency
�R, Eq. (32), as a function of bias ε with the second-order
result of Eq. (34). The curves given by Eq. (32) and Eq. (34)
have the same slope in the parameter regime of Fig. 7(c). The
generalized Rabi frequency �R versus ε manifests a linear
relation between them in the resonance case, which can be
shown by both Eq. (32) and Eq. (34). We find that the second-
order perturbation results given by Eq. (34) agree well with
the calculated result of Fig. 1(c) in Ref. [44] obtained by a fit
formula based on the linear approximation.

Figure 7(d) shows the Rabi frequencies as a function
of 
0 with a fixed tunneling strength �/2π = 4.869 GHz
obtained by three methods: the CHRW method (the black
solid line), the second-order approximation of the CHRW
method (the red dash-dotted line), and the Rabi-RWA method
(the blue dotted line). For a fixed driving frequency ω/2π =
6.1 GHz, both �R and �R−2nd have a minimum approximately
located at 
0/2π = 6.4 GHz, near which the Rabi frequencies
are insensitive to the bias ε =

√

2

0 − �2 . In contrast, the
minimum of �RR occurs at a position very close to 
0/2π =
6.5GHz, larger than those of �R and �R−2nd. This difference
is attributed to the combined effects of the bias and the driving.

C. Valid parameter regime of the CHRW method

In this subsection, we discuss the parameter regime in which
the CHRW method is valid in comparison with those of the
other approaches. The Rabi-RWA approach, which neglects
the CR interactions works well in the weak-driving limit. The

CHRW method covers the the parameter regimes that are good
for the Rabi-RWA method, which is perturbative in the driving
strength [37]. In the unbiased or small bias case (ε � �), the
CHRW method works very well for A/ω � 2 as shown in
Fig. 6 of Ref. [45]. When ε  �, it gives accurate results in
the parameter space A/ω � 1 regardless of the value of ω.
In comparison with the exact numerical results, the CHRW
method works also very well for the larger bias case ε � �

(such as ε/� � 10) with a fixed driving frequency ω = � and
the driving strength in the regime of A/ω � 2. More interest-
ingly, the CHRW method can give the correct results when
the values of the driving parameters(ω and A ) are comparable
to those of the energy scales (� and ε). For example, the
regime Aω/�2 � 1 in which the second-order VV method
and RWA-RF (see Fig. 5) fail is in the valid parameter regime
of the CHRW method. Moreover, the CHRW method works
very well also in the parameter regime Aω/�2 � 1 in which
the RWA-RF method is valid (see Fig. 4).

V. SUMMARY

We have developed a CHRW method to systematically
investigate the driven dynamics of a TLS under a periodic
driving field and a static bias. This CHRW method treats the
driving field and the bias on equal footing by a unitary transfor-
mation. The transformed Hamiltonian in the eigenbasis of the
zero-photon Hamiltonian H ′

0 takes a simple RWA form after
we properly choose the parameters ξ and ζ in the unitary trans-
formation by the self-consistent equations (18) and (19) and
neglect the H ′

2 that involves all multi-ω terms or multiphoton
assisted transitions (nω, n = 2,3,4, . . .). Physically, all the re-
sults are dependent on the renormalized energy splitting 
̃ and
the renormalized (modified) driving strength Ã in the trans-
formed RWA Hamiltonian. The renormalization of these two
parameters 
̃ and Ã comes from the combined effect among
the tunneling of the TLS, the driving field and the bias. The
CHRW method allows us to analytically calculate the driven
tunneling dynamics in the renormalized rotating-wave frame-
work, so as the generalized bias-modulated Rabi frequency
and the frequency shift including the Bloch-Siegert shift.

We have demonstrated the effects of the driving field
and the bias on the system dynamics and the generalized
Rabi frequency. We have not only given the small-bias and
weak-driving strength results, such as the Rabi physics, but
also shown the strong driving strength and large bias results,
such as the nonsinusoidally complicated time evolutions.
From the driven tunneling dynamics, one can see that the
characteristics of the oscillations are very sensitive to Ã

and 
̃. Compared to other analytical methods, the CHRW
method can give the correct and accurate dynamics in good
agreement with the numerically exact results in a broad region
of the parameter space and still preserves the merits of the
simple RWA mathematical form in the final transformed
Hamiltonian. Unlike the conventional Rabi-RWA method,
the CHRW technique is nonperturbative in driving strength,
so it can be applied to study the driven tunneling physics
in a broader parameter regime, especially beyond the weak
driving regime and the small bias and near resonance cases.
In a wide range values of the �, ε, A and ω parameters,
we have compared the dynamics obtained by the CHRW
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method with that by the numerically exact method. We have
found and confirmed that the CHRW method works very
well even for the (moderately) strong driving strength region.
The contribution to the dynamics of the multi-ω terms or
multiphoton assisted transitions (nω, n = 2,3,4, . . .) we have
neglected is not prominent except for the ultrastrong driving
strength case. Thus it gives the accurate driven dynamics in the
parameter regimes of (ε/� � 1 or � 1, �/ω < 1, A/ω � 2)
and (ε/� ∼ 1, �/ω ∼ 1, A/ω � 1), and in the neighboring
regimes the driven tunneling dynamics though not exact is
in qualitative agreement with that of the numerical method.
By Fourier transform analysis, the discreet frequency values
in Pup(t) of the CHRW results match very well the ones
obtained by the exact numerical method. More interestingly,
the CHRW approach can directly give an analytical expression
for the generalized Rabi frequency �R and can show explicitly
the dependence of �R on the driving parameters, bias,
and tunneling. The results obtained via the CHRW method
might account for the versatile strongly driven experiments
investigated in Refs. [30,35].

The CHRW method provides a simple and direct way
for accurately studying the properties of driven tunneling
systems with a static bias in a wide range of parameters.
The approach is not an upgrade patch for the conventional
RWA but a much improved innovative RWA. The theoretical
results may serve as a tool kit for probing limitations and
possibilities in driven physics and quantum control with
obvious applications in quantum information. The CHRW
method can also be applied to some complicated problems
and dissipative dynamics exposed to strong ac driving [32].
For example, it will prove useful in treating the problems of
multichromatically driven tunneling quantum dynamics. The
work is a subject for future research.
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APPENDIX: OCCUPATION PROBABILITY
OF THE RABI-RWA

We discuss briefly how the Rabi-RWA Hamiltonian is
obtained from the Hamiltonian of Eq. (1) and present
the occupation probability of the driven TLS obtained
by the Rabi-RWA method. Writing the transition frequency
of the TLS or the flux qubit as 
0 = √

�2 + ε2, thus we
transform the Hamiltonian in the current basis to that in
the energy basis by a unitary matrix U0 = u0σz − v0σx ,

in which u0 =
√

1
2 − ε

2
0
, v0 =

√
1
2 + ε

2
0
. The Hamiltonian

in the energy eigenbasis is then written as Heig = 
0
2 σ̃z +

Ax

2 cos(ωt)σ̃x + Az

2 cos(ωt)σ̃z, where σ̃i are the Pauli spin
component operators in the energy basis, Ax = (�/
0)A and
Az = (ε/
0)A. After dropping all the fast oscillatory terms
including the last term of Az

2 cos(ωt)σ̃z in the Hamiltonian
Heig, one obtains the Rabi-RWA Hamiltonian

HRabi−RWA = 
0

2
σ̃z + Ax

4
[σ̃+ exp(−iωt) + σ̃− exp(iωt)],

(A1)

where σ̃± = (σ̃x ± iσ̃y)/2. The occupation probability Pup(t)
as an important property is the probability in the spin-up
eigenstate of the original σz operator in the Hamiltonian Eq. (1)
at time t when the system is initialized in the spin-down
eigenstate of the same σz operator [i.e., Pup(0) = 0]. Since
the CR terms have been neglected in Eq. (A1), we can
immediately obtain after some algebra the Rabi-RWA result,
P Rabi

up (t) = 1+〈σz(t)〉
2 , in which

〈σz(t)〉Rabi = − ε


0

{
ε


0

[
1 − A2

x

2�2
RR

sin2

(
�RRt

2

)]
+ �


0

δAx

�2
RR

sin2

(
�RRt

2

)}

− �


0

{
cos(ωt)

[
�


0
−
(

�


0

2δ2

�2
RR

− ε


0

δAx

�2
RR

)
sin2

(
�RRt

2

)]
− sin(ωt)

�δ − εAx/2


0�RR
sin(�RRt)

}
, (A2)

where δ = 
0 − ω is the detuning parameter and �RR =√
δ2 + (Ax/2)2 denotes the Rabi frequency of the Rabi-RWA

method. To sum up, the Rabi-RWA Hamiltonian Eq. (A1),
which is mathematically simple and analytically solvable,
is reduced from the biased Rabi Hamiltonian Eq. (1) after

neglecting all the fast oscillatory terms. The CHRW method
we develop in this paper is an analytical method that
takes into account the effects of the dropped terms and
yet preserves the mathematical simplicity of the Rabi-RWA
method.
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Rev. B 75, 054302 (2007); J. Chem. Phys. 131, 134503 (2009);
Europhys. Lett. 86, 60009 (2009); J. Chem. Phys. 136, 121103
(2012).

[48] M. O. Scully and M. S. Zubairy, Quantum Optics (University
Press, Cambridge, 1997).

033803-14

View publication statsView publication stats

158

http://dx.doi.org/10.1103/PhysRevLett.101.227401
http://dx.doi.org/10.1103/PhysRevLett.101.227401
http://dx.doi.org/10.1103/PhysRevLett.101.227401
http://dx.doi.org/10.1103/PhysRevLett.101.227401
http://dx.doi.org/10.1103/PhysRev.138.B979
http://dx.doi.org/10.1103/PhysRev.138.B979
http://dx.doi.org/10.1103/PhysRev.138.B979
http://dx.doi.org/10.1103/PhysRev.138.B979
http://dx.doi.org/10.1103/PhysRevA.48.2342
http://dx.doi.org/10.1103/PhysRevA.48.2342
http://dx.doi.org/10.1103/PhysRevA.48.2342
http://dx.doi.org/10.1103/PhysRevA.48.2342
http://dx.doi.org/10.1103/PhysRevB.48.11020
http://dx.doi.org/10.1103/PhysRevB.48.11020
http://dx.doi.org/10.1103/PhysRevB.48.11020
http://dx.doi.org/10.1103/PhysRevB.48.11020
http://dx.doi.org/10.1103/PhysRevB.47.9940
http://dx.doi.org/10.1103/PhysRevB.47.9940
http://dx.doi.org/10.1103/PhysRevB.47.9940
http://dx.doi.org/10.1103/PhysRevB.47.9940
http://dx.doi.org/10.1103/PhysRevA.50.843
http://dx.doi.org/10.1103/PhysRevA.50.843
http://dx.doi.org/10.1103/PhysRevA.50.843
http://dx.doi.org/10.1103/PhysRevA.50.843
http://dx.doi.org/10.1103/PhysRevA.55.R2495
http://dx.doi.org/10.1103/PhysRevA.55.R2495
http://dx.doi.org/10.1103/PhysRevA.55.R2495
http://dx.doi.org/10.1103/PhysRevA.55.R2495
http://dx.doi.org/10.1103/PhysRevA.81.013403
http://dx.doi.org/10.1103/PhysRevA.81.013403
http://dx.doi.org/10.1103/PhysRevA.81.013403
http://dx.doi.org/10.1103/PhysRevA.81.013403
http://dx.doi.org/10.1103/PhysRevB.66.214525
http://dx.doi.org/10.1103/PhysRevB.66.214525
http://dx.doi.org/10.1103/PhysRevB.66.214525
http://dx.doi.org/10.1103/PhysRevB.66.214525
http://dx.doi.org/10.1103/PhysRevB.66.224511
http://dx.doi.org/10.1103/PhysRevB.66.224511
http://dx.doi.org/10.1103/PhysRevB.66.224511
http://dx.doi.org/10.1103/PhysRevB.66.224511
http://dx.doi.org/10.1103/PhysRevB.68.224517
http://dx.doi.org/10.1103/PhysRevB.68.224517
http://dx.doi.org/10.1103/PhysRevB.68.224517
http://dx.doi.org/10.1103/PhysRevB.68.224517
http://dx.doi.org/10.1103/PhysRevA.79.032301
http://dx.doi.org/10.1103/PhysRevA.79.032301
http://dx.doi.org/10.1103/PhysRevA.79.032301
http://dx.doi.org/10.1103/PhysRevA.79.032301
http://dx.doi.org/10.1103/PhysRevB.79.235323
http://dx.doi.org/10.1103/PhysRevB.79.235323
http://dx.doi.org/10.1103/PhysRevB.79.235323
http://dx.doi.org/10.1103/PhysRevB.79.235323
http://dx.doi.org/10.1016/j.physleta.2010.02.006
http://dx.doi.org/10.1016/j.physleta.2010.02.006
http://dx.doi.org/10.1016/j.physleta.2010.02.006
http://dx.doi.org/10.1016/j.physleta.2010.02.006
http://dx.doi.org/10.1088/1751-8113/44/16/165303
http://dx.doi.org/10.1088/1751-8113/44/16/165303
http://dx.doi.org/10.1088/1751-8113/44/16/165303
http://dx.doi.org/10.1088/1751-8113/44/16/165303
http://dx.doi.org/10.1038/19718
http://dx.doi.org/10.1038/19718
http://dx.doi.org/10.1038/19718
http://dx.doi.org/10.1038/19718
http://dx.doi.org/10.1103/PhysRevLett.91.097906
http://dx.doi.org/10.1103/PhysRevLett.91.097906
http://dx.doi.org/10.1103/PhysRevLett.91.097906
http://dx.doi.org/10.1103/PhysRevLett.91.097906
http://dx.doi.org/10.1103/PhysRevLett.101.190502
http://dx.doi.org/10.1103/PhysRevLett.101.190502
http://dx.doi.org/10.1103/PhysRevLett.101.190502
http://dx.doi.org/10.1103/PhysRevLett.101.190502
http://dx.doi.org/10.1038/nature07128
http://dx.doi.org/10.1038/nature07128
http://dx.doi.org/10.1038/nature07128
http://dx.doi.org/10.1038/nature07128
http://dx.doi.org/10.1038/nature08005
http://dx.doi.org/10.1038/nature08005
http://dx.doi.org/10.1038/nature08005
http://dx.doi.org/10.1038/nature08005
http://dx.doi.org/10.1103/PhysRevB.82.132501
http://dx.doi.org/10.1103/PhysRevB.82.132501
http://dx.doi.org/10.1103/PhysRevB.82.132501
http://dx.doi.org/10.1103/PhysRevB.82.132501
http://dx.doi.org/10.1126/science.1154798
http://dx.doi.org/10.1126/science.1154798
http://dx.doi.org/10.1126/science.1154798
http://dx.doi.org/10.1126/science.1154798
http://dx.doi.org/10.1038/nature05065
http://dx.doi.org/10.1038/nature05065
http://dx.doi.org/10.1038/nature05065
http://dx.doi.org/10.1038/nature05065
http://dx.doi.org/10.1126/science.1148092
http://dx.doi.org/10.1126/science.1148092
http://dx.doi.org/10.1126/science.1148092
http://dx.doi.org/10.1126/science.1148092
http://dx.doi.org/10.1126/science.1142979
http://dx.doi.org/10.1126/science.1142979
http://dx.doi.org/10.1126/science.1142979
http://dx.doi.org/10.1126/science.1142979
http://dx.doi.org/10.1038/nphys1054
http://dx.doi.org/10.1038/nphys1054
http://dx.doi.org/10.1038/nphys1054
http://dx.doi.org/10.1038/nphys1054
http://dx.doi.org/10.1103/PhysRevLett.91.226804
http://dx.doi.org/10.1103/PhysRevLett.91.226804
http://dx.doi.org/10.1103/PhysRevLett.91.226804
http://dx.doi.org/10.1103/PhysRevLett.91.226804
http://dx.doi.org/10.1103/PhysRevLett.95.090502
http://dx.doi.org/10.1103/PhysRevLett.95.090502
http://dx.doi.org/10.1103/PhysRevLett.95.090502
http://dx.doi.org/10.1103/PhysRevLett.95.090502
http://dx.doi.org/10.1103/PhysRevLett.92.076401
http://dx.doi.org/10.1103/PhysRevLett.92.076401
http://dx.doi.org/10.1103/PhysRevLett.92.076401
http://dx.doi.org/10.1103/PhysRevLett.92.076401
http://dx.doi.org/10.1126/science.1181193
http://dx.doi.org/10.1126/science.1181193
http://dx.doi.org/10.1126/science.1181193
http://dx.doi.org/10.1126/science.1181193
http://dx.doi.org/10.1126/science.1196436
http://dx.doi.org/10.1126/science.1196436
http://dx.doi.org/10.1126/science.1196436
http://dx.doi.org/10.1126/science.1196436
http://dx.doi.org/10.1016/S0370-1573(98)00022-2
http://dx.doi.org/10.1016/S0370-1573(98)00022-2
http://dx.doi.org/10.1016/S0370-1573(98)00022-2
http://dx.doi.org/10.1016/S0370-1573(98)00022-2
http://dx.doi.org/10.1103/PhysRevA.75.063414
http://dx.doi.org/10.1103/PhysRevA.75.063414
http://dx.doi.org/10.1103/PhysRevA.75.063414
http://dx.doi.org/10.1103/PhysRevA.75.063414
http://dx.doi.org/10.1103/PhysRev.57.522
http://dx.doi.org/10.1103/PhysRev.57.522
http://dx.doi.org/10.1103/PhysRev.57.522
http://dx.doi.org/10.1103/PhysRev.57.522
http://dx.doi.org/10.1002/9780470142547.ch5
http://dx.doi.org/10.1002/9780470142547.ch5
http://dx.doi.org/10.1002/9780470142547.ch5
http://dx.doi.org/10.1002/9780470142547.ch5
http://dx.doi.org/10.1021/j150665a002
http://dx.doi.org/10.1021/j150665a002
http://dx.doi.org/10.1021/j150665a002
http://dx.doi.org/10.1021/j150665a002
http://dx.doi.org/10.1103/PhysRevLett.105.257003
http://dx.doi.org/10.1103/PhysRevLett.105.257003
http://dx.doi.org/10.1103/PhysRevLett.105.257003
http://dx.doi.org/10.1103/PhysRevLett.105.257003
http://dx.doi.org/10.1103/PhysRevLett.67.516
http://dx.doi.org/10.1103/PhysRevLett.67.516
http://dx.doi.org/10.1103/PhysRevLett.67.516
http://dx.doi.org/10.1103/PhysRevLett.67.516
http://dx.doi.org/10.1209/0295-5075/18/7/001
http://dx.doi.org/10.1209/0295-5075/18/7/001
http://dx.doi.org/10.1209/0295-5075/18/7/001
http://dx.doi.org/10.1209/0295-5075/18/7/001
http://dx.doi.org/10.1103/PhysRevA.45.R6958
http://dx.doi.org/10.1103/PhysRevA.45.R6958
http://dx.doi.org/10.1103/PhysRevA.45.R6958
http://dx.doi.org/10.1103/PhysRevA.45.R6958
http://dx.doi.org/10.1007/BF01053965
http://dx.doi.org/10.1007/BF01053965
http://dx.doi.org/10.1007/BF01053965
http://dx.doi.org/10.1007/BF01053965
http://dx.doi.org/10.1103/PhysRevE.59.R4709
http://dx.doi.org/10.1103/PhysRevE.59.R4709
http://dx.doi.org/10.1103/PhysRevE.59.R4709
http://dx.doi.org/10.1103/PhysRevE.59.R4709
http://dx.doi.org/10.1103/PhysRevA.81.022117
http://dx.doi.org/10.1103/PhysRevA.81.022117
http://dx.doi.org/10.1103/PhysRevA.81.022117
http://dx.doi.org/10.1103/PhysRevA.81.022117
http://dx.doi.org/10.1103/PhysRevLett.101.200404
http://dx.doi.org/10.1103/PhysRevLett.101.200404
http://dx.doi.org/10.1103/PhysRevLett.101.200404
http://dx.doi.org/10.1103/PhysRevLett.101.200404
http://dx.doi.org/10.1103/PhysRevA.80.023801
http://dx.doi.org/10.1103/PhysRevA.80.023801
http://dx.doi.org/10.1103/PhysRevA.80.023801
http://dx.doi.org/10.1103/PhysRevA.80.023801
http://dx.doi.org/10.1103/PhysRevA.81.042116
http://dx.doi.org/10.1103/PhysRevA.81.042116
http://dx.doi.org/10.1103/PhysRevA.81.042116
http://dx.doi.org/10.1103/PhysRevA.81.042116
http://dx.doi.org/10.1007/s11467-009-0078-7
http://dx.doi.org/10.1007/s11467-009-0078-7
http://dx.doi.org/10.1007/s11467-009-0078-7
http://dx.doi.org/10.1007/s11467-009-0078-7
http://dx.doi.org/10.1016/S0370-1573(02)00368-X
http://dx.doi.org/10.1016/S0370-1573(02)00368-X
http://dx.doi.org/10.1016/S0370-1573(02)00368-X
http://dx.doi.org/10.1016/S0370-1573(02)00368-X
http://dx.doi.org/10.1103/PhysRevA.79.044305
http://dx.doi.org/10.1103/PhysRevA.79.044305
http://dx.doi.org/10.1103/PhysRevA.79.044305
http://dx.doi.org/10.1103/PhysRevA.79.044305
http://dx.doi.org/10.1103/PhysRevA.88.053821
http://dx.doi.org/10.1103/PhysRevA.88.053821
http://dx.doi.org/10.1103/PhysRevA.88.053821
http://dx.doi.org/10.1103/PhysRevA.88.053821
http://dx.doi.org/10.1103/PhysRevB.89.020503
http://dx.doi.org/10.1103/PhysRevB.89.020503
http://dx.doi.org/10.1103/PhysRevB.89.020503
http://dx.doi.org/10.1103/PhysRevB.89.020503
http://dx.doi.org/10.1103/PhysRevA.86.023831
http://dx.doi.org/10.1103/PhysRevA.86.023831
http://dx.doi.org/10.1103/PhysRevA.86.023831
http://dx.doi.org/10.1103/PhysRevA.86.023831
http://dx.doi.org/10.1103/PhysRevA.91.053834
http://dx.doi.org/10.1103/PhysRevA.91.053834
http://dx.doi.org/10.1103/PhysRevA.91.053834
http://dx.doi.org/10.1103/PhysRevA.91.053834
http://dx.doi.org/10.1140/epjb/e2004-00152-7
http://dx.doi.org/10.1140/epjb/e2004-00152-7
http://dx.doi.org/10.1140/epjb/e2004-00152-7
http://dx.doi.org/10.1140/epjb/e2004-00152-7
http://dx.doi.org/10.1103/PhysRevA.82.043844
http://dx.doi.org/10.1103/PhysRevA.82.043844
http://dx.doi.org/10.1103/PhysRevA.82.043844
http://dx.doi.org/10.1103/PhysRevA.82.043844
http://dx.doi.org/10.1103/PhysRevB.75.054302
http://dx.doi.org/10.1103/PhysRevB.75.054302
http://dx.doi.org/10.1103/PhysRevB.75.054302
http://dx.doi.org/10.1103/PhysRevB.75.054302
http://dx.doi.org/10.1063/1.3243763
http://dx.doi.org/10.1063/1.3243763
http://dx.doi.org/10.1063/1.3243763
http://dx.doi.org/10.1063/1.3243763
http://dx.doi.org/10.1209/0295-5075/86/60009
http://dx.doi.org/10.1209/0295-5075/86/60009
http://dx.doi.org/10.1209/0295-5075/86/60009
http://dx.doi.org/10.1209/0295-5075/86/60009
http://dx.doi.org/10.1063/1.3700437
http://dx.doi.org/10.1063/1.3700437
http://dx.doi.org/10.1063/1.3700437
http://dx.doi.org/10.1063/1.3700437
https://www.researchgate.net/publication/296694342


Annals of Physics 371 (2016) 159–182

Contents lists available at ScienceDirect

Annals of Physics

journal homepage: www.elsevier.com/locate/aop

Resonance fluorescence of strongly driven
two-level system coupled to multiple
dissipative reservoirs
Yiying Yan ∗, Zhiguo Lü, Hang Zheng
Key Laboratory of Artificial Structures and Quantum Control (Ministry of Education), Department of
Physics and Astronomy, Shanghai Jiao Tong University, Shanghai, 200240, China
Collaborative Innovation Center of Advanced Microstructures, Nanjing, 210093, China

a r t i c l e i n f o

Article history:
Received 29 November 2015
Accepted 5 April 2016
Available online 13 April 2016

MSC:
81V80

Keywords:
Resonance fluorescence
Strong driving
Floquet theory

a b s t r a c t

We present a theoretical formalism for resonance fluorescence
radiating from a two-level system (TLS) driven by any periodic
driving and coupled to multiple reservoirs. The formalism is de-
rived analytically based on the combination of Floquet theory
and Born–Markov master equation. The formalism allows us to
calculate the spectrum when the Floquet states and quasiener-
gies are analytically or numerically solved for simple or compli-
cated driving fields. We can systematically explore the spectral
features by implementing the present formalism. To exemplify
this theory, we apply the unified formalism to comprehensively
study a generic model that a harmonically driven TLS is simulta-
neously coupled to a radiative reservoir and a dephasing reservoir.
We demonstrate that the significant features of the fluores-
cence spectra, the driving-induced asymmetry and the dephasing-
induced asymmetry, can be attributed to the violation of detailed
balance condition, and explained in terms of the driving-related
transition quantities between Floquet-states and their steady pop-
ulations. In addition, we find the distinguished features of the flu-
orescence spectra under the biharmonic and multiharmonic driv-
ing fields in contrast with that of the harmonic driving case. In the
case of the biharmonic driving, we find that the spectra are sig-
nificantly different from the result of the RWA under the multi-
ple resonance conditions. By the three concrete applications, we
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illustrate that the present formalism provides a routine tool for
comprehensively exploring the fluorescence spectrum of period-
ically strongly driven TLSs.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, the resonance fluorescencehas attractedwidespread attentions both in experiment
and theory [1–18], which is not only motivated by testing fundamental quantum optics theory but
also for the purposes of developing single quantum emitters for quantum light spectroscopy and
quantum information applications. In general, the spectrum of the fluorescence light is of primary
interest, which can be calculated in theory and measured in experiment. It is well known that the
fluorescence spectrum consists of coherent and incoherent components. The coherent one results
from the elastic scattering while the incoherent one from the inelastic scattering [1]. In particular, in
the case of a two-level system (TLS) driven by themonochromatic driving, the incoherent part ismade
up of three split peaks, known as Mollow triplet. The generation of Mollow triplet can be understood
physically by using the so-called dressed atom model [19], which combines the TLS and the
driving field. Within this model, the Mollow triplet is simply interpreted as a result of the transitions
between the specific dressed states.

As resonance fluorescence in versatile experimental conditions are explored, the theory about
radiation from the TLS has been intensively investigated and developed in two main ways. One is
concerning with elaborated driving field other than the monochromatic one, for instance, optical
pulse [14] and polychromatic driving field [18,20,21], etc. In these cases, the problem becomes
complicated due to the applied driving field. The other involves different kinds of reservoirs and the
simple monochromatic driving. It focuses the influence of the reservoirs coupled to the TLS on the
spectral properties, such as dephasing coupling [15,16] and the narrowband vacuum [2,22], etc. To
our knowledge, there is no general theoretical formalism to simultaneously reveal effects of both the
arbitrary driving and the multiple reservoirs on the resonance fluorescence. In this work, we present
a theoretical formalism that provides a unified treatment of resonance fluorescence spectrum of the
TLS driven by an arbitrary periodic driving and coupled tomultiple reservoirs. The interesting physics
beyond the rotating-wave approximation (RWA) has been extensively studied both in experiment and
theory. In particular, the strong periodic driving is experimentally accessible in the superconducting
circuits that simulate the natural atoms. In such systems, it has been reported that the phenomena
associated with the strong harmonic driving cannot be described by the RWA [23–25].

As is well known, we can solve the time evolution of the periodically driven TLS by the Floquet
theory in the absence of the reservoirs [26–28]. On the other hand, provided that a TLS interactsweakly
with the reservoirs, we can apply the Born–Markov master-equation approach to get the reduced
dynamics of the TLS [29]. In the presence of the periodic driving and reservoirs, it is feasible to combine
the Floquet theory and the Born–Markov master equation into the Floquet–Born–Markov (FBM)
master equation [28,30,31]. It is noticeable that, in Ref. [32], the authors show that the FBM master
equation is consistent with the second law of thermodynamics under strong driving conditions in
which case the traditional quantum optical master equation becomes inapplicable and is inconsistent
with the second law [33]. Intuitively,we can conclude that the FBMmaster equation provides the basis
of unified treatment of fluorescence spectrum in the cases of periodic strong driving and multiple
reservoirs.

In this paper, we present a formalism of fluorescence spectrum based on the FBMmaster equation,
which is applicable to the situation where the TLS is periodically driven and weakly coupled to
multiple reservoirs. When the Floquet state of the driven TLS is solved by the numerical technique
or analytical method, the formalism allows us to not only straightforward calculate the spectrum but
also explore the spectral featureswith a simple selection rule. In Section 3, to exemplify the theory, we
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apply formal spectrum to the harmonically driven TLS, whichweakly interacts with both the radiative
and dephasing reservoirs. Based on the analytical results of fluorescence spectra, we demonstrate
two kinds of asymmetric line shape in the main triplet. One is the driving-induced asymmetric
line shape, the other is the dephasing-induced asymmetric line shape. Moreover, we explain the
underlying reason of the asymmetric lineshape and observe the interplay between the two kinds of
asymmetry. In Section 4, we study the fluorescence spectra of the TLS driven by a biharmonic driving.
In comparison with the harmonic driving, the biharmonic driving leads to more intense higher-order
triplets centered at both even andoddmultiples of the driving frequency.Weanalyze the feature of the
multiple resonance induced fluorescence spectra. In such case, we find the exotic spectra significantly
differ from those predicted by the RWA. In Section 5, we discuss briefly the fluorescence spectra of
the multiharmonic driving similar to the square-wave signal. It turns out that the present formalism
provides a routine tool for the comprehensive studies of the fluorescence spectrum.

2. Theoretical formalism

2.1. Floquet–Born–Markov master equation

We consider a TLS with time-dependent periodic driving and multiple reservoirs (including a
radiation field), which is described by the Hamiltonian (we set h̄ = 1 throughout this paper)

H(t) = HS(t)+


j

H(j)R +


j

H(j)SR . (1)

Here, HS(t) = HS(t + 2π/ωl) is the periodically driven TLS.


j H
(j)
R ≡ HR denotes the sum of free

Hamiltonians of the reservoirs.


j H
(j)
SR ≡ HSR represents the coupling between the TLS and reservoirs.

Moreover, we assume that H(j)SR ≡ X̂ (j) ⊗ B̂(j), where X̂ (j) and B̂(j) are the Hermite operators and act on
the Hilbert space of the TLS and that of the jth reservoir, respectively.

Since HS(t) is periodic in time, we can use the Floquet theorem to solve the dynamics of the
TLS. The theorem states that the Schrödinger equation governed by HS(t) possesses the formal
solution [26–28]:

|ψα(t)⟩ = e−iεα t |uα(t)⟩, (2)

where |uα(t)⟩ = |uα(t+2π/ωl)⟩, a function periodic in time, is referred to as the Floquet state associ-
ated with quasienergy εα . It is straightforward to show that |uα(t)⟩ and εα satisfy following equation:

[HS(t)− i∂t ]|uα(t)⟩ = εα|uα(t)⟩, (3)

where HS(t) − i∂t is the so-called Floquet Hamiltonian. It is worthwhile to notice that |uα,n(t)⟩ =

einωlt |uα(t)⟩ is physically equivalent to |uα(t)⟩ but with the shifted quasienergy εα,n = εα + nωl. As
a consequence, it is sufficient to consider εα in the range −

ωl
2 < εα ≤

ωl
2 . In what follows, we revisit

the derivation of Born–Markov master in the Floquet picture.
In the weak-coupling regime, we set H0 = HS(t) + HR as the free Hamiltonian and HSR as the

perturbation. In the interaction picture, we readily obtain the Born–Markov master equation for the
TLS up to second order of the perturbation [29], which reads

d
dt
ρ I
S(t) = −


∞

0
dτTrR[HI(t), [HI(t − τ), ρ I

S(t)ρR]]. (4)

Here, ρ I
S(t) is the reduced density matrix of the TLS in the interaction picture. HI(t) is given by

HI(t) = UĎ
S (t) exp(iHRt)HSRUS(t) exp(−iHRt)

=


j

UĎ
S (t)X̂

(j)US(t)⊗ exp(iHRt)B̂(j) exp(−iHRt)

≡


j

X̂ (j)(t)⊗ B̂(j)(t), (5)
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whereUS(t) = T exp[−i
 t
0 HS(τ )dτ ] is the time-ordered evolution operator of the TLS. Provided that

[HR, ρR] = 0, we can rewrite Eq. (4) as

d
dt
ρ I
S(t) = −


j


∞

0
dτ [X̂ (j)(t)X̂ (j)(t − τ)ρ I

S(t)⟨B̂
(j)(τ )B̂(j)(0)⟩R

− X̂ (j)(t − τ)ρ I
S(t)X̂

(j)(t)⟨B̂(j)(τ )B̂(j)(0)⟩R + h.c.], (6)

where ⟨B̂(j)(τ )B̂(j)(0)⟩R ≡ TrR[B̂(j)(τ )B̂(j)(0)ρR] is the reservoir correlation function. To proceed, we
use the Floquet states |uα(0)⟩ (α = ±) as the basis to derive the equation of motion for the element
ρ I
αβ(t) = ⟨uα(0)|ρ I

S(t)|uβ(0)⟩. According to Floquet theory, we have

⟨uα(0)|X̂ (j)(t)|uβ(0)⟩ = ⟨uα(t)|X̂ (j)|uβ(t)⟩ei(εα−εβ )t =


n

X (j)αβ,ne
i∆αβ,nt , (7)

where

X (j)αβ,n =
ωl

2π

 2π/ωl

0
dt⟨uα(t)|X̂ (j)|uβ(t)⟩e−inωlt , (8)

∆αβ,n = εα − εβ + nωl. (9)

Thus, we readily obtain following expressions:

⟨uα(0)|X̂ (j)(t)X̂ (j)(t − τ)ρ I
S(t)|uβ(0)⟩ =


γ ,δ

⟨uα(0)|X̂ (j)(t)|uγ (0)⟩⟨uγ (0)|X̂ (j)(t − τ)|uδ(0)⟩

× ⟨uδ(0)|ρ I
S(t)|uβ(0)⟩

=


γ ,δ,n,m


λ

δβ,γ X
(j)
αλ,nX

(j)
λδ,me

−i∆λδ,mτ

× ρ I
δγ (t)e

i(∆αδ,n+∆γ β,m)t , (10)

⟨uα(0)|X̂ (j)(t − τ)ρ I
S(t)X̂

(j)(t)|uβ(0)⟩ =


γ ,δ,n,m

X (j)αδ,nX
(j)
γ β,me

−i∆αδ,nτρ I
δγ (t)e

i(∆αδ,n+∆γ β,m)t . (11)

Substituting Eqs. (10) and (11) into Eq. (6), we arrive at the following form

d
dt
ρ I
αβ(t) =


δ,γ ,n,m


Γ +

γ βαδ,mn + Γ −

γ βαδ,mn −


λ


δβ,γΓ

+

αλλδ,nm

+ δα,δΓ
−

γ λλβ,nm


ρ I
δγ (t)e

i(∆γ β,m+∆αδ,n)t , (12)

where

Γ +

αβδγ ,nm =


j

X (j)αβ,nX
(j)
δγ ,mγ

(j)+
δγ ,m, (13)

Γ −

αβδγ ,nm =


j

X (j)αβ,nX
(j)
δγ ,mγ

(j)−
αβ,n, (14)

γ
(j)±
αβ,n =


∞

0
dτe−i∆αβ,nτ ⟨B̂(j)(±τ)B̂(j)⟩R. (15)

This is the so-called Floquet–Born–Markov master equation [28]. This master equation can treat the
driving term exactly and keep TLS–reservoir couplings up to second order. It is clear that due to the
Born–Markov approximation the master equation is valid for a weak system–reservoir coupling and
low temperature [29,34].
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In some senses, i.e., the strong driving cases, we may neglect the time-dependent terms in Eq. (12)
by invoking the secular approximation.With such approximation [28], we obtain a time-independent
equation of motion in the Floquet picture,

d
dt
ραβ(t) = −i(εα − εβ)ραβ(t)− γαβραβ(t)+ δα,β


δ≠β

ρδδ(t)Wδβ , (16)

where we used relation ραβ(t) ≡ ⟨uα(t)|ρS(t)|uβ(t)⟩ = e−i(εα−εβ )tρ I
αβ(t). The coefficients read

Wδβ =


n,m

(Γ +

δββδ,mn + Γ −

δββδ,mn)δn,−m, (17)

γαβ =


n,m


λ


Γ +

αλλα,nm + Γ −

βλλβ,nm


− Γ +

ββαα,mn − Γ −

ββαα,mn


δn,−m, (18)

where δn,−m is the Kronecker-delta function. The solutions to Eq. (16) can be found as follows:

ρ++(t) = ρ++(0)e−γrelt +
W−+

γrel
(1 − e−γrelt), (19)

ρ+−(t) = ρ+−(0)e−(γdeph+iε+−iε−+iδω+−)t , (20)

where the explicit forms of the transition rates and Lamb shift can be rewritten as follows:

W−+ =


n,j

|X (j)+−,n|
2(γ

(j)+
+−,n + γ

(j)−
−+,−n), (21)

γrel =


n,j

|X (j)+−,n|
2(γ

(j)+
+−,n + γ

(j)−
−+,−n + γ

(j)+
−+,−n + γ

(j)−
+−,n), (22)

γdeph =


n,j


|X (j)−+,n|

2Re(γ (j)+−+,n + γ
(j)−
−+,n)

+ |X (j)++,n|
2(γ

(j)+
++,n + γ

(j)+
++,−n + γ

(j)−
−−,n + γ

(j)−
−−,−n)


, (23)

δω+− =


n,j

|X (j)−+,n|
2Im(γ (j)+−+,n + γ

(j)−
−+,n). (24)

Here γrel and γdeph are the relaxation and dephasing rates of the Floquet states, respectively. δω+− is
the reservoirs-induced energy shift, which is usually a negligible small quantity and omitted. In the
next section, we use these solutions to derive the fluorescence spectrum.

2.2. Resonance fluorescence spectrum

In this subsection we derive an analytical expression for the fluorescence spectrum in the
steady-state limit. The fluorescence spectrum is proportional to the real part of Fourier transform
of the first-order correlation function [1]

I(ω) ∝ Re


∞

0
lim
t→∞

g(1)(t + τ , t)e−iωτdτ , (25)

where g(1)(t + τ , t) is the first-order correlation function and evaluated as

g(1)(t + τ , t) = Tr[UĎ(t + τ)σ+U(t + τ)UĎ(t)σ−U(t)ρS(0)ρR]
= TrS{σ+TrR[U(t + τ)UĎ(t)σ−ρS(t)ρRU(t)UĎ(t + τ)]}

≡ TrS[σ+ρS(t + τ)], (26)

where ρS(t + τ) = TrR[U(t + τ)UĎ(t)σ−ρS(t)ρRU(t)UĎ(t + τ)] can be viewed as a reduced density
matrix whose evolution is determined by Eq. (16) with initial condition σ−ρS(t). This is actually the
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so-called quantum regression theorem [35]. In general, we have

σ−ρS(t) =


α,γ ,β,n

X−

αγ ,nργ β(t)|uα(t)⟩⟨uβ(t)|e
inωlt , (27)

where

X−

αβ,n =
ωl

2π

 2π/ωl

0
dt⟨uα(t)|σ−|uβ(t)⟩e−inωlt . (28)

According to quantum regression theorem [35], the explicit form of ρS(t + τ) can be obtained from
Eqs. (19) and (20) by replacing the initial condition ραβ(0) →


γ ,n X

−
αγ ,nργ β(t)e

inωlt , which leads to

ρ++(t + τ) =


γ ,n

X−

+γ ,nργ+(t)einωlte−γrelτ + ρss
++
(1 − e−γrelτ )


α,γ ,n

X−

αγ ,nργα(t)e
inωlt , (29)

ρ−−(t + τ) =


γ ,n

X−

−γ ,nργ−(t)einωlte−γrelτ + ρss
−−
(1 − e−γrelτ )


α,γ ,n

X−

αγ ,nργα(t)e
inωlt , (30)

ρ+−(t + τ) =


γ ,n

X−

+γ ,nργ−(t)einωlte−(γdeph+iω+−)τ , (31)

ρ−+(t + τ) =


γ ,n

X−

−γ ,nργ+(t)einωlte−(γdeph−iω+−)τ , (32)

where ω+− = ε+ − ε− + δω+− are the reservoir-normalized energy gap of the Floquet states.
ρss

++
=

W−+

γrel
and ρss

−−
= 1 − ρss

++
are the steady Floquet-state populations. In the steady-state limit,

we can assume the correlation function to be τ dependent only, and thus it can be rewritten as

g(1)(τ ) = lim
t→∞

g(1)(t + τ , t)

= lim
t→∞


α,β,n

X+

αβ,nρβα(t + τ)einωl(t+τ)

=


n

einωlτ |X+

++,n|
2
{[1 − (ρss

++
− ρss

−−
)2]e−γrelτ + (ρss

++
− ρss

−−
)2}

+


n

einωlτ {|X+

−+,n|
2ρss

−−
e−(γdeph+iω+−)τ

+ |X+

+−,n|
2ρss

++
e−(γdeph−iω+−)τ }, (33)

where X+

αβ,n = (X−

βα,−n)
∗. By substituting Eq. (33) into Eq. (25) and integrating, we obtain the

fluorescence spectrum as follows:

I(ω) ∝


n


π |X+

++,n|
2(ρss

++
− ρss

−−
)2δ(ω − nωl)

+ |X+

++,n|
2
[1 − (ρss

++
− ρss

−−
)2]

γrel

γ 2
rel + (ω − nωl)2

+ |X+

−+,n|
2ρss

−−

γdeph

γ 2
deph + (ω − nωl + ω+−)2

+ |X+

+−,n|
2ρss

++

γdeph

γ 2
deph + (ω − nωl − ω+−)2


. (34)

This expression provides the unified description of fluorescence in the cases of the periodically driven
TLS coupled to multiple reservoirs. We state that this result is derived with the aid of the secular
approximation, and thus it is validwhen |ω+−| ≫ γdeph, γrel, i.e., the emission lines arewell separated.
While this condition is not satisfied, we can calculate the fluorescence spectrum from Eq. (12) by
retaining the terms satisfying n = −m, i.e., the partial secular approximation.
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In the present formalism,we can interpret the emission lines as a result of the transitions of specific
Floquet states and understand the physical origin of the emission line. Generally speaking, a transition
|uα,n(t)⟩ → |uβ(t)⟩ results in an emission process with the resulting photon of frequency determined
by the energy gap of the two states (a positive frequencymeans a real process) and probability related
to |X+

αβ,n|
2. The X+

αβ,n is defined as

X+

αβ,n = (X−

βα,−n)
∗

=
ωl

2π

 2π/ωl

0
dt⟨uα,n(t)|σ+|uβ(t)⟩,

which can be regarded as the time-averaged transition amplitude between the two states, |uα,n(t)⟩
and |uβ(t)⟩. Moreover, it is straightforward to calculate the quasienergy gap between the two states

∆αβ,n = εα,n − εβ = ωαβ + nωl,

where ωαβ ≡ εα − εβ . All results indicate that the weights of Lorentzian lines in the formal spectrum
depend on |X+

αβ,n|
2 and the populations of the Floquet states, and the positions are determined by

∆αβ,n. For instance, the incoherent Lorentzian line
γdeph

γ 2
deph + (ω − nωl + ω+−)2

is corresponding to the transition |u−,n(t)⟩ → |u+(t)⟩. Therefore, its weight is proportional to the
transition probability |X+

−+,n|
2 as well as the population of the Floquet state ρss

−−
. Its position is

determined by the gap ε−,n − ε+ = ω−+ + nωl ≡ nωl − ω+−. γdeph is the dephasing rate for the
Floquet state, which determines the FWHM. The other emission lines can be understood in the same
manner.

It turns out that the semiclassical Floquet theory provides a similar description as the quantum
dressed-atom model. In fact, it has been discussed in Ref. [36] that the correspondence between
the Floquet states and the dressed states for the simple RWA driving case. All in all, the present
formalism allows us to obtain analytical expressions for all the characteristics (weights and widths)
of the fluorescence spectrum and physically understand how the driving and reservoirs influence
spectral characteristics. Inwhat follows, we use three examples to show the advantages of the present
formalism.

3. Application to the harmonic driving

We study the fluorescence of a specific model by implementing the formalism presented above.
The model describes that a TLS is excited by a monochromatic harmonic field and weakly coupled to
an electromagnetic radiation field and a dephasing reservoir. The total Hamiltonian reads

H(t) = HS(t)+


k
ωka

Ď
kak +


q
νqbĎqbq +

σx

2


k

gk(a
Ď
k + ak)+

σz

2


q

fq(bĎq + bq). (35)

Here, HS(t) =
1
2ω0σz +

A
2 cos(ωlt)σx describes that a TLS with bare transition frequency ω0 is driven

by the harmonic field with amplitude A and frequency ωl. σx(y,z) denotes Pauli matrix. ak (aĎk) is the
annihilation (creation) operator of the kth-mode of electromagnetic field with photon frequency ωk.
bq (bĎq) is the annihilation (creation) operator of the kth-mode with frequency νq of the dephasing
reservoir. gk and fq are the coupling constants between TLS and reservoirs.

We state that the key ingredients to be determined in the present formalism are the Floquet states,
quasienergies, the coefficient X (j)αβ,n, and the Fourier transform of the reservoir correlation function

γ
(j)±
αβ,n. These quantities fully determine the dynamics of the driven TLS as well as the fluorescence

spectrum given in Eq. (34). For the model considered, in comparison with Eq. (1), we have HR =
k ωka

Ď
kak +


q νqb

Ď
qbq and HSR =


j=x,z X̂

(j)
⊗ B̂(j), where X̂ (j) = σj/2, B̂x

=


k gk(a
Ď
k + ak), and

B̂z
=


q fq(b

Ď
q+bq). Provided that the Floquet states and quasienergies are known,we can determine

the quantities listed in Eqs. (21)–(24) by the explicit forms of the operators. Therefore, the key task is
to determine the Floquet states and quasienergies. In what follows, we use a unitary transformation
to solve the Floquet states and quasienergies for the harmonically driven TLS.
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3.1. Unitary transformation

We start to derive the Floquet states and quasienergies of the harmonically driven TLS. This issue
has been addressed by Shirley using the perturbation treatment inA [26]. Here,we introduce amethod
based on a unitary transformation to analytically solve the Floquet states and quasienergies. This is
the advantage of our treatment avoiding the diagonalization of the infinite Floquet Hamiltonian given
by Shirley [37,26].

The time evolution of any driven systems satisfies the following equation:

i
d
dt

US(t) = HS(t)US(t), (36)

with the initial condition US(0) = 1. By unitary transformation, we get

i
d
dt

U ′

S(t) = H ′

S(t)U
′

S(t), (37)

where U ′

S(t) = eS(t)US(t) and

H ′

S(t) = eS(t)HS(t)e−S(t)
+ i∂tS(t) (38)

is the transformed Hamiltonian. The generator S(t) of our treatment is

S(t) = i
A
2ωl

ξ sin(ωlt)σx, (39)

where the parameter ξ can be determined self-consistently (0 ≤ ξ ≤ 1) [37]. We readily give the
transformed Hamiltonian as follows:

H ′

S(t) =
1
2
ω0


cos


Aξ
ωl

sin(ωlt)

σz + sin


Aξ
ωl

sin(ωlt)

σy


+

A
2
(1 − ξ) cos(ωlt)σx. (40)

Using the identity exp

i Aξ
ω

sin(ωt)


=


∞

n=−∞
Jn

 Aξ
ω


exp(inωt), in which Jn(·) is the nth-order

Bessel function of the first kind, we divide the transformed Hamiltonian into two parts H ′

S(t) =

H ′

1(t)+ H ′

2(t),

H ′

1(t) =
1
2
ω0J0


Aξ
ωl


σz + ω0J1


Aξ
ωl


sin(ωlt)σy +

A
2
(1 − ξ) cos(ωlt)σx, (41)

H ′

2(t) = ω0

∞
n=1


J2n


Aξ
ωl


cos(2nωlt)σz + J2n+1


Aξ
ωl


sin[(2n + 1)ωlt]σy


. (42)

We emphasis that H ′

1(t) is comprised of the slow-oscillating terms while H ′

2(t) consists of all the
fast-oscillating terms. We introduce the first approximation in our treatment, i.e., the drop of H ′

2(t)
and the Hamiltonian H ′

S(t) ≃ H ′

1(t). To proceed, we determine ξ self-consistently by

ω0J1


Aξ
ωl


=

A
2
(1 − ξ) ≡

Ã
4
, (43)

which leads to a counter-rotating hybridized rotating-wave (CHRW) Hamiltonian H ′

CHRW(t):

H ′

CHRW(t) =
1
2
J0


Aξ
ωl


ω0σz +

Ã
4
(e−iωltσ+ + eiωltσ−), (44)

where σ± = (σx ± iσy)/2.
The effective HamiltonianH ′

CHRW(t) can be further transformed into a time-independent formwith
a rotating operation

H ′

CHRW = R(t)H ′

CHRW(t)R
Ď(t)− iR(t)∂tRĎ(t) =

∆̃

2
σz +

Ã
4
σx, (45)

where R(t) = exp(iσzωlt/2) and ∆̃ = J0


Aξ
ωl


ω0 − ωl is the effective detuning. We can read-

ily diagonalize the Hamiltonian (45). Its eigenstates and corresponding eigenenergies are given
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as follows:

|±⟩ = sin θ |∓⟩ ± cos θ |±⟩, (46)

E± = ±
1
2


∆̃2 + Ã2/4 ≡ ±

1
2
Ω̃R, (47)

where

θ = arctan

2(Ω̃R − ∆̃)/Ã


(48)

and |±⟩ are the bare levels of the TLS: σz |±⟩ = ±|±⟩.
By using the above results, we have obtained the time evolution operator as

US(t) = e−S(t)RĎ(t)e−iH ′
CHRWt . (49)

Provided that the initial state of TLS is |ψ±(0)⟩ = |±⟩,we have the final state at the time t given by

|ψ±(t)⟩ = US(t)|ψ±(0)⟩

= e∓i 12 Ω̃Rte−S(t)RĎ(t)|±⟩

≡ e−iε±,nt |u±,n(t)⟩, (50)

where

|u±,n(t)⟩ = ei(n+1/2)ωlte−S(t)RĎ(t)|±⟩, (51)

ε±,n = (ωl ± Ω̃R)/2 + nωl. (52)

It is evident that |u±,n(t)⟩ = |u±,n(t + 2π/ωl)⟩ are periodic in time. According to the Floquet theory,
we identify that ε±,n and |u±,n(t)⟩ are the quasienergies and Floquet states, respectively. In contrast,
it is straightforward to derive the quasienergies and Floquet states within the RWA by replacing the
modified quantities Ã and ∆̃with the corresponding bare quantities (A,∆ = ω0 −ωL), and e−S(t) with
1 in Eqs. (51) and (52).

3.2. Comparison of quasienergy and Floquet state

We show the validity of our treatment as compared to the numerically exact and the RWA results.
First, we compare the results of quasienergies by our CHRW method, numerically exact treatment
of Floquet Hamiltonian and the RWA. Note that (ε+,n + ε−,m)modωl = 0 [26], it is sufficient to
compare the quasienergy ε+ in the range of (−ωl/2, ωl/2], whose absolute values are shown in Fig. 1.
Obviously, our results agree well with the numerically exact ones when A/ωl < 2 for both resonance
and off-resonance cases. In particular, for ω0/ωl ≪ 1, our method works quite well even though
A/ωl → 6. However, the RWA is valid only for the (near-) resonance case and A/ωl < 1.5 from the
viewpoint of the quasienergies.

Second, we reveal the accuracy of the element between the Floquet states X (j)αβ,n calculated by our
method. We consider X̂ z

=
σz
2 . By using Eqs. (8) and (51), we can obtain the expression for X z

αβ,n with
|uα(t)⟩ ≡ |uα,0(t)⟩:

X z
αβ,n =

1
2


cαβ


δn,0J0


Aξ
ωl


+

∞
k=1

J2k


Aξ
ωl


(δn,2k + δn,−2k)



+ dαβ


∞
k=1

J2k−1


Aξ
ωl


(δn,2k−2 − δn,−2k)



− dβα


∞
k=1

J2k−1


Aξ
ωl


(δn,2k − δn,−2k+2)


, (53)
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a b

c d

Fig. 1. (Color online) The absolute value of quasienergy |ε+| as a function of the ratio A/ωl for various driving frequencies: (a)
ωl = 0.5ω0 , (b) ωl = ω0 , (c) ωl = 1.5ω0 , and (d) ωl = 5ω0 .

where
cαβ = ⟨α|σz |β⟩

= sin(2θ)(1 − δα,β)+ (1 − 2δα,−)δα,β cos(2θ), (54)
dαβ = ⟨α|σ−|β⟩

= (sin2 θ − δβ,+)(1 − δα,β)+


1
2

− δβ,−


δα,β sin(2θ). (55)

The derivation of the coefficient X (j)αβ,n is given in the Appendix. In Figs. 2 and 3, we show the behaviors
of |X z

++,0| and |X z
++,2| as a function of ratioA/ωl, respectively.We find that results of the CHRWmethod

are in good agreement with numerical results when A/ωl < 2 for both off- and on-resonance cases.
Fig. 3 shows that X z

αβ,n for n ≠ 0 is significantly enhanced as A increases. In contrast, the RWA results
are X z

αβ,n ≡ 0 which is totally different from X z
αβ,n ≠ 0 for n ≠ 0 obtained by the exact and CHRW

methods. It indicates that the incorrect RWA coefficient X (j)αβ,n for n ≠ 0 cannot predict the accurate
dynamics and analyze the features of the spectrum in the strong driving case.

From the above comparison, we find that our approach can give the correct result with high
accuracy in comparison with the numerically exact results when A/ωl < 2 (or A/ωl < 6 and
ω0/ωl ≪ 1). On the contrary, the RWA is valid onlywhen A/ωl ≪ 1. It is therefore reasonable to apply
Floquet states (51) and associated quasienergies (52) obtained by the CHEW method to analytically
evaluate the fluorescence spectrum.

3.3. Standard and modified Mollow triplets

In order to give the fluorescence spectrum of themodel (35), it requires us to calculate X x
αβ,n, X

+

αβ,n,

and γ (j)±αβ,n with j = x, z, which reads

X x
αβ,n =

1
2
(dαβδn,−1 + dβαδn,1), (56)

X+

αβ,n =
1
2


dβα


1 + J0


Aξ
ωl


δn,1 + dβα

∞
k=1

J2k


Aξ
ωl


(δn,2k+1 + δn,−2k+1)
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a b

c d

Fig. 2. (Color online) The coefficient |X z
++,0| as a function of the ratio A/ωl for various driving frequencies: (a) ωl = 0.5ω0 , (b)

ωl = ω0 , (c) ωl = 1.5ω0 , and (d) ωl = 5ω0 .

a b

c d

Fig. 3. (Color online) The coefficient |X z
++,2| as a function of the ratio A/ωl for various driving frequencies: (a) ωl = 0.5ω0 , (b)

ωl = ω0 , (c) ωl = 1.5ω0 , and (d) ωl = 5ω0 .

+ dαβ


1 − J0


Aξ
ωl


δn,−1 − dαβ

∞
k=1

J2k


Aξ
ωl


(δn,1−2k + δn,−2k−1)

− cαβ
∞
k=1

J2k−1


Aξ
ωl


(δn,2k−1 − δn,−2k+1)


, (57)

γ
(j)+
αβ,n = πG(j)(−∆αβ,n)− iR(j)(−∆αβ,n) = (γ

(j)−
βα,−n)

∗, (58)

where Gx(ω) =


k g
2
kδ(ωk − ω) and Gz(ω) =


q f

2
q δ(νq − ω) are the spectral functions of the

electromagnetic reservoir and dephasing reservoir, respectively. In this work, we consider that the
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electromagnetic reservoir is of broadband type with Gx(ω) =
2
π
κ where κ is the radiative decay

rate, and the dephasing bath is of Ohmic type with Gz(ω) = αωe−ω/ωc where α is the dimensionless
coupling strength andωc is the cut-off frequency. Provided that the reservoirs are at zero temperature
and in vacuum states, the basic ingredients in the FBMmaster equation can be solved

W−+ = 2π

n


j=x,z

|X (j)+−,n|
2G(j)(∆−+,n), (59)

γrel = 2π

n


j=x,z

|X (j)+−,n|
2
[G(j)(∆+−,n)+ G(j)(−∆+−,n)], (60)

γdeph = π

n


j=x,z


|X (j)−+,n|

2
[G(j)(∆−+,n)+ G(j)(−∆−+,n)]

+ 2|X (j)++,n|
2
[G(j)(nωl)+ G(j)(−nωl)]


. (61)

Therefore, we determine the fluorescence spectrum of the driven TLS interacting with two reservoirs
in the following.

3.3.1. The driving-induced asymmetry
First, we reveal that how the standard Mollow triplet recovers from Eq. (34) in the absence of the

dephasing reservoir (fq = 0). We consider the coefficient X+

αβ,n within the RWA,

X+

αβ,n = d(RWA)
βα δn,1, (62)

where d(RWA)
βα is given by dβα with θA = arctan[2(ΩR − ∆)/A]. Here ∆ = ω0 − ωl is the bare

detuning and ΩR =

∆2 + A2/4 is the Rabi frequency. For X+

αβ,n≠1 = 0, the four components of
the fluorescence spectra (the delta-function and three Lorentzian’s) associated with n = 1 survive in
Eq. (34). To examine the spectral features, we need to calculate the Floquet-state population ρss

αα ,
relaxation rate Γrel, and dephasing rate Γdeph, which is easily evaluated from Eqs. (59)–(61) and
given by

ρss
++

=
sin4 θA

cos4 θA + sin4 θA
= 1 − ρss

−−
, (63)

γrel = κ(sin4 θA + cos4 θA), (64)

γdeph =
κ

2
[sin4 θA + cos4 θA + sin2(2θA)]. (65)

It is straightforward to verify that the equality |X+

+−,1|
2ρss

++
= |X+

−+,1|
2ρss

−−
exactly holds within the

RWA, which is known as the detailed balance condition. It guarantees that the spectrum is always
symmetrical with respect to the center [19].

In particular, when ∆ = 0, we have θA = π/4, which leads to |X+

αβ,1| =
1
2 , γrel = κ/2,

γdeph = 3κ/4, and ρss
++

= ρss
−−

= 1/2. Thus, our spectrum equation (34) recovers the standard
incoherent Mollow triplet:

I(ω) ∝
κ/8

(ω − ωl)2 +
κ2

4

+
3κ/32

(ω − ωl −ΩR)2 +
9κ2
16

+
3κ/32

(ω − ωl +ΩR)2 +
9κ2
16

. (66)

Here we find that the coherent component (the delta function) vanishes. This arises because of the
secular approximation which omits the terms of order κ/ΩR and higher.

Second, we demonstrate the spectral properties beyond the RWA and in the absence of the
dephasing reservoir. The results are as follows: (i) the positions of center components in the Mollow
triplets appear at odd multiple of the fundamental driving frequency. By Eq. (57), we get |X+

αβ,n| = 0
for |n| = 0, 2, 4, . . . , but |X+

αβ,n| ≠ 0 for |n| = 1, 3, 5, . . .. A nonzero |X+

αβ,n|means that the transition
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a

b

Fig. 4. (Color online) (a) The weights of the sidebands in the first-order triplet as a function of A for ωl = ω0 . (b) The weights
of the sidebands in the first-order triplet as a function of ωl for A = 0.3ω0 . The radiative decay rate is κ = 0.02ω0 .

|uα,n(t)⟩ → |uβ(t)⟩ is allowed when n is odd, leading to the generation of Mollow triplets centered
at odd multiples of driving frequency nωl (|n| = 1, 3, 5, . . .). Actually, the components centered at
negative frequencies give negligible contributions to I(ω > 0). The main ingredients of fluorescence
spectrum are the emission lines at positive frequencies; (ii) the two sidebands around ωl possess
unequal intensities in the case of the strong harmonic driving. This type of asymmetry has been proved
in previous works [17,38]. It turns out here the asymmetry of the first-order triplet can be understood
by the inequality |X+

−+,1|
2ρss

−−
< |X+

+−,1|
2ρss

++
, which means the violation of the detailed balance

condition.
We examine analytically the violation of the detailed balance condition. Similar to the RWA case,

we have the steady Floquet-state populationρss
++

=
sin4 θ

cos4 θ+sin4 θ
= 1−ρss

−−
while θ is given by Eq. (48).

On the other hand, we find |X+

−+,1| =
1
2

sin2 θ

1 + J0


Aξ
ωl


+ J2


Aξ
ωl


cos2 θ − J1


Aξ
ωl


sin(2θ)

 and
|X+

+−,1| =
1
2

cos2 θ 
1 + J0


Aξ
ωl


+ J2


Aξ
ωl


sin2 θ + J1


Aξ
ωl


sin(2θ)

. Provided that A/ωl ≪ 1 and

Jn


Aξ
ωl


with n ≥ 1 is omitted, we recover the detailed balance condition. However, when A/ωl

are large enough, the contributions from higher-order Bessel function Jn


Aξ
ωl


become important. In

Fig. 4(a), we show the process of the violation of the detailed balance condition with the increase
of A. We find that the condition is apparently violated when A > 0.2ω0 for ωl = ω0, which differs
from the prediction of A > 0.8ω0 given in Ref. [38] (their notation Ω is equal to 2A). In addition,
Fig. 4(b) shows that |X+

−+,1|
2ρss

−−
< |X+

+−,1|
2ρss

++
holds for both the on- and off-resonance cases in the

strong-driving regime. As a result, we find that the red sideband is suppressed while the blue one is
enhanced with the increase of A. In contrast, we notice that this property cannot be given from the
traditional quantum optical master equation [39] (see Figs. 8 and 12 of the reference).

From the above discussion, we notice that we can gain an insight into the spectral properties of
the fluorescence by analyzing the properties of X+

αβ,n as well as the steady Floquet-state populations.
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a b

c d

Fig. 5. The spectrum I(ω) of the resonance and nonresonance fluorescence for A = 0.3ω0 and κ = 0.02ω0 . The driving
frequencies are set as ωl = ω0 for (a) and (b); ωl = 1.1ω0 for (c) and (d). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

In particular, X+

αβ,n is uniquely determined by the driving. However, the populations are generally
influenced by both the driving and the reservoirs. In the following, we demonstrate the effect of the
pure dephasing coupling on the spectrum.

3.3.2. The dephasing-induced asymmetry
We explore the effect of the pure dephasing reservoir (fq ≠ 0) on the spectrum. In Fig. 5, we

show the fluorescence spectra for the on- and off-resonance cases. It is found that the spectra exhibit
asymmetry with the increase of α which characterizes the strength of the dephasing coupling. It is
the dephasing coupling that results in the enhancement of the red sideband and the suppression
of the blue one, which is opposed to the feature of the harmonic-driving-induced asymmetry
(the suppression of the red sideband and enhancement of the blue sideband) [17]. Moreover, the
dephasing-induced asymmetry becomes more apparent for the blue detuned driving [see Fig. 5(c)]
than the resonant driving [see Fig. 5(a)]. This property is further illustrated in Fig. 6. We find that
the difference in the weights of the two sidebands becomes evident for both RWA and non-RWA
driving with the increase of ωl for fixed A. In addition, we notice that this dephasing induced spectral
asymmetry is similar as the prediction in the previous work [40], where the influence of the metal
nanoparticle on the quantum dot under the RWA driving is considered.

Fig. 5(b) shows a phenomenon of the interplay between harmonic-driving and dephasing induced
asymmetry. For a certain harmonic driving strength, it is possible to realize the inequality |X+

−+,1|
2 <

|X+

+−,1|
2 resulting in the spectral feature with a suppressed red sideband and an enhanced blue

sideband. For α = 0, the spectral asymmetry is only determined by the harmonic driving, i.e. the blue
sideband is higher than the red one. When α increases, the blue sideband comes to be suppressed
while the red one becomes enhanced. This means that the spectral asymmetry is dominated by the
dephasing coupling. In Fig. 6(a), it is clear to see that the CHRW method gives the crossover of the
two types of asymmetry induced by harmonic driving and dephasing coupling. When ωl < 0.97ω0,
the red sideband is lower than the blue one, which is the feature of the driving-induced asymmetry.
While ωl > 0.97ω0, the red sideband becomes higher than the blue one, which is the feature of the
dephasing-induced asymmetry. In contrast, the red sideband of the RWA is always higher than the
blue one because the RWA does not take into account the effects of the counter-rotating driving term,
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a

b

Fig. 6. (Color online) (a) Theweights of the sidebands in the first-order triplet as a function ofωl forA = 0.3ω0 and κ = 0.02ω0 .
(b) The spectrum I(ω) for ωl = 0.97ω0 . The other parameters are the same as (a).

which means that the RWA spectrum is asymmetric. In Fig. 6(b), we show the spectrum for the non-
RWA and RWA cases for ωl = 0.97ω0. Interestingly, the non-RWA spectrum is symmetric while the
RWA spectrum is asymmetric.

We explore the effects of the dephasing reservoir by analyzing the populationρss
αα which influences

the weights of each components of the fluorescence and depends on the properties of the reservoir.
In Fig. 7(a) and (b), we show the population ρss

++
as functions of ωl and A for both RWA and harmonic

driving, respectively. It is evident that ρss
++

becomes smaller for the dephasing coupling α > 0 than
for α = 0 [the solid (dot-dashed) line with α = 0.01 is always below the dashed (dotted) line with
α = 0]. Moreover, as ωl increases, ρss

++
becomes smaller for α > 0 than for α = 0. It is feasible to

understand the role of the dephasing coupling on the spectra by examining ρss
++

of the RWA driving
case. We obtain the expression for ρss

++
in the RWA:

ρss
++
(α) =

κ sin4 θA

κ(cos4 θA + sin4 θA)+
π
2 αG

z(ΩR) sin2(2θA)
. (67)

It follows from Eq. (67) that ρss
++
(α) ≤ ρss

++
(0), i.e., the steady population ρss

++
decreases as α

increases. In comparison with |X+

+−,1|
2ρss

++
(0) = |X+

−+,1|
2ρss

−−
(0) for α = 0, we conclude that

|X+

+−,1|
2ρss

++
(α) < |X+

−+,1|
2ρss

−−
(α) for α > 0. This inequality leads to the generation of the enhanced

red sideband and suppressed blue sideband, which is qualitatively consistent with the experiment
observation [15]. The similar discussion can be explored in the harmonic driving case. Therefore,
the dephasing induced asymmetry can be attributed to the modifications to the steady Floquet-state
populations caused by the dephasing reservoir.
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a

b

Fig. 7. (Color online) (a) The steady Floquet-state population ρss
++

as a function of ωl . (b) The steady Floquet-state population
ρss

++
as a function of A. The radiative decay rate is κ = 0.02ω0 .

4. Application to the biharmonic driving

In order to show the high efficiency and the advantage of our formalism Eqs. (1)–(34) to any peri-
odic driving, we study the biharmonic driving case with the aid of numerical method. The biharmon-
ically driven TLS is described by the Hamiltonian:

HS(t) =
1
2
ω0σz +

A
2
[cos(ωlt)+ r cos(2ωlt + φ)]σx, (68)

whereφ is the relative phase of the signals and r is the relative amplitude. Similar to theharmonic driv-
ing case, the key task is to evaluate the Floquet states and quasienergies for the Floquet Hamiltonian,
which can be done by the numerical treatment.

Since |uα(t)⟩ is periodic in time, we can formally expand the Floquet state as |uα(t)⟩ =
n u

(α)
γ n einωlt |γ ⟩where γ is the index of the two levels and n is an integer. Substituting this expansion

to Eq. (3), one finds that the Fourier coefficients satisfy the following equation
n,γ

Hδm,γ nu(α)γ n = εαu
(α)
δm , (69)

where Hδm,γ n =
ωl
2π

 2π/ωl
0 ⟨δ|e−imωlt [HS(t) − i∂t ]einωlt |γ ⟩dt ≡ ⟨δ,m|HF |γ , n⟩ is the element of Flo-

quet Hamiltonian in the Sambe space [27]. The Sambe space is a composite Hilbert space spanned
by the basis {|γ , n⟩, n ∈ Z; ⟨t|n⟩ = exp(inωlt)}. Thus, the time-dependent equation (3) is now con-
verted into a time-independent equation (69), which is an eigenvalue problem: HF |u(α)⟩ = εα|u(α)⟩
where |u(α)⟩ =


n,γ u(α)γ n |γ , n⟩. For the biharmonically driven TLS, we readily obtain the matrix form
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of Floquet Hamiltonian as follows:

HF =



. . .

−
ω0

2
− ωl 0 0

A
4

0
rA
4
eiφ

0
ω0

2
− ωl

A
4

0
rA
4
eiφ 0

0
A
4

−
ω0

2
0 0

A
4

A
4

0 0
ω0

2
A
4

0

0
rA
4
e−iφ 0

A
4

−
ω0

2
+ ωl 0

rA
4
e−iφ 0

A
4

0 0
ω0

2
+ ωl

. . .



. (70)

By introducing an appropriate truncation to thematrix, we can numerically diagonalizeHF and simul-
taneously obtain its eigenvalues and eigenstates |u(α)⟩. The eigenvalue is actually the quasienergy. The
eigenstate leads to the Floquet state by the relations |uα(t)⟩ = ⟨t|u(α)⟩ and ⟨t|n⟩ = exp(inωlt). Af-
ter obtaining the quasienergies and Floquet states, we can determine the required quantity X (j)αβ,n of
fluorescence spectrum (34). In principle, the quantity can be formally evaluated as follows:

X (j)αβ,n =
ωl

2π

 2π/ωl

0
⟨uα(t)|X̂ (j)|uβ(t)⟩e−inωltdt

=
ωl

2π

 2π/ωl

0
⟨uα,n(t)|X̂ (j)|uβ(t)⟩dt

=


l,γ ,δ


u(α)γ l−n

∗

u(β)δl ⟨γ |X̂ (j)|δ⟩. (71)

Then, we can calculate the steady Floquet-states populations, relaxation and dephasing rates by using
the same procedure as the former section, which completely determines the fluorescence spectrum.
It is evident that the key task is to diagonalize the Floquet Hamiltonian numerically and obtain the
Floquet states and quasienergies. In contrast, the Floquet states and quasienergies of harmonic driving
case in the former section are analytically derived based on the unitary transformation.

We now illustrate how the second component of the biharmonic field modifies the spectrum. In
Fig. 8(a), we show the fluorescence spectra for the different relative amplitudes in the case ωl = ω0.
The spectra with r ≠ 0 show more intensities of higher-order Mollow triplets centered at both
even and odd multiples of the driving frequency, which qualitatively differs from the spectrum with
r = 0. Note that the harmonic driving of frequency 2ω0 induces the triplets centered at 2nω0 with
n = 1, 3, 5, . . . ,whichmeans that the second component (2ωl) of the biharmonic field is responsible
for the generation of the triplets centered at 2ω0, 6ω0, 10ω0, . . .. However, we find that in the plot
there is an additional triplet centered at 4ω0. It indicates that the higher-order triplets are not a simple
superposition of the independent spectra of each harmonic drivingmodeωl and 2ωl. It is because that
some forbidden transition channels of Floquet states for single harmonic driving case are permitted
in the presence of biharmonic field. In Fig. 8(b), we show the behaviors of X+−,n for n = 1, 2, 3, 4
as a function of r . It is clear that |X+−,n| for n = 2, 4 increases from zero with the increase of r . It
means that the transition channels forbidden in the harmonic case are turned on in the biharmonic
case. Moreover, the coefficients X+−,n with n = 2, 3, 4 are enhanced with the increase of r . It leads to
the enhanced transition-related factor and hence we see more intense higher-order triplets centered
at odd and even multiples of driving frequency for the biharmonic driving.

We demonstrate the effect of relative phase φ on the spectra. In Fig. 9(a), we show the spectra for
various relative phases. The results indicate that the relative phase just influences the line shapes of

175



176 Y. Yan et al. / Annals of Physics 371 (2016) 159–182

a

b

Fig. 8. (Color online) (a) The fluorescence spectrum I(ω) of the biharmonically driven TLS forωl = ω0 , A = 0.5ω0 , κ = 0.02ω0 ,
and α = 0. (b) |X+

+−,n| for n = 1, 2, 3, 4 as a function of relative phase r . The other parameters are the same as (a).

certain higher-order triplets [see the inset of Fig. 9(a)]. To examine the effect of the phase, in reality,we
could numerically calculate the population ρss

αα and the coefficient X+

αβ,n as a function of the relative
phaseφ. One can verify that the steady Floquet-state populations are almost independent of the phase
but some X+

αβ,n are sensitively dependent on the phase. In Fig. 9(b), we show the behavior of |X+

+−,n|

for n = 1, 2, 3, 4 with the variation of φ when ωl = ω0. The coefficients |X+

+−,n| for n = 1, 2, and 4
do not change with the increase of phase. However, the coefficients |X+−,n| for n = 3 do vary with
the phase. In particular, it is the phase dependence of |X+

αβ,3| that leads to the phase-dependent triplet
centered at 3ω0 in contrast to the phase-independent Mollow triplets centered at ω0 and 2ω0.

The present formalism can also be applied to explore themultiple resonance induced fluorescence
of the biharmonically driven TLS, which also shows the advantage of the present formalism. First, we
need to evaluate the positions where multiple resonance occurs. The evaluation can be carried out
easily with Floquet theory by calculating the time-averaged transition probability similar to Shirley’s
origin work [26]. The mean transition probability from |−⟩ to |+⟩ is given by [26]

P̄ =
1
2
(1 − 4|X z

++,0|
2). (72)

The maximum of P̄ indicates the emergence of the resonance. In Fig. 10, we show the P̄ as a function
of ωl for the fixed driving strength A = 0.5ω0 and φ = 0. When r = 1, it is evident that a
series of peaks emerge, indicating a series of resonance, which correspond to ωl/ω0 = 0.9933,
0.5572, 0.3844, 0.2834, . . . . The first two frequencies ωl/ω0 = 0.9933, and 0.5572 correspond to
the main resonance frequencies of the two modes of the biharmonic field. The other frequencies are
the multiple resonance frequencies. When r = 0, we find two resonance peaks in the considered
frequency range. In particular, thewidth ofmultiple resonance for harmonic driving ismuch narrower
than those of the biharmonic driving.
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a

b

Fig. 9. (Color online) (a) The fluorescence spectrum I(ω) of the biharmonically driven TLS forωl = ω0 , A = 0.5ω0 , κ = 0.02ω0 ,
and α = 0. (b) |X+

+−,n| for n = 1, 2, 3, 4 as a function of relative phase φ for r = 1. The other parameters are the same as (a).

Fig. 10. (Color online) The time-averaged transition probability of the biharmonically driven TLS as a function of driving
frequency ωl for A = 0.5ω0 and φ = 0. The case of r = 0 corresponds to the harmonic driving.

We discuss the difference between non-RWA and RWA theory in the biharmonic driving case.
In Fig. 10, we also provide the results of P̄ calculated from the RWA Hamiltonian

HRWA(t) =
1
2
ω0σz +

A
4


(eiωlt + rei2ωlt)σ− + h.c.


. (73)

The RWA has been used by Ficek and Freedhoff to study the biharmonic driving with two
incommensurate frequencies [20]. By comparison of non-RWA and RWA results, we find the
Bloch–Siegert shift which is the non-RWA resonance peaks shift from the RWA ones. Moreover, the
RWA generally leads to the unfaithful width of resonance. This is apparent in the multiple resonance.

Fig. 11 shows the resonance fluorescence of the biharmonically driven TLS under the resonance
conditions. It is evident that the most intense fluorescence occurs around nωl (n = 1, 2, 3, 4, . . .) for
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a b

c d

Fig. 11. (Color online) The resonance fluorescence spectrum as a function of ω under various resonance conditions of the
biharmonically driven TLS for κ = 0.02ω0 and α = 0. The resonance frequencies are given by (a) ωl = 0.9933ω0 , (b)
ωl = 0.5572ω0 , (c) ωl = 0.3844, and (d) ωl = 0.2834 for A = 0.5ω0 , r = 1, and φ = 0.

each resonance.We first concentrate on the features of non-RWA spectra. For the firstmain resonance
(ωl = 0.9933ω0), we find that the spectrum is similar to that of the harmonic driving case. For the
second main resonance (ωl = 0.5572ω0), the spectrum has two observable triplets induced by the
two modes of the biharmonic field. For multiple resonance [Fig. 11(c) and (d)], the spectra generally
have multi-peak structure. Besides, the splitting of the triplet decreases because the resonance width
decreases rapidly for multiple resonance. By comparison, it is obvious that the structure of the
non-RWA spectra can be significantly different from the RWA one, in particular, for the multiple
resonance. Therefore, it turns out that the RWA is invalid for exploring the multiple resonance under
the strong biharmonic driving.

We further consider the effect of the phase under the multiple resonance condition. Fig. 12(a)
shows the influence of the phase on the multiple resonance induced fluorescence. In contrast to
Fig. 9(a) with ωl = ω0, it is clear to see that all the three triplets are varied as the change of phase. In
Fig. 12(b), we show the behavior of |X+

+−,n| with n = 1, 2, 3, 4 when ωl = 0.3844ω0 and A = 0.5ω0.
It is obvious to see that X+

+−,n with n = 1, 2, 3, 4 is modulated by the phase. This indicates that the
line shape of fluorescence could be modulated by the phase under multiple resonance condition.

From the analysis above, we find that even though the analytical expressions for the Floquet states
and quasienergies are not available in the complicated driving case, one can still easily calculate the
fluorescence spectrum and analyze the spectral features according to Eq. (34). The difference of the
spectral features between the biharmonic and harmonic driving cases can be mainly attributed to
the quantity X+

αβ,n, which is corresponding to the transition of the Floquet states and is uniquely
determined by the properties of the driving field. In addition, the present formalism also allows us
to study the multiple resonance induced spectrum.

5. Application to the multiharmonic driving

After applying the present formalism to the harmonic and biharmonic driving signals, wewill show
the advantage of the formalism in dealing with complicated driving signal, such as multiharmonically
periodic driving, with the aid of the numerical method. We consider that the TLS is driven by the
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a

b

Fig. 12. (Color online) (a) The resonance fluorescence spectrumas a function ofω forφ = 0 andφ = π/2. The other parameters
are given as Fig. 11(c). (b) X+

+−,n with n = 1, 2, 3, 4 as a function of φ for r = 1. The other parameters are the same as (a).

square-wave (SW) like driving:

HS(t) =
1
2
ω0σz +

A
2
σx

N
l=1

sin[(2l − 1)ωlt]
2l − 1

. (74)

Here N is set for 100. Using numerical treatment of the Floquet Hamiltonian, we obtain the
numerically exact Floquet states and quasienergies for the multiharmonically driven TLS. Once again
it is straightforward to calculate the spectrum according to Eq. (34). We state that the procedure of
calculating the spectrum is the same as the former case. The spectra for the SW-like driving are shown
in Fig. 13. Surprisingly, we can hardly distinguish the first-order triplet centered at ωl of harmonic
driving from that of SW-like driving. In the comparison with the spectra of the harmonic driving, the
higher-order triplets under the SW-like driving have stronger intensity. It turns out that a driving
signal consisting of odd multiple of frequency ωl can just induce the triplets centered at nωl with n
being odd integer. In principle, with Eq. (34) at hand, we can understand the spectral features by the
similar analysis as we have done in the former sections.

6. Conclusion

In summary, we have presented the formalism for fluorescence spectrum of a periodically driven
TLS based on Floquet–Born–Markov master equation which can be generally extended to treat
the case with arbitrarily periodic driving and weak-coupling multiple reservoirs. We show that in
the our formalism the driving can be treated exactly according to the Floquet theory while the
versatile TLS–reservoir couplings are taken into account up to the second order by the Born–Markov
approximation. In the secular limit, we have given an analytical result of fluorescence spectrum
with clear physical significance. When the combined Hamiltonian of the TLS and periodic driving is
analytically solved, the spectrum is calculated directly.While the Hamiltonian is complex and difficult
to be solved analytically, the numerical method is employed to calculate the spectrum.
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a

b

Fig. 13. (Color online) The fluorescence spectrum I(ω) of the multiharmonically driven TLS for ωl = ω0 , κ = 0.02ω0 , and
α = 0. The driving strength is set: (a) A = 0.5ω0 and (b) A = ω0 . The inset of left panel is the comparison of driving signals.

We have applied the formalism to calculate the fluorescence spectrum of many significant cases
and comprehensively explore the spectral features.

(i) We study the fluorescence emitting from the harmonically driven TLS weakly coupled to a
radiative reservoir and a dephasing reservoir. By the unitary transformation, we derived analytically
the Floquet states and quasienergies for the harmonically driven TLS, which is nearly the same as
the numerically exact results over a wide range of the driving parameter space and provide the basis
for understanding the spectral features. First, without the dephasing coupling, the general formalism
recovers the symmetricalMollow triplet provided that the RWAof the harmonic driving is introduced.
The symmetry of the spectrum is explained by the detailed balance condition. Without the RWA
of the driving, the prominent asymmetry of the spectrum can be clarified by the violation of the
condition. Second, we studied the effect of the dephasing coupling on the spectrum. The dephasing
coupling results in the asymmetric Mollow triplet with the enhancement of the red sideband and the
suppression of the blue sideband, which is qualitatively consistent with the experiment observations.
This dephasing-induced asymmetry can be attributed to the change of the steady Floquet-state
population resulting from the dephasing coupling. Moreover, We demonstrate that the interplay
between the harmonic driving and dephasing coupling results in different spectral line shapes.

(ii) Apart from the harmonic driving, we applied the formalism to the biharmonic driving case. The
biharmonic driving leads to the higher-orderMollow triplets centered at both even and oddmultiples
of the driving frequency,which is qualitatively different from the spectra of harmonic driving. Besides,
it was found that the relative phase of the driving signals can change the certain higher-order triplet
depending on the driving frequency. We also apply the formalism to study the multiple resonance
induced resonance fluorescence.We find that the non-RWA and RWA spectra significantly differ from
each other under the multiple resonance conditions.

(iii) We applied the formalism to the multiharmonic driving similar to the square-wave signal
based on the numerical method. For the moderately intense driving strength, the first-order Mollow
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triplet under the SW-like driving is almost the same as that of the harmonic driving but the
higher-order triplets are more intense than those of the harmonic driving.

All in all, the present formalism provides a unified description for the fluorescence spectrum and
is applicable to the situation with complicated periodic driving signals and weak-coupling multiple
reservoirs.
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Appendix. The derivation of coefficient X (j)
αβ,n for the harmonically driven TLS

By making use of Eqs. (8) and (51), we can rewrite the expression for X (j)αβ,n as follows:

X (j)αβ,n =
ωl

2π

 2π/ωl

0
⟨uα(t)|X̂ (j)|uβ(t)⟩e−inωltdt

=
ωl

2π

 2π/ωl

0
⟨α|R(t)eS(t)X̂ (j)e−S(t)RĎ(t)|β⟩e−inωltdt. (A.1)

Since X̂ (j) may be Pauli matrices and their combination, we have the formal decomposition

R(t)eS(t)X̂ (j)e−S(t)RĎ(t) =
1
2
C z
j (t)σz + C+

j (t)σ− + C−

j (t)σ+, (A.2)

where the time-dependent coefficient Cλj (t)(λ = z,±) is simply given by

Cλj (t) = Tr[σλR(t)eS(t)X̂ (j)e−S(t)RĎ(t)]. (A.3)

By substituting Eq. (A.2) into Eq. (A.1), we arrive at

X (j)αβ,n = ⟨α|σz |β⟩
ωl

2π

 2π/ωl

0

1
2
C z
j (t)e

−inωltdt + ⟨α|σ−|β⟩
ωl

2π

 2π/ωl

0
C+

j (t)e
−inωltdt

+ ⟨α|σ+|β⟩
ωl

2π

 2π/ωl

0
C−

j (t)e
−inωltdt (A.4)

where ⟨α|σz |β⟩ ≡ cαβ and ⟨α|σ−|β⟩ ≡ dαβ can be easily derived. Therefore, the remaining task is to
determine the explicit form for Cλj (t) according to the operator X̂ (j) and integrals in Eq. (A.4).

When X̂ (j) = σz/2, Cλj (t) can be determined as follows:

C z
z (t) =

1
2
Tr[σzeS(t)σze−S(t)

] = cos

Aξ sin(ωlt)

ωl


, (A.5)

C+

z (t) =
1
2
Tr[RĎ(t)σ+R(t)eS(t)σze−S(t)

]

=
1
2
Tr[e−iωltσ+eS(t)σze−S(t)

] =
1
2
ie−iωlt sin


Aξ sin(ωlt)

ωl


, (A.6)

C−

z (t) =
1
2
Tr[eiωltσ−eS(t)σze−S(t)

] = −
1
2
ieiωlt sin


Aξ sin(ωlt)

ωl


. (A.7)
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By using the following identities:

ωl

2π

 2π
ωl

0
cos


Aξ sin(ωlt)

ωl


e−inωltdt =

∞
k=1

J2k


Aξ
ωl


(δn,2k + δn,−2k)+ J0


Aξ
ωl


δn,0, (A.8)

ωl

2π

 2π
ωl

0
i sin


Aξ sin(ωlt)

ωl


e−inωltdt =

∞
k=1

J2k−1


Aξ
ωl


(δn,2k−1 − δn,1−2k), (A.9)

we obtain the explicit form for X z
αβ,n.
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Abstract Weput forward a scheme based on reservoir engineering to protect quantum
coherence from leaking to bath, in which we intensely disturb the Lorentzian bath by
N harmonic oscillators. We show that the intense disturbance changes the spectrum
of the bath and reduces the qubit–bath interaction. Furthermore, we give the exact
time evolution with the Lorentzian spectrum by a master equation and calculate the
concurrence and survival probability of the qubits to demonstrate the effect of the
intense bath disturbance on the protection of coherence. Meanwhile, we reveal the
dynamic effects of counter-rotating interaction on the qubits as compared to the results
of the rotating-wave approximation.

Keywords Reservoir engineering · Quantum dynamics · Lorentzian spectrum ·
Spin–boson model

1 Introduction

Quantum superposition and entanglement are fundamental concepts in quantum
mechanics and lead tomany interesting results such as Schrödinger’s cat [1]. They also
play an important role in quantum computation and have a large value of applications
in quantum information processing [2–5]. Actually, it is inevitable to lose quantum
information and entanglement because of the coupling of a system to a dissipative
environment. Various approaches have been explored to prolong the quantum infor-
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mation, such as the quantum control [6,7] and quantum Zeno effect [8–10]. The idea
of the quantum control is resorting to a series of strong pulses on the qubits to maintain
the quantum information stored in it. The approach of quantum Zeno effect resorts to a
series of projective measurements on the qubits, and it has been unified with quantum
control [11]. Besides themaintenance of the initial coherence, the steady superposition
states can be produced in the existence of the dissipative environment. This strategy
corresponds to the adjustment of qubit-bath coupling with the help of external laser
[12–14], which is known as reservoir engineering.

Till now, the approaches that keep the initial quantum coherence mainly resort to
the operations on the qubits. Then a question arises: Can we engineer the bath to
protect the initial coherence? There is a great advantage of engineering the bath in
the coherence protection, for in keeping the multi-qubit coherence, the strategy of
quantum control requires the operations on every qubit, while engineering the bath
only tackles one common bath. Therefore, it is a more economic way to protect the
quantum entanglement. To realize this effect, we may borrow the ideas of quantum
control and Zeno effect, where the qubits need to suffer a sufficiently strong coupling
to a bunch of laser beam or detecting apparatus [15,16] and the initial coherence is
then prolonged. If an intense disturbance is imposed on the bath, will the quantum
information stored in the qubits be better preserved? We will answer the question in
the following.

In this paper, we put forward a scheme based on reservoir engineering to protect
the initial quantum coherence: an intense disturbance to the bath that couples to two
qubits. We describe the disturbance as N harmonic oscillators which quadratically
couple to the bath. The scheme can be realized by both optical and mechanical ways.
For the optical bath, a bunch of Rydberg atoms can be designed to couple to the optical
cavity [17], and the large dipole moment of the Rydberg atoms provides a sufficient
intense coupling. The character frequencies of the optical cavity and Rydberg atoms
are both of GHz. This designation has been used for the single photon detection,
while the process of detection also reacts to the optical cavity and disturbs the bath.
For the mechanical realization, we design a superconducting microwave resonator
coupling to a mechanical cavity [18]. The microwave resonator has been applied
for phonon detection, and it also causes a disturbance to the mechanical cavity. The
character frequencies of nanomechanical resonator and microwave resonator are both
of 10–100MHz. And there are many other optomechanical systems available for the
realization listed in Ref. [18] with the character frequencies ranged from kHz to GHz.
As showing in the following, if the bath disturbance is sufficiently strong, the qubit–
bath interaction will be overwhelmed so that the initial quantum entanglement will
be better preserved in the qubits. We will calculate the time evolution of the qubits to
show this effect of coherence protection.

The qubits along with the bath are modeled as the well-known spin–boson model
[19] in which the counter-rotating (CR) interaction plays an important role in quantum
dynamics such as entanglement sudden death (ESD) [3] and entanglement creation
[20]. Recent studies have solved the dynamics beyond the rotating-wave approxi-
mation (RWA) [21–23]. In this paper, we choose the Lorentzian spectrum for the
bath because it is corresponding to a damped harmonic cavity as the scheme requires
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[9,24,25], and we give the exact dynamics of the spin–boson model by a pseudo-
mode master equation. This master equation has been proved and widely applied in
the RWA [24], and we extend it to the arbitrary form of the spin–boson interaction
with Lorentzian spectrum. Thus, the effects of the CR terms can be revealed in the
comparison to the previous RWA results.

The paper is organized as follows. In Sect. 2, we give and reduce the Hamiltonian
of the model. The influence of the intense bath disturbance is analyzed. In Sect. 3,
we discuss the existing condition of dark state and provide the exact solutions of the
concurrence and survival probability. The results are presented and compared to show
the effect of intense bath disturbance and the dynamical effects of CR terms. In Sect. 4,
we make the conclusions.

2 Model

2.1 Hamiltonian

The model consists of two parts, a two-spin–boson model and the intense bath distur-
bance, an intense coupling fromoscillators. ItsHamiltonian in natural unit (h̄ = c = 1)
reads

H = HSB + HO, (1)

in which the spin–boson Hamiltonian takes the form of

HSB = HS + HB + HI , (2)

HS = Δ

2

(
σ (1)
z + σ (2)

z

)
, (3)

HB =
∑
k

ωkb
†
kbk, (4)

HI = g
∑
j=1,2

α jσ
( j)
x

∑
k

μk

(
bk + b†k

)
, (5)

with the qubit frequency Δ, coupling constant g in the unit of frequency and the
normalized real coefficients α2

1 +α2
2 = 1. Operator σx,z and bk are Pauli matrices and

annihilation operator, respectively. The spectrum is chosen as a standard Lorentzian
type, given by

JB (ω) =
∑
k

μ2
kδ (ωk − ω) = 2ω0

π

2Γ ω(
ω2 − ω2

0

)2 + (2Γ ω)2
θ (ω) , (6)

with central frequency ω0, decay rate Γ and step function θ (ω). Here μk is dimen-
sionless.
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Fig. 1 (Color online). Sketch of the optical realization for the spin–boson model with intense bath distur-
bance

The disturbance part in Hamiltonian Eq. (1) describes N identical oscillators
quadratically coupling to the bath, which takes the form of

HO =
N∑

n=1

[
1

2m
(pn − eA)2 + mΩ2

2
q2n

]
, (7)

−eA/
√
m = √

2W
∑
k

μk

(
bk + b†k

)
, (8)

with oscillation amplitude qn , momentum pn , harmonic frequency Ω , and coupling
intensity

√
ΩW . The increase of either the parameterW or the number of oscillators N

strengthens the coupling; therefore, we just define I = NW as the total intensity of the
disturbance. The amplitude of cavity field is the same one that couples to the qubits,
and the spectrum in Eq. (8) is the same one in Eq. (5). In strong coupling regime,
(eA)2 term cannot be ignored because it keeps the Hamiltonian positive defined. This
simplest model can be realized by an optical cavity detected by Rydberg atoms [17],
as sketched in Fig. 1. The present notation A just denotes electromagnetic potential,
and the oscillators describe the Rydberg atoms as dipoles.

Besides the optical realization, the model can also be realized by optomechani-
cal systems [18,26]. Reference [26] has proposed the scheme that a nanomechanical
resonator, coupled capacitively to an artificial atom, is detected by a superconduct-
ing microwave resonator. In a similar way, we propose that N identical single-mode
microwave resonators compose a parallel circuit and then couple to a mechanical res-
onator with two qubits inside. From the present experimental research [27], we believe
that our scheme can be realized in principle by superconducting quantum circuits. In
this case, Hamiltonian Eq. (7) is mapped to

HO =
N∑

n=1

[
P2
n

2W
+ WΩ2

2

(
Qn − φ

Ω

)2
]

, (9)

φ = √
2

∑
k

μk

(
bk + b†k

)
, (10)
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Fig. 2 (Color online).
Illustration of the mechanism of
reservoir engineering

with new coordinates Qn = −pn/Ω
√
Wm and momentums Pn = Ω

√
Wmqn .

Here φ/Ω in length dimension (c = 1 used to unify the dimension of time and
length) denotes the phonon field in the nanomechanical resonator, and the N oscilla-
tors describe the N identical single-mode microwave resonators. The Hamiltonian in
Ref. [26] is the RWA form of our Hamiltonian Eq. (9). This mechanical system can be
simply illustrated by springs as Fig. 2 presents. We can see in Fig. 2 that all the springs
and the qubits are parallel connected to the phonon field. The disturbance system,
parallel springs, generates a total spring coefficient NWΩ2 and a total mass NW = I
which can be seen from Eq. (9). The large inertia I from these springs will restrain
the oscillation of the phonon field φ/Ω so that the phonon field can hardly receive the
stimulation from the decay of the qubits. It means the intense bath disturbance attaches
a heavy inertia to the bath, then the qubit-bath interaction is weakened. Consequently,
the qubits are prevented from decay by this mechanism of reservoir engineering.

2.2 Diagonalization and modified spectrum

Now the effect of the intense bath disturbance will be investigated quantitatively. The
quadratic terms of the bosonic operators in the total Hamiltonian can be diagonalized
to normal modes as a new reservoir, namely, [25]

HR = HB + HO =
∑
k

ωkc
†
kck . (11)

At the same time, the amplitude of the cavity field Eq. (10) is re-expressed by

φ = √
2

∑
k

νk

(
ck + c†k

)
(12)
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with a new spectrum JR (ω) = ∑
k ν2k δ (ωk − ω). Thus, the total Hamiltonian repro-

duces the form of the spin–boson model, which reads

H = Δ

2

∑
j

σ
( j)
z +

∑
k

ωkc
†
kck + g

∑
j

α jσ
( j)
x

∑
k

νk

(
ck + c†k

)
. (13)

The concrete expression of JR (ω) derived in “Appendix 1” is given by

JR (ω) = 2ω0

π

2Γ ωθ (ω)(
ω2 − ω2

0 − 4Iω0ω2

ω2−Ω2

)2 + (2Γ ω)2
. (14)

Thus, if the disturbance is turned off, we choose JB (ω) for the calculation; if it is
turned on, we choose JR (ω). It means that the intense bath disturbance just changes
the spectrum of the bath.

Since the standard Lorentzian spectrum Eq. (6) is usually replaced by the simple
form [25]

JB (ω) = 1

π

Γ

(ω − ω0)
2 + Γ 2

, (15)

the spectrum Eq. (14) can be reduced similarly to the summation of two simplified
Lorentzian types (assuming I is sufficient large to take two peaks apart)

JR (ω) =
∑
r=±

η2r

π

Γr

(ω − ωr )
2 + Γ 2

r

, (16)

with the two central frequencies satisfying the equation

ω2± − ω2
0 − 4Iω0ω

2±/
(
ω2± − Ω2

)
= 0, (17)

the decay ratesΓ± = Γ
∣∣ω2± − Ω2

∣∣ / ∣∣ω2+ − ω2−
∣∣, and the intensitymodification η2± =

Γ±ω0/Γ ω±. The appearance of the two Lorentzian peaks results from the two normal
modes generated by the boson–oscillator coupling. To confirm the validity of the
simplification, Fig. 3 presents the two expressions of JB (ω), Eqs. (6) and (15), as well
as the two expressions of JR (ω), Eqs. (14) and (16) for Γ/ω0 = 0.1 and I/ω0 =
0.5, 1.5, respectively. The dots denote the standard forms and the lines denote the
simplified ones. It is obvious that they agree quite well with each other, so that it is
reasonable to apply the simplified spectrums in the following discussion.

The intensity modifications η2±, decay rates Γ±, and central frequencies ω± are
plotted in Fig. 4 as functions of the disturbing intensity I for Γ/ω0 = 0.1. The most
important character is the low intensity η± of both the peaks, which means the spin–
boson coupling is weakened by the intense bath disturbance. Therefore, the decay
of coherence is suppressed and the quantum information will be better preserved in
the qubits. Besides, the x-coordinate starts from 0.3 because a sufficiently large I
is required to separate the two peaks. As the disturbing intensity I increases, the
two peaks are separated more far away from each other, with the left peak gradually
approaching delta function and the decay rate of the right peak gradually tending to Γ .
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Fig. 3 (Color online). Original spectrum JB (ω)with its standard (std.) form Eq. (6) and simplified (simp.)
form Eq. (15), and JR (ω) with its standard (std.) form Eq. (14) and simplified (simp.) form Eq. (16), as
functions of frequency for Γ/ω0 = 0.1 and Ω/ω0 = 0.8
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Fig. 4 Two central frequenciesω±, decay ratesΓ± and intensitymodifications η2± of themodified spectrum
as functions of disturbing intensity I for the same Γ,Ω in Fig. 3

3 Evolution

3.1 Initial state

The vacuum state |0B〉 of the original bath HB is engineered by the intense bath
disturbance to the newvacuumstate |0R〉 corresponding to the new reservoir HR. In this
section, we give the evolutions of the qubits in the off-disturbance Hamiltonian HSB
and on-disturbanceHamiltonian H , with the initial product state |ψ (0)〉 = |ψS〉⊗|0B〉
and |ψ (0)〉 = |ψS〉 ⊗ |0R〉, respectively. Here we choose the respective vacuum state
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∣∣0B,R
〉
of HB,R, for the cavity is usually cooled near to the temperature of absolutely

zero in reality to reduce the decoherence. At first, we talk about the dark state which is
an eigen-state of the total Hamiltonian so that it does not evolve. From this definition,
we can immediately write down the condition when |ψ (0)〉 is dark:

HS |ψS〉 = E |ψS〉 ,
∑
j

α jσ
( j)
x |ψS〉 = 0. (18)

The right equation means
∑

j α jσ
( j)
x has eigen-value 0, so that

det
∑
j

α jσ
( j)
x =

(
α2
1 − α2

2

)2 = 0, α1 = ±α2. (19)

This condition causes the destructive interference of the two qubits so that the state
does not evolve. In the RWA case, there always exists a dark state despite the value of
α j , which reads

|ψ−〉 = (−α2 |10〉 + α1 |01〉) ⊗ ∣∣0B,R
〉
. (20)

However, it is no longer dark in our system if the condition Eq. (19) is not satisfied.
Thus, we just call it subradiant state. Furthermore, we define the superradiant state [9]

|ψ+〉 = (α1 |10〉 + α2 |01〉) ⊗ ∣∣0B,R
〉
. (21)

The initial state is chosen as their linear combination (zero phase difference for sim-
plicity), which reads

|ψ (0)〉 =
(
cos

Θ

2
|10〉 + sin

Θ

2
|01〉

)
⊗ ∣∣0B,R

〉
. (22)

The evolution of this state for the RWA Hamiltonian has been provided in Ref. [9].
The comparison between the RWA and exact evolutions will be made to reveal the
dynamic effect of the CR terms. And we will also demonstrate the effect of the intense
bath disturbance by comparing the evolutions in Hamiltonians HSB and H .

3.2 Reduced density operator and concurrence

The exact evolution of the reduced density operator for spins, which is derived in
“Appendix 2” by taking advantage of a peculiar property of the Lorentzian spectrum,
is given here. When the intense bath disturbance is turned off, the spectrum has only
one Lorentzian peak. If the initial state takes the form of |ψ (0)〉 = |ψS〉 ⊗ |0B〉, the
reduced density operator for the system is given by ρS (t) = tra ρ̃ (t), in which ρ̃ (t)
satisfies the pseudo-mode master equation

dρ̃ (t)

dt
= 1

i

[
H̃SB, ρ̃ (t)

]
− Γ

[
a†aρ̃ (t) + ρ̃ (t) a†a − 2aρ̃ (t) a†

]
, (23)
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with the initial value ρ̃ (0) = |ψS〉 〈ψS|⊗|0a〉 〈0a |. Here tra eliminates the annihilation
operator a and |0a〉 is its ground state. The replaced Hamiltonian is given by

H̃SB = HS + ω0a
†a + g

∑
j

α jσ
( j)
x

(
a + a†

)
, (24)

which becomes a single-mode version of HSB in which the single-mode frequency is
the central frequency of theLorentzian peak. Since there is one singlemode, it is easy to
do the exact numerical calculation. Though the master equation Eq. (23) is the same as
that in Ref. [24] which has been widely used in quantum optics [28], it was proved and
applied only in the RWA. Our proof in “Appendix 2” is based on the expansion of the
decay rateΓ rather than the coupling constant g; therefore, the proof is independent on
the concrete form of spin–boson interaction. Therefore, thismaster equation is suitable
for a wide classes of Hamiltonian system, as long as the system–bath coupling takes
the Lorentzian spectrum and the bath is initially prepared in the vacuum state.

The pseudo-mode master equation Eq. (23) is straightforwardly extended to the
on-disturbance case when the spectrum splits to two Lorentzian peaks. If the system is
initialized in |ψS〉⊗|0R〉, the reduced density operator is given byρS (t) = tr+tr−ρ̃ (t),
in which ρ̃ (t) satisfies

dρ̃ (t)

dt
= 1

i

[
H̃ , ρ̃ (t)

]
−

∑
r=±

Γr

[
a†r ar ρ̃ (t) + ρ̃ (t) a†r ar − 2ar ρ̃ (t) a†r

]
, (25)

with the initial value ρ̃ (0) = |ψS〉 〈ψS| ⊗ |0+〉 〈0+| ⊗ |0−〉 〈0−|. Here the notation
tr± traces over the annihilation operator a±, respectively, and |0±〉 is the respective
ground state. The replaced Hamiltonian is given by

H̃ = HS +
∑
r=±

ωr a
†
r ar + g

∑
j

α jσ
( j)
x

∑
r=±

ηr

(
ar + a†r

)
. (26)

It is the two-modeversionof H , inwhich the twocoupling constants are gη±.Asmaster
equation Eq. (25) implies, the time evolution is dominated by the modified coupling
intensities gη± and decay rates Γ±. Since the qubit–reservoir coupling constants gη±
are reduced by the intense bath disturbance (see Fig. 4), quantum information stored
in the qubits is prevented from leaking into the reservoir. Therefore, the intense bath
disturbance protects the quantum coherence.

Till now, we start to investigate the decay and preservation of quantum entangle-
ment. Concurrence is the magnitude measuring the extent of entanglement [29]. Since
the density operator takes X-form, the concurrence has a simple expression which
reads [20]

C = 2max
(
0, |ρ23| − √

ρ11ρ44, |ρ14| − √
ρ22ρ33

)
, (27)

where ρi j is the matrix elements of the reduced density operator ρS. The evolution of
concurrence in resonance case (Δ = ω0) is presented in Fig. 5 for two sets of para-
meters, dark-state-existing α1 = α2 = 1/

√
2 (Fig. 5a–c) and dark-state-disappearing

α1 = 1, α2 = 0 (Fig. 5d–f), in which the results of the off-disturbance, on-disturbance,
and the RWA are shown for comparison.
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Fig. 5 (Color online). Concurrence as functions of time t and initial-state parameter Θ for α1 = α2 =
1/

√
2 in the off-disturbance (a), on-disturbance (b) and the RWA (c) cases, respectively. Concurrence

for α1 = 1, α2 = 0 in the off-disturbance (d), on-disturbance (e) and the RWA (f) cases, respectively.
Parameters are set for Δ/ω0 = 1, g/ω0 = 0.5, I/ω0 = 1.5, and Γ,Ω are the same ones in Fig. 4

Firstly, we demonstrate the roles of the CR terms on the time evolution of concur-
rence by the comparison of the exact off-disturbance result (Fig. 5a, d) with the RWA
results (Fig. 5c, f). We find their structures of time evolution are totally different, for
the concurrence with the CR terms decays very quickly down to zero at and does not
revive any more. This phenomenon is called ESD. In the RWA case, we find the ESD
does not occur. This is because the RWA interaction forbids the spin state jumping
to |11〉, confining the quantum information in a much smaller subspace, so that it
reduces the quantum entanglement running away. And in this case, the concurrence
has a simpler expression which reads CRWA = 2 |ρ23| [9], so that it reaches zero only
at several individual time points. In other words, the ESD will never occur. Therefore,
the dynamic effect of the CR interaction is revealed: It makes entanglement decrease
more violently and end within finite time.

Secondly, we demonstrate the significant roles of the intense bath disturbance on
the preservation of entanglement by the comparison of the exact on-disturbance results
(Fig. 5b, e) with the off-disturbance results (Fig. 5a, d). In Fig. 5a, the concurrence of
the dark state at Θ = 3π/2 keeps at 1, for the present set of parameter α1 = α2 =
1/

√
2 satisfies the dark-state-existing condition Eq. (19), so that the subradiant state

|ψ−〉 which corresponds to Θ = 3π/2 does not evolve. While for the superradiant
state Θ = π/2, its concurrence decays very quickly down to zero at ω0t ≈ 15
and undergoes the ESD. The same phenomenon also happens in Fig. 5d, where the
ESD phenomenon appears near at the same time. On the other hand, the intense bath
disturbance successfully keeps the concurrence from falling to zero. Even atω0t = 30
the concurrence in both Fig. 5b, e maintain at a high level. It means the intense bath
disturbance saves the quantum entanglement. In the previous discussion, we know the
intense bath disturbance attaches a large inertia to the bath, restraining its excitation,
so that the bath can hardly receive the stimulation from the decay of the qubits. This
mechanism modifies the spectrum of the bath, reducing the intensity of the spectrum.
Thus, the spin–boson interaction is lowered, so that the information in the qubits is
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Fig. 6 (Color online). Concurrence as functions of time t for Δ/ω0 = 0.75 (a), Δ/ω0 = 1.25 (b),
Δ/ω0 = 1.5 (c) andΔ/ω0 = 1.75 (d), with initial superradiant state |ψ+〉 and α1 = α2 = 1/

√
2. The blue

and green lines denote the off-disturbance (OFF) and on-disturbance (ON) results, respectively. Parameters
g, I, Γ, Ω are the same ones in Fig. 5

prevented from leaking to the bath. As a result, the quantum entanglement is well
preserved by the intense bath disturbance.

To reveal the effect of the intense bath disturbance in off-resonance case, we present
the evolution of concurrence in Fig. 6 for different values of Δ/ω0, in which the ini-
tial state is chosen as the superradiant state Θ = π/2 when α1 = α2 = 1/

√
2. The

corresponding resonance case has been shown in Fig. 5a. We can see in Fig. 6a–d that
the concurrence in the off-disturbance case (blue lines) decays quickly down to zero
at ω0t ≈ 15 in each off-resonance case and undergoes the ESD phenomenon. On the
other hand, the concurrence in the on-disturbance case (green lines)maintains at a finite
level in each case. It means the detuning between qubit and cavity does not help save
the entanglement, while the effect of the intense bath disturbance saves it. Actually,
the evolution cannot be simply described by an exponential decay with the rate pro-
portional to JR (Δ). We can see from Eq. (25) that the evolution is mainly dominated
by the heights of the Lorentzian peaks η± rather than the central frequenciesω±. Since
the intense disturbance reduces the spin–boson interaction gη±, the quantum entangle-
ment is better preserved in the qubits for both the resonance and off-resonance cases.

3.3 Survival probability

Survival probability is another significant quantity [9,10], which measures how much
the origin quantum information remains, defined as
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Fig. 7 (Color online). Survival probability as functions of time t for α1 = α2 = 1/
√
2 with initial

superradiant state |ψ+〉 (a) and subradiant state |ψ−〉 (b). Survival probability for α1 = 1, α2 = 0 with
initial superradiant state |ψ+〉 (c) and subradiant state |ψ−〉 (d). The blue, green and red lines denote the
off-disturbance (OFF), on-disturbance (ON) and RWA results, respectively. Parameters Δ, g, I, Γ,Ω are
the same ones in Fig. 5

P (t) = |〈ψ (0) |ψ (t)〉|2 . (28)

It is a simpler dynamic magnitude and independent of the density operator. Its expres-
sion is also derived in “Appendix 2”: for the off-disturbance case, it is given by

P (t) =
∣∣∣〈ψS0a | exp

(
−i H̃SBt − Γ a†at

)
|ψS0a〉

∣∣∣
2 ; (29)

while for the on-disturbance case, it is straightforwardly extended to

P (t) =
∣∣∣∣∣〈ψS0+0−| exp

(
−i H̃ t −

∑
r=±

Γr a
†
r ar t

)
|ψS0+0−〉

∣∣∣∣∣
2

. (30)

The numerical results of P (t) in resonance case (Δ = ω0) are presented in Fig. 7
for the same two sets of α j in Fig. 5with the corresponding superradiant states (Fig. 7a,
c) and subradiant states (Fig. 7b, d), in which the off-disturbance, on-disturbance and
RWA cases are shown for comparison. The probability of the superradiant state is well
preserved by the intense bath disturbance. In Fig. 7a, c, the P (t) of the off-disturbance
and RWA results decay to almost zero at ω0t = 30, while the on-disturbance results
maintain about 50%. Just like the concurrence, the preservation of the survival proba-
bility also arises from the reduced spin–boson interaction. In Fig. 7b, all the results have
no time evolution because the dark state conditionEq. (19) is satisfied.However, in Fig.
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Fig. 8 (Color online). Survival probability as functions of time t for Δ/ω0 = 0.75 (a), Δ/ω0 = 1.25
(b), Δ/ω0 = 1.5 (c) and Δ/ω0 = 1.75 (d), with initial superradiant state |ψ+〉 and α1 = α2 = 1/

√
2.

The blue and green lines denote the off-disturbance (OFF) and on-disturbance (ON) results, respectively.
Parameters g, I, Γ, Ω are the same ones in Fig. 6

7d the off-disturbance and on-disturbance evolutions decay in comparison with the
static RWA result P (t) = 1. These results verify the previous analysis that dark state
only exists in the conditionEq. (19), which results from the effect of theCR interaction.

The evolution of survival probability in off-resonance case is presented in Fig. 8 for
different values of Δ/ω0, in which the initial state is chosen as the superradiant state
Θ = π/2 when α1 = α2 = 1/

√
2. The corresponding resonance case has been shown

in Fig. 7a. Figure 8 shows that the survival probability in the off-resonance cases is
enhanced at a high level by the intense bath disturbance. It indicates that the detuning
between the qubits and cavity does not change the evolution qualitatively, while the
intense bath disturbance can suppress the decay of survival probability. The reason is
that the decay process is mainly dominated by the coupling constants gη± rather than
free frequencies ω±. Since the spin–boson coupling is reduced by the intense bath
disturbance, the quantum information is better preserved in the qubits, no matter for
the resonance or off-resonance case. Therefore, the detuning effect can be excluded
in the protection of quantum information.

4 Conclusions

In summary, we propose a scheme based on reservoir engineering to protect the initial
quantum information and entanglement, inwhich the Lorentzian bath is supposed to be
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intensely disturbed by harmonic oscillators through a quadratic coupling. The intense
bath disturbance engineers both the vacuum of bath and its excitation, which may
intrinsically change the time evolution of the system. We calculate the time evolution
of the qubits from the initially state |ψS〉⊗|0R〉, to compare with that from |ψS〉⊗|0B〉.
It is revealed qualitatively that the intense bath disturbance increases the inertia of the
bath, restraining the cavitymodes in the response to the stimulation of qubits decaying.
Meanwhile, the modified spectrum of the bath, resulting from the increase of the bath
inertia, is obtained by the diagonalization. And it is found quantitatively that the
intensity of the spectrum is lowered by the intense bath disturbance, which means
the qubit–reservoir interaction is reduced. Therefore, the quantum information and
entanglement stored in the qubits are prevented from leaking to the environment. The
discussed effect has a potential value of application in quantum computation.

The exact master equation with Lorentzian spectrum is given to solve the time
evolution of the qubits in both the off-disturbance and on-disturbance cases, in which
the multi-modes are converted to one and two pseudo-modes, respectively. The effect
of the intense bath disturbance is manifested in the resonance case, since the on-
disturbance evolutions of both survival probability and concurrence decay much more
slowly than those in the off-disturbance case, which means the quantum information
and entanglement are well preserved by the intense bath disturbance. Furthermore, the
dynamical effects of the CR interaction are also investigated in the comparison of the
off-disturbance evolution and the RWA results. The CR interaction is found to change
the existing condition of dark state, to accelerate the dissipation, and to cause the ESD.
Finally, the evolution of the concurrence and survival probability are also shown for the
off-resonance cases. The off-disturbance results still decay rapidly, which excludes the
effect of detuning in coherence protection. And the on-disturbance results decay much
more slowly, which means the intense bath disturbance is also helpful to preserve the
quantum information and entanglement in the off-resonance cases. Besides, themaster
equation Eq. (23) introduced here will prove useful in treating the properties of certain
complicated models, in particular in the context of time-dependent Hamiltonian.
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No. 11174198, 11374208, 91221201, and 11474200) and the National Basic Research Program of China
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Appendix 1: Derivation of the modified spectrum

We derive the modified spectrum Eq. (14) by Green’s function method. Firstly we
regard the diagonalized Hamiltonian Eq. (11) as total Hamiltonian, which reads

HR = HA + HB + HC =
∑
k

ωkc
†
kck, (31)

HA =
N∑

n=1

(
p2n
2m

+ mΩ2q2n
2

)
, (32)
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HB =
∑
k

ωkb
†
kbk, (33)

HC = Pφ + I

2
φ2, (34)

with P = √
W/m

∑
n pn and φ = √

2
∑

k μk

(
bk + b†k

)
= √

2
∑

k νk

(
ck + c†k

)
.

HA is the free Hamiltonian of apparatus. Then we regard H0 = HA + HB as the total
free Hamiltonian and HC as the interaction part. Any operator Q in interaction picture
(denoted by superscript “I”) and Heisenberg picture (denoted by superscript “H”) has
the corresponding form

QI (t) = exp (i H0t) Q exp (−i H0t) , (35)

QH (t) = exp (i HRt) Q exp (−i HRt) . (36)

Next, we define Green’s functions

iGA
(
t − t ′

) = 〈0A| T̂
{
P I (t) P I (

t ′
)} |0A〉 , (37)

iGB
(
t − t ′

) = 〈0B| T̂
{
φ I (t) φ I (

t ′
)} |0B〉 , (38)

iGR
(
t − t ′

) = 〈0R| T̂
{
φH (t) φH (

t ′
)} |0R〉 , (39)

where
∣∣0A,B,R

〉
is the vacuum state of HA,B,R, respectively. T̂ is time-ordering oper-

ator. The Green’s function GB,R (ω) contains the complete information of spectrum
JB,R (ω), respectively. Actually, the relation between them can be got from their def-
initions, which are given by

GB,R (ω) = −2
∫ +∞

−∞

(
JB,R (z)

z − ω − i0+ + JB,R (z)

z + ω − i0+

)
dz, (40)

JB,R (ω) = −θ (ω)

2π
ImGB,R (ω) , (41)

where GA,B,R (ω) = ∫ +∞
−∞ GA,B,R (t) exp (iωt) dt is the Fourier transformation of

GA,B,R (t), respectively. As long as GR is expressed by GA and GB, we get JR (ω)

immediately.
Using Gell-Mann–Low theorem, we give [30]

iGR
(
t − t ′

)

=
∑∞

l=0
1
i l

∫ +∞
−∞ dt1 · · · dtl 〈0B0A| T̂ {

H I
C (t1) · · · H I

C (tl) φ I (t) φ I
(
t ′
)} |0B0A〉

∑∞
l=0

1
i l

∫ +∞
−∞ dt1 · · · dtl 〈0B0A| T̂ {

H I
C (t1) · · · H I

C (tl)
} |0B0A〉 .

(42)
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Applying Wick’s theorem and drawing Feynman diagrams, we arrive at Dyson equa-
tion

GR (ω)−1 = GB (ω)−1 − Σ (ω) . (43)

Due to the quadratic interaction Eq. (34), it is easy to write down the self-energy

Σ (t − τ) = GA (t − τ) + I δ (t − τ) , (44)

in which GA is got from its definition Eq. (37),

GA (ω) = IΩ2

ω2 − Ω2 + i0+ . (45)

Inserting the original spectrum Eq. (6) into Eq. (40), we get

GB (ω) = 4ω0

ω2 − ω2
0 + 2iΓ |ω| . (46)

Then substituting these results to Eqs. (43) and (44), we get the Green’s function

GR (ω) = 4ω0

ω2 − ω2
0 − 4Iω0ω2

ω2−Ω2 + 2iΓ |ω|
. (47)

Substituting it back to Eq. (41), we solve the final spectrum which is given by

JR (ω) = 2ω0

π

2Γ ωθ (ω)(
ω2 − ω2

0 − 4Iω0ω2

ω2−Ω2

)2 + (2Γ ω)2
. (48)

It is noticeable from Eqs. (44) and (45) that the self-energy of the cavity field is
proportional to the coupling intensity I , which means the intense bath disturbance
added to the cavity increases the inertia of the cavity.

Appendix 2: Exact reduced density operator and survival probability

We derive the master equation Eq. (23) here with the help of Lorentzian spectrum to
give the exact evolution of the reduced density operator. Actually, Lorentzian spectrum
results from the re-expression of the annihilation operator a = ∑

k μkbk after the
diagonalization [25]:

HB = ω0a
†a +

∫ +∞

−∞
ωd (ω)† d (ω) dω +

[
a

∫ +∞

−∞

√
Γ/πd (ω)† dω + h.c.

]

=
∑
k

ωkb
†
kbk, (49)
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in which
[
d (ω) , d

(
ω′)] =

[
d (ω)† , d

(
ω′)†] = 0 and

[
d (ω) , d

(
ω′)†] =

δ
(
ω − ω′). HB consists of three parts, a single mode, white noise and their rotating-

wave coupling. Using this expression before the diagonalization, the spin–boson
Hamiltonian becomes

HSB = H̃SB +
∫ +∞

−∞
ωd (ω)† d (ω) dω + aζ− + a†ζ+, (50)

with H̃SB defined in Eq. (24), dissipative field operators ζ+ = √
Γ/π

∫ +∞
−∞ d (ω) dω

and ζ− = ζ
†
+. Regarding V = aζ− + a†ζ+ as the interaction part and turning to

interaction picture, we get the correlation function

[
ζ I+ (t) , ζ I−

(
t ′
)] = 2Γ δ

(
t − t ′

)
. (51)

This instant correlation leads to Markovian dynamics, as will show in the following.
The density operator in interaction picture ρ I (t) satisfies the well-known master

equation [21]

dρ I (t)

dt
= 1

i

[
V I (t) , ρ (0)

]
−

∫ t

0
dt ′

[
V I (t) ,

[
V I (

t ′
)
, ρ I (

t ′
)]]

. (52)

Since |0B〉 = |0a〉 ⊗ |0D〉 (|0D〉 is the vacuum state ζ+ |0D〉 = 0), the initial density
operator is given by

ρ (0) = |ψS〉 〈ψS| ⊗ |0a〉 〈0a | ⊗ |0D〉 〈0D| . (53)

After taking trace over the dissipative field trD , we get

dρ̃ I (t)

dt
= −

∫ t

0
dt ′trD

[
V I (t) V I (

t ′
)
ρ I (

t ′
) − V I (t) ρ I (

t ′
)
V I (

t ′
)]−h.c., (54)

in which ρ̃ I = trDρ I . Considering the instant correlation Eq. (51), for t > t ′ one
easily gets [

ζ I+ (t) ,U
(
t ′, 0

)] = 0, (55)

in which U
(
t ′, 0

)
is the evolution operator

U
(
t ′, 0

) =
∞∑
l=0

1

i l

∫ t ′

0
dt1V

I (t1)
∫ t1

0
dt2V

I (t2) · · ·
∫ tl−1

0
dtl V

I (tl) . (56)

Equation (55) means the dissipative field operator can pass through the evolution
operator so that it directly operates on the initial vacuum state, giving zero, namely,

ζ I+ (t) ρ I (
t ′
) = ρ I (

t ′
)
ζ I− (t) = 0. (57)
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For the case t = t ′, ζ I+ (t) ρ I
(
t ′
)
and ρ I

(
t ′
)
ζ I− (t) are finite and negligible in integral.

Applying the special property Eq. (57), we simplify the following terms in Eq. (54)

trDV
I (t) V I (

t ′
)
ρ I (

t ′
) = 2Γ δ

(
t − t ′

)
aI (t)† aI (

t ′
)
ρ̃ I (

t ′
)
, (58)

trDV
I (t) ρ I (

t ′
)
V I (

t ′
) = 2Γ δ

(
t − t ′

)
aI (t) ρ̃ I (

t ′
)
aI (

t ′
)†

, (59)

so that Eq. (54) becomes a memoryless equation (Markovian process) which reads

dρ̃ I (t)

dt
= −Γ

[
aI (t)† aI (t) ρ̃ I (t) − aI (t) ρ̃ I (t) aI (t)†

]
− h.c.. (60)

Coming back to the Schrödinger’s picture, the master equation becomes

dρ̃ (t)

dt
= 1

i

[
H̃SB, ρ̃ (t)

]
− Γ

[
a†aρ̃ (t) + ρ̃ (t) a†a − 2aρ̃ (t) a†

]
. (61)

The reduced density operator is given by ρS (t) = tra ρ̃ (t).
Then we yield the evolution of the survival probability Eq. (29) here. We define

p (t) = 〈0D| ρ (t) |0D〉 and repeat the deduction from Eqs. (54) to (61) with the
replacement trD → 〈0D| · · · |0D〉, obtaining a similar result

dp (t)

dt
= 1

i

[
H̃SB, p (t)

]
− Γ

[
a†ap (t) + p (t) a†a

]
. (62)

Its analytical solution is

p (t) = exp
(
i H̃SBt − Γ a†at

)
p (0) exp

(
−i H̃SBt − Γ a†at

)
. (63)

Finally the survival probability is given by

P (t) = 〈ψS0a | p (t) |ψS0a〉 =
∣∣∣〈ψS0a | exp

(
−i H̃SBt − Γ a†at

)
|ψS0a〉

∣∣∣
2
. (64)
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Abstract. The coupling effects on the optical absorption spectrum of semiconductor quantum dots are
studied by using the standard model with valence and conduction band levels coupled to dispersive quantum
phonons of infinite modes. By deducing the analytical expression of the optical absorption coefficient, the
relationship between the measurable quantities and the intrinsic properties of the semiconductor quantum
dot is established. By this expression, the peak position, the line shape, the linewidth, and the energy shift
of the absorption spectrum of semiconductor quantum dot can be calculated precisely for a wide range of
parameters. The role of coupling strength as a mechanism of absorption line asymmetry is investigated,
and the calculation results clearly show the coupling-induced asymmetry in the absorption line. This
analytical approach is applied to GaAs quantum dot, and the results are consistent with those of experiment
observations.

1 Introduction

Recently, semiconductor quantum dots (QDs) have at-
tracted considerable interest [1] because of their spe-
cial discrete energy structures and potential technolog-
ical applications [2,3], such as in the entanglement of
qubits with their environment [4], solid-state quantum
logic gates [5,6], sources of nonclassical light [7,8] and
qubits in quantum computers [9]. The recent progress in
the control of electronic states [10,11] and in probing ex-
cited states [12] of quantum dots has stimulated exten-
sive investigations on the intrinsic properties of quantum
dot (QD) systems [13,14] both theoretically [13,15,16] and
experimentally [17,18]. As an important source of infor-
mations about the excitation spectrum of QD [19], the
optical response is often measured for researching the en-
ergy state structure of QD [20,21]. Rapid advances in tech-
niques have greatly changed optical response experiments,
from the early period when it was only possible to mea-
sure the average over many QDs, to nowadays, when it
was possible to measure individually a single QD [22,23],
which consequently has endued the theoretical study on
the optical response of individual QD with great signif-
icance. In QD electron-phonon coupling [15,16], size and
shape [24,25], and carrier-carrier correlation [26] have cru-
cial influences on the exciting and relaxing processes, and
accordingly lead the line shape of the optical absorption
and emission spectra of QD to be broadened and shifted

a e-mail: wq@sjtu.edu.cn

from δ-like lines of density of states. Therefore, the shift of
the optical absorption spectrum is useful for characterizing
the physical properties of semiconductor QD, especially
for the strength of interactions. Since the electronic energy
levels in a QD cannot be completely decoupled from its
environment, the effects of these interactions are unavoid-
able [27,28]; this has remained the important obstacle to
the application of QDs in quantum information and quan-
tum computing, and is a crucial subject in the exploration
of macroscopic quantum phenomena. In theoretical stud-
ies, the model of discrete electronic levels with coupling
to phonon modes is widely used to explore the optical
response of a single QD, and is investigated by using nu-
merical diagonalization [15,16], path integral [29], numer-
ical renormalization group method [30], effective mass ap-
proximation [24,25], and atomistic pseudopotential-based
approaches [31,32], etc. However, with various interac-
tions existing in QDs, this problem is rather difficult to
deal with analytically [2,33], which has brought much un-
certainty in the interpretation of experimental data and
has limited our understanding of many interesting quan-
tum phenomena present in confinement systems. While
considerable efforts have been made to investigate the
effects of interactions, there is an urgent need to de-
velop an accepted analytical theory for the optical ab-
sorption spectra and photoluminescence of QD [15], which
may make it possible to have an insight into the in-
trinsic properties of QDs [34]. However, with regard to
the optical absorption spectra, there exist discrepancies
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between theories and experiments. The previous the-
oretical works predict the symmetric absorption line
shape with homogeneous linewidth, whereas the ex-
perimental investigations on optical absorption and
photoluminescence of QDs have observed asymmetric line
shapes with inhomogeneous linewidth. The mechanisms of
the absorption line asymmetry are ascribed to the effects
of size distribution [21], geometrical shape dispersion [35],
surface effect [23], temperature effect [35], inter- and intra-
dot exciton-exciton interactions, etc. Nevertheless, recent
optical excitation experiments done on single QD have
also demonstrated the asymmetric absorption line shape,
which implies the existence of the intrinsic mechanism
of the asymmetry in QD. Up to now, it has still been
difficult to precisely determine the coupling strength in
QD especially in practical applications such as using QDs
as luminescent labels in biological systems, where the
photooxidation process-induced QD core shrinkage will
change the coupling strength and quantum confinement
in the QD. This change of coupling strength is related
to the shift of optical spectra and therefore may be de-
termined by analyzing the data of the optical absorption
measurement.

In this work, we propose a simple method of inves-
tigating the optical response of semiconductor QDs with
a view to ascertaining the effects of couplings on optical
absorption spectra. By this theoretical approach, an an-
alytical expression of the optical absorption coefficient is
obtained. More importantly, this simple method may pro-
vide a new analytical approach to investigating other con-
fined quantum systems. The paper is organized as follows:
in Section 2, we first introduce the model Hamiltonian
and the spectral density, and then convert this electron
Hamiltonian into spin-boson model. In Section 3, we di-
agonalize the model Hamiltonian to obtain the ground and
the low-lying excited eigenstates. In Section 4, by means
of the Green’s function and the residue theorem, an an-
alytical expression of the optical absorption coefficient is
obtained. The calculated results and discussions are pre-
sented in Section 5. Finally, a brief summary will conclude
our presentation in Section 5.

2 The Hamiltonian and spectral density

In order to investigate the optical response in semicon-
ductor QDs, we consider the standard model with valence
and conduction band energy levels coupled to quantum
phonons of infinite modes to describe a semiconductor
QD [15,36],

H =
(
εcc

†c + εvv
†v

)
+

∑

k

�ωkb+
k bk

+
1
2

∑

k

(
M c,v

k c†v + Mv,c
k v†c

) (
b†k + bk

)
. (1)

This model system contains an electronic ground state (in
the valence band) of energy level εv and a lowest-lying

excited (exciton) state (in the conduction band) of energy
level εc, which are represented by the fermion creation and
annihilation operators of the electrons (holes) c† and c (v†
and v). The coupling of these two levels with phonons
in the quantum dot, via the exciton-phonon coupling, is
given by the last term of the Hamiltonian (1) with b+

k
(bk) representing the creation (annihilation) operator of
the phonons with frequencies ωk, and M c,v

k representing
the coupling strength describing the interaction between
the transition electron and the phonons of vibrations. The
on transition electron-phonon interaction in this coupling
term causes the phonons to be dispersive.

In a semiconductor QD, the existent lower energy lev-
els in both valence and conduction bands result in mul-
tiple peaks in the optical absorption spectrum relating
to the transitions from sublevels in the valence band to
those in the conduction band. The energy contributions
of these levels and the coupling of the transition processes
with phonons can be described as

∑
i(ε

i
cc

†
ici + εi

vv
†
i vi) and

∑
i,j,k (M c,v

k,ijc
†
ivj + Mv,c

k,ijv
†
i cj)(b

†
k + bk), respectively. The

values of interaction-induced shifts of peak positions in the
optical absorption spectrum vary for different transitions
and coupling strengths, but the relative order of peak po-
sitions is maintained [24]. In these transitions, the lowest-
energy one between the ground electron and hole states is
the most typical and important, and is most concerned in
studies. For presenting our method and results concisely,
this work is restricted to the optical feature of this transi-
tion and therefore the Hamiltonian (1) has no the sum for
other sublevels and Mv,c

k = M
c,v

k = Mk. This form of the
coupling strength Mk will exclude many absorption line
superposition-caused asymmetries in the absorption line,
and will restrict our statements to the unimodal absorp-
tion spectrum. Since lattice-vibration, external electro-
magnetic field, definition potential of size and shape con-
finement, and environment can all be quantized by bosonic
operators, it is of general significance to use the bosonic
creation (annihilation) operator b†k (bk) to describe any of
them. Because we consider only one electron in the absorp-
tion transition and the spin relaxation is a slow process
compared to the spin-conserving electron-phonon interac-
tion, the spin degree of freedom of the electron relating to
this excitation has no effect of the Pauli’s exclusion princi-
ple on the optical transition, thus the electron spin is not
included in Hamiltonian (1) and c†c + v†v = 1.

In order to treat the optical transitions between the
filled valence band and the empty conduction band,
it is convenient to switch from the conduction-valence-
band description used in Hamiltonian (1) to the electron-
hole picture. This is accomplished by the replacement
c → e, v −→ h†. As usual, this two level system can be
characterized by the Pauli matrices

σx = he + e†h†,

iσy = e†h† − he,

σz = e†e − hh†, (2)
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and the Hamiltonian (1) becomes

H =
1
2
Δσz +

∑

k

ωkb†kbk +
1
2

∑

k

Mk

(
b†k + bk

)
σx. (3)

Here Δ = εc−εv. Due to the confinement effect, the energy
difference Δ in the semiconductor QD is larger than that
in the bulk semiconductor material. Through this trans-
formation, the original model is converted to the spin-
boson model. Though this model seems quite simple, ex-
cept for some special parameter values, it cannot be solved
exactly.

The calculation of the optical absorption coefficient
requires being given in advance the concrete form of
the coupling strength Mk or, equivalently, the spectral
density which is defined as the sum of the coupling
strengths [37,38]. The widely used form of the spectral
density is the power-law on frequency, in which the linear
dissipation is well known in the literatures as the Ohmic
case. In studies, the Ohmic dispersion is exploited com-
monly to describe the interaction between the exciton and
the phonons of vibrations and is expressed as [38,39]

J(ω′) =
∑

k

M2
kδ(ω′ − ωk) = 2gω′θ(ωc − ω′), (4)

where θ (x) is the usual step function. The assumption of
the boson models reduces the characteristics of the en-
vironment and the coupling to two parameters: the di-
mensionless coupling constant g, and the upper cutoff ωc

of the oscillator frequency. Other coupling mechanisms
in the QD will lead to other forms of the spectral den-
sity [40–44]. In the final analysis, the spectral density con-
notes both the coupling strengths and the dispersion re-
lations in the semiconductor QD, therefore the effects of
coupling strength and phonons in the semiconductor QD
are completely characterized by the spectral density [37].
In the following calculations we chose the Ohmic case to
investigate the properties of the optical response in the
semiconductor QD, and for simplicity take ωc as energy
unit.

3 Analytical approach

We use the Green’s function method to implement the
perturbation treatment. In order to take into account the
exciton-phonon coupling, an unitary transformation [45]
is applied to H , H ′ = exp(S)H exp(−S), with the
generator

S =
∑

k

Mk

2ωk
ξk(b†k − bk)σx. (5)

The transformation can be done to the end and the re-
sult is

H ′ = H ′
0 + H ′

1 + H ′
2, (6)

where

H ′
0 =

1
2
ηΔσz +

∑

k

ωkb†kbk−
∑

k

M2
k

4ωk
ξk(2 − ξk), (7)

H ′
1 =

1
2

∑

k

Mk(1 − ξk)
(
b†k + bk

)
σx

− i

2
ηΔσy

∑

k

Mk

ωk
ξk(b†k − bk), (8)

H ′
2 =

1
2
Δσz

[

cosh

{
∑

k

Mk

ωk
ξk

(
b†k − bk

)
}

−η

]

− i

2
Δσy sinh

[{
∑

k

Mk

ωk
ξk

(
b†k − bk

)
}

−
∑

k

ηMk

ωk
ξk(b†k − bk)

]

. (9)

The transformed Hamiltonian is separated into three parts
according to their orders of the coupling strength. The
first part H ′

0 contains the zeroth-order terms of the trans-
formed Hamiltonian, H ′

1 the first-order terms and H ′
2

the second as well as the higher-order terms. In the per-
turbation calculation, H ′

0 is chosen as the unperturbed
Hamiltonian and should include as many terms as possi-
ble to make the perturbation more effective on the premise
that it can be diagonalized exactly. H ′

1 and H ′
2 are treated

as perturbations and they should be as small as possi-
ble. Because of the decoupled form of electron and boson
operators, H ′

0 can be diagonalized exactly and its eigen-
state is a direct product, |±〉 |{nk}〉, where |+〉 =

(
1
0

)
and

|−〉 =
(
0
1

)
are eigenstates of σz , σz |±〉 = ± |±〉, and |{nk}〉

means that there are nk phonons for mode k. The ground
state of H ′

0 is |g0〉 = |−〉 |{0k}〉, where |{0k}〉 is the vac-
uum state of phonons in which nk = 0 for every k.

After collecting together the terms of the same order
and comparing them with Hamiltonian (3), Δ in the trans-
formed Hamiltonian is renormalized by the factor η due to
the coupling. By letting 〈g0|H ′

2 |g0〉 = 0, i.e., letting the
contribution of H ′

2 to the perturbation calculation at the
second order of Mk equal zero, η can be determined as

η = exp

(

−
∑

k

M2
k

2ω2
k

ξ2
k

)

= exp

[

−1
2

∫ ∞

0

dω′

(ηΔ + ω′)2
∑

k

M2
kδ(ω′ − ωk)

]

= exp
(

gωc

ωc + ηΔ
− g ln

ωc + ηΔ

ηΔ

)
. (10)

The variational ground state energy is supposed to be
Eg = 〈−| 〈{0k}|H ′ |−〉 |{0k}〉 . By minimizing Eg, the
form of the introduced parameter ξk in the generator of
unitary transformation is determined as:

ξk =
ωk

ωk + ηΔ
. (11)
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This choice of ξk leads the matrix element of H ′
1 between

|g0〉 and other eigenstates of H ′
0 to vanish, i.e., in the per-

turbation treatment, H ′
1 makes no perturbative contribu-

tion to either the ground state or the transition processes
between the ground state and the excited states. Thus H ′

1
is related only to the higher-lying excited states of H ′

0

and under renormalization it should be irrelevant to the
ground state and the exciting processes from the ground
state.

The lowest excited states are |+〉 |{0k}〉 and |−〉 |1k〉,
where 1k is one phonon state with nk = 1 but nk′ = 0 for
all k′ �= k. It is easy to check that 〈{0k}| 〈+|H ′

2 |g0〉 = 0,
〈1k| 〈−|H ′

2 |g0〉 = 0 and 〈{0k}| 〈+|H ′
2 |−〉 |1k〉 = 0. More-

over, since H ′
1 |g0〉 = 0, we have 〈{0k}| 〈+|H ′

1 |g0〉 = 0 and
〈1k| 〈−|H ′

1 |g0〉 = 0. Thus, we can diagonalize the lowest
excited states of H ′ and rewrite them in the eigenstate
representation as:

H ′ = −1
2
ηΔ |g0〉 〈g0| +

∑

E

E |E〉 〈E|

+ higher excited state terms. (12)

The diagonalization is through the following
transformation,

|+〉 |{0k}〉 =
∑

E

x (E) |E〉 , (13)

|−〉 |1k〉 =
∑

E

yk(E) |E〉 , (14)

and the inverse of these transformation formulas is:

|E〉 = x (E) |+〉 |{0k}〉 +
∑

E

yk(E) |−〉 |1k〉 , (15)

where the coefficients x(E) and yk(E) are given by:

x(E) =

[

1 +
∑

k

V 2
k

(E + 1
2ηΔ − ωk)2

]− 1
2

, (16)

yk(E) =
Vk

E + 1
2ηΔ − ωk

x (E) , (17)

with Vk = ηΔMkξk/ωk. E’s are the diagonalized exci-
tation energies of H ′ and they are the solutions to the
equation,

E − ηΔ

2
−

∑

k

V 2
k

E + 1
2ηΔ − ωk

= 0, (18)

obtained by the normalization condition 〈E |E〉 = 1. The
real and imaginary parts of the third term on the left-
hand side of this equation can be calculated by the residue
theorem as:

∑

k

V 2
k

E + 1
2ηΔ − ωk ± i0+

= R(ω) ∓ iΓ (ω), (19)

where

R(ω) = P
∑

k

V 2
k

ω − ωk

=
∫ ∞

0

dω′ (ηΔ)2

(ηΔ + ω′)2(ω − ω′)

∑

k

M2
kδ(ω′ − ωk)

=
2g(ηΔ)2

(ω + ηΔ)2

[
ω ln

ω(ωc + ηΔ)
ηΔ(ωc − ω)

− ωc(ω + ηΔ)
ω(ωc + ηΔ)

]
,

(20)

Γ (ω) = π
∑

k

V 2
k δ(ω − ωk)

= π

∫ ∞

0

dω′ (ηΔ)2

(ηΔ + ω′)2
δ(ω − ω′)

∑

k

M2
kδ(ω′ − ωk)

=
2gπω(ηΔ)2

(ω + ηΔ)2
. (21)

Here, P denotes a Cauchy principal value and a change of
the variable ω = E + ηΔ/2 is made in the calculations.

4 Optical absorption

The optical absorption spectrum has remained an impor-
tant source of information about the excitation spectrum
of QDs, and the measurement of optical properties is a
non-contact observation which is useful for mesoscopic
scale QDs. The absorptive feature of a semiconductor
QD is related to the optical conductivity which is usu-
ally the measured quantity in experiments. According to
the Kubo formula, the optical absorption coefficient can
be expressed by the retarded Green’s function as [34]:

Reα(ω) =
2πe2p2

m0cnV

1
ω

ImG (ω) , (22)

where V is the volume of the whole QD system, n is the
refractive index of the QD material and G (ω) is defined as:

G(ω) =
1
p2

∫ 0

−∞
dte−iωt〈j†(t)j(0) − j(0)j†(t)〉

=
∫ 0

−∞
dte−iωt〈

[
σ′

y (t) , σ′
y (0)

]
〉′. (23)

Here 〈· · · 〉 means the average with the thermodynamic
probability exp (−βH), σ′

i = exp (S)σi exp (−S) , σ′
i (t) =

exp (iH ′t)σi exp (−iH ′t), and 〈· · · 〉′ means the average
with the thermodynamic probability exp (−βH ′). j is the
current operator [15] describing the electron transitions
between the top of the valence band and the bottom of
the conduction band in the semiconductor QD,

j = p
(
c†v − v†c

)
= piσy,

where p is the momentum matrix element.
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The Green’s function G (ω) satisfies an infinite chain
of equation of motion [34]. By means of the cutoff approx-
imation for the equation chain,

ωG(ω) = η2Δ
〈〈

iσx (t) |σ′
y

〉〉′
ω

− η
∑

k

gk

〈〈
iσz

(
b+
k + bk

)
(t) |σ′

y

〉〉′
ω

, (24)

at the second order of gk, a set of equations is obtained,

ω
〈〈

iσx (t) |σ′
y

〉〉′
ω

= 2η + ηΔ
∑

k

ak

×
〈〈

iσz

(
b+
k − bk

)
(t) |σ′

y

〉〉′
ω

+ ηΔ
〈〈

σy (t) |σ′
y

〉〉′
ω

,

ω
〈〈

σy (t) |σ′
y

〉〉′
ω

= ηΔ
〈〈

iσx (t) |σ′
y

〉〉′
ω

−
∑

k

gk(1 − ξk)
〈〈

iσz

(
b+
k + bk

)
(t) |σ′

y

〉〉′
ω

,

ω
〈〈

iσz

(
b+
k + bk

)
(t) |σ′

y

〉〉′
ω

= −2ηak − ωk

×
〈〈

iσz

(
b+
k − bk

)
(t) |σ′

y

〉〉′
ω
− Vk

〈〈
σy (t) |σ′

y

〉〉′
ω

,

ω
〈〈

iσz

(
b+
k − bk

)
(t) |σ′

y

〉〉′
ω

= Vk

〈〈
iσx (t) |σ′

y

〉〉′
ω

− ωk

〈〈
iσz

(
b+
k + bk

)
(t) |σ′

y

〉〉′
ω

. (25)

From this set of equations, the imaginary part of the
Green’s function is obtained,

Im G(ω) =
ω2

Δ2

[
Γ (ω)

[ω − ηΔ − R (ω)]2 + Γ 2 (ω)

+
Γ (−ω)

[ω + ηΔ + R (−ω)]2 + Γ 2 (−ω)

]

. (26)

Substituting it into equation (22), the expression of the
optical absorption coefficient is obtained

α(ω) =
(

2πe2p2

m0cnV

)
ω

Δ2

Γ (ω)

[ω−ηΔ−R (ω)]2+Γ 2 (ω)
. (27)

This equation reduces the calculation of the optical ab-
sorption coefficient to that of R (ω) and Γ (ω) which can
be calculated from the coupling strength, thus the prop-
erty of the optical absorption spectrum is determined, at
the end, by the coupling strength and the energy difference
Δ in the QD.

5 Results and discussions

In order to evaluate the optical absorption coefficient, we
investigate the effects of the coupling strength as well as
other factors in the optical response process in semicon-
ductor QDs by making use of the formulae in previous
sections.

Figure 1 illustrates the calculated optical absorption
coefficients as a function of photon frequency in the case

Δ ω

α
ω

α

ω ω ω

Fig. 1. The calculated optical absorption coefficients as a func-
tion of photon frequency in the case of Δ/ωc = 0.02 for differ-
ent values of coupling constant g = 0.001, 0.01 and 0.05. The
optical absorption coefficient is scaled by its maximum value
and the absorption peak position is set to zero.

of Δ/ωc = 0.02 for different values of coupling constant
g = 0.001, 0.01 and 0.05. One can see that as the coupling
constant increases, the line shape of the optical absorp-
tion spectrum broadens with inhomogeneous linewidth,
which is consistent with experimental observations. To
show clearly the enhancement of the asymmetric broad-
ening of the absorption line shape with the increase of the
coupling constant, in the figure the optical absorption co-
efficient is scaled by its maximum value and the absorption
peak position is set to zero. If the influence of the coupling
strength on the transition process is weakened, the prop-
erty of the QD will be more like that of an atom and the
absorption line will become more like a δ-function line.

The confinement effect-induced blue shift of the optical
absorption spectrum of the semiconductor QD has been
shown to be proportional to the inverse square of radius r
of the QD and the lowest quantum confined energy level
is [46] Δ = Eg + Eblue, where

Eblue = ER
(a0π)2

r2
, (28)

is the blue shift energy. Eg denotes the absorption edge of
the bulk material, a0 the Bohr radius of the bulk exciton,
and ER its Rydberg energy. Previous investigations on
the absorption spectrum of QDs have reported coupling-
induced red shifts [27,47]. In the process of determining
the QD size from the absorption intensity by the relation
between the dipole moment and the QD area, if the de-
crease of absorption intensity with redshift is not consid-
ered, the theoretical result of the dipole moments may be
larger than that obtained by experiments [23]. The result
of the competition between the confinement-induced blue
shift and the coupling-induced red shift determines the ac-
tual peak position and line shape of the optical absorption
spectrum. For a semiconductor QD with a fixed radius and
certain coupling strength, the actual peak position of the
absorption spectrum locates at ωpeak = Δ − Ered, or

Ered = Eg + Eblue − ωpeak, (29)
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Δ

Δ ω

Δ ω

Fig. 2. The calculated half-width Γ of the optical absorption
line as a function of coupling constant g in the case of Δ =
1652 meV for different values of ωc = 1000Δ and 10Δ. The
half-width Γ increases linearly with the increasing coupling
constant g.

where Ered means the red shift energy. The time evolu-
tion of the optical response of the QD becomes more com-
plicated if the QD changes its shape size and coupling
strength simultaneously, which occurs, for instance, in ap-
plications of a single QD as a luminescent label in bio-
logical systems [48–50], or for a QD simply exposed to
air [51]. In these cases, the photooxidation process results
in the shrinkage of the QD core, the formation of nonra-
dioactive recombination centers in the QD through oxygen
diffusion, and the consequent blue shift, blink and bleach
in the optical spectra of the QD. Understanding of these
phenomena and their mechanisms depends on investiga-
tion into the relation between these phenomena and the
change of optical spectrum of a single QD, which make it
important to study the red and blue shifts in the optical
absorption spectrum.

Via the method of optical two-dimensional Fourier
transform spectroscopy, Moody et al. [52] have measured
the optical absorption in a single layer of interfacial GaAs
QDs and reported that at 6 K the absorption peak position
ωpeak = 1642 meV and the half-width of the peak for the
low photon energe side Γ = 0.87 meV. In our theory, the
optical absorption spectrum is determined by g and Δ/ωc

which can be determined by comparing our calculation
with experimental results. Applying the formula equa-
tion (28) to parameters for bulk GaAs semiconductors at
6 K: Eg = 1.514 eV (1.5193 eV at 0 K), m∗

e = 0.058me,
m∗

h = 0.047me, εr = 13.1 from the Landolt-Börnstein
Database, Springer Materials, and r = 2a0, the same as in
reference [52], one obtains Eblue = 138 meV. Thus we have
Δ = 1652 meV and Ered = 10 meV. For the fixed value of
Ered, equation (27) determines a certain relation between
g and Δ/ωc, and so does another relation between g and Γ
for the fixed value of Δ/ωc. Finally, by needing to satisfy
these two relationships simultaneously, g and Δ/ωc can be
determined uniquely.

In Figure 2, we plot the calculated half-width Γ of
the optical absorption line as a function of the coupling
constant g in the case of Δ = 1652 meV for different

ω
Δ

Δ ω

Fig. 3. The coupling constant versus Δ/ωc relationship for the
fixed value of the red shift Ered = 10 meV. In this instance, the
coupling constant increases monotonously as Δ/ωc increases to
keep the red shift unchanged.

values of ωc = 1000Δ and 10Δ. As shown in the fig-
ure, the half-width Γ increases linearly with the increas-
ing coupling constant g, while the influence of changing
Δ/ωc on Γ is small for fixed values of g, especially when
g is small. At the half-width Γ = 0.87 meV our calcula-
tion gives g = 3.4 × 10−4, which can be seen clearly in
this figure. This coupling dependence of the half-width of
the optical absorption line is comparable with the tem-
perature dependence of the linewidth reported by Moody
et al. [52]. Exciton-phonon scattering in the QD can be
strengthened by increasing either the coupling constant
or the temperature, thus the temperature effect and cou-
pling effect on optical absorption have similar character-
istic properties. In Figure 3, we plot the coupling con-
stant versus Δ/ωc relations for the fixed value of the red
shift Ered = 10 meV. In this instance, the coupling con-
stant increases monotonously as Δ/ωc increases to keep
the red shift unchanged. To a certain value of the cou-
pling constant, Δ/ωc has an unique value. To the value
g = 3.4× 10−4 our calculation gives Δ/ωc = 2× 10−8 and
ωc = 8.26 × 107 eV.

As mentioned above, by equation (27) the optical ab-
sorption line with certain red shift and half-width can
be obtained precisely once g and Δ/ωc are determined.
Figure 4 shows the calculated optical absorption coeffi-
cient as a function of photon frequency (photon energy)
by using the obtained parameters g = 3.4 × 10−4 and
Δ/ωc = 2 × 10−8. The solid circles denote the experi-
mental results by Moody et al. [52] from interfacial GaAs
quantum dots. As shown in the figure, the agreement be-
tween the experimental result and our calculation is quite
good. Results of previous theoretical studies by solving
Schrödinger’s equation for the potential of finite three-
dimensional boxes are usually several tens meV for a half-
width [21,24], however the results of measurements are
much smaller [52], e.g. less than 1 meV or even several
tens μeV [23,53]. Our calculations on the optical absorp-
tion spectrum have presented asymmetric absorption line
shapes with inhomogeneous linewidth, which is consistent
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Γ

ω

Δ

Δ ω

α
ω

α

ω

Fig. 4. The calculated optical absorption coefficient as a func-
tion of photon frequency (photon energy) by using the obtained
parameters g = 3.4 × 10−4 and Δ/ωc = 2.0 × 10−8. The solid
circles denote the experimental results by Moody et al. [52]
from interfacial GaAs quantum dots.

with experimental observations, though their peak posi-
tions are maybe different due to the differences in sizes
and materials of QDs.

To show clearly the asymmetrical broadening of the
optical absorption line shape, in Figure 5 we plot the cal-
culated optical absorption coefficients versus the photon
frequency relations with Δ = 1652 meV and Δ/ωc = 0.1
for different coupling constants g = 0.1 (dash line) and 0.3
(solid line). The Gaussian distribution is also represented
as a dotted line to exhibit the deviation of the absorp-
tion line from the symmetric line. For the convenience of
comparison, the optical absorption coefficient is normal-
ized to its peak value α(ωpeak) and the photon frequency
is scaled by the half-width Γ . The asymmetrical absorp-
tion line shapes with a tail on the high-energy side of
the distribution is obviously displayed. The asymmetrical
broadening increases as the coupling constant increases.
Since in our treatment the temperature is unchanged, the
mechanism of the asymmetrical broadening is completely
due to the exciton-phonon coupling.

The coupling-induced red shift leads the peak posi-
tion of the absorption spectrum not correspond directly
to the energy difference between the ground state and the
lowest-lying excited state in the QD, thus photons with
lower frequency could also be absorbed in the absorption
process. Therefore, this is an intrinsic coupling-induced
mechanism of absorption line asymmetry. As the coupling
constant increases, the line shape of the optical absorption
spectrum broadens and the peak position moves to lower
photon energy with a rapid decrease in intensity at the
same time.

6 Conclusion

In conclusion, the coupling effects on the optical absorp-
tion spectra in semiconductor QDs have been studied by
utilizing the standard model with the valence and conduc-
tion band levels coupled to dispersive quantum phonons

Δ
Δ ω

α
ω

α
ω

ω ω Γ

Fig. 5. The calculated optical absorption coefficients ver-
sus the photon frequency relations with Δ = 1652 meV and
Δ/ωc = 0.1 for different coupling constants g = 0.1 (dash
line) and 0.3 (solid line). The Gaussian distribution is also
represented in the dotted line to exhibit the deviation of the
absorption line from the symmetrical line. The optical absorp-
tion coefficient is normalized to its peak value α(ωpeak) and
the photon frequency is scaled by the half-width Γ .

of infinite modes. By developing an analytical approach
based on the Green’s function theory, the analytical ex-
pression of the optical absorption coefficient is obtained.
By means of this expression, the peak position, the line
shape, the linewidth (or the half-width), and the asym-
metrical characteristic of the absorption spectrum of the
semiconductor QD can be calculated precisely for any pa-
rameter values of coupling constant and energy difference
in the semiconductor QD. The role of coupling strength
as a mechanism of absorption line asymmetry has been
investigated and the calculation results clearly show the
coupling-induced asymmetry in the absorption line. With
the increase of the coupling strength in the QD, the line
shape of the optical absorption spectrum broadens with
inhomogeneous linewidth and the asymmetry of the ab-
sorption line is enhanced. Our results for the optical ab-
sorption coefficient are very consistent with those of the
experimental observations. We established the analytical
relationship between the measurable quantities (peak po-
sition and linewidth of the optical absorption spectrum)
and the intrinsic properties (coupling strength and energy
difference) of the semiconductor QD, and consequently,
the real-time intrinsic properties of the semiconductor QD
can be obtained even for the QD being used in practical
applications and changing in its optical response. This an-
alytical method has been demonstrated in this work to de-
termine the coupling constant, the energy difference, the
spectral shift and the upper cutoff in the semiconductor
QD from the measured absorption spectrum of GaAs QD.
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ABSTRACT
The quantum correlation in dephasing decay can be realized, when the energy fluctuations of
transition frequencies are synchronized. The correlation in the three-level atom systemswill enhance
the interference in the absorption and change the nature of the interference, from destructive to
constructive in cascade low-driving three-level atom and from constructive to destructive in V-type
three-level atom. The quantum correlation is observed by properly introducing the collision or time-
dependent magnetic field through the increase or decrease of the resonant absorption.
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1. Introduction

Quantum interference in multilevel (particularly three-
level) systems is always a hot topic, as it leads to many
attractive effects, such as electromagnetically induced
transparency [1–7], spontaneous emission reduction and
cancellation [8], lasing without inversion [9,10].

In a two-level atom system, the dephasing decay can
be phenomenally introduced by adding a random en-
ergy fluctuation to the energy difference (the transition
frequency) of the two levels [11,12], which results in
a dephasing term in the dynamic equation of the off-
diagonal element. The dephasing decay can also be ob-
tained through an interaction Hamiltonian between the
atom and a phonon reservoir [12–14]. For a multi-level
atomic system, we can do the same by introducing sev-
eral random energy fluctuations for different transitions,
which results in the dephasing terms for the equations
of each diagonal elements [15–19]. The dephasing decay
can also be obtained with several reservoirs. In previous
studies, the fluctuations (or reservoirs) for different tran-
sition frequencies are independent.

It is known that the dephasing in atomic systems could
lead to the decrease of atomic coherence [20–23].
Recently, it was found that the dephasing can be used
to control the nature of the interference in closed three-
level atoms [19]. By adjusting the depahsing decay rates,
we can control the interference from almost complete
destructive to almost complete constructive, or via vs.
due to the competing between the stimulated emission

CONTACT Shi-Yao Zhu syzhu@csrc.ac.cn

and the spontaneous emission. In that research the two
dephasing fluctuations for the two transition frequencies
are independent,which leads to two independent dephas-
ing decays. Therefore, there is no correlation between
the dephasing decays. Now we ask ourselves, what might
happen if the dephasing fluctuations are dependent. In
this paper, we investigate the quantum correlation in
dephasing decay and its effect on interference in closed
three-level systems.

The paper is organized as follows. In Section 2, we
derive the dephasing decay and the quantum correlation
in dephasing decay for closed three-level systems based
on the stochastic process. In the Section 3, we discuss
the effect of the correlated dephasing decay for interfer-
ence manipulation in AT-cascade and AT-V three-level
atoms, where we show that the correlation can enhance
or reduce the interference in the absorption, and can
even change the nature of the interference. Section 4
is the discussion and conclusion. The derivation using
interactionHamiltonian is attached inAppendix 1,which
confirms our analysis for the correlation in the dephasing
decay in Section 2 with stochastic process.

2. Quantum correlation in dephasing decay

Consider the quantum correlation in phase decay in a
three-level atom. The Hamiltonian of the atom is,

HS = ωa |a〉 〈a| + ωb |b〉 〈b| + ωc |c〉 〈c| (1)

© 2016 Taylor & Francis
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where |a〉, |b〉, |c〉 are three atomic levels from top to
bottom, ωa > ωb > ωc , see Figure 1(a). For phase decay
we can consider the atom is coupling with a reservoir
environment, such as the phonons or other atoms, and
continuously collides with the particles of the reservoir.
Normally, the collision cannot induce atomic transitions.
However, the collision results in a random energy shift
[11,12] to the two up-level levels, |a〉 and |b〉, with respect
to level |c〉 which is set be a constant as a reference in
the cascade three-level atom. Assume that the two level
energy shifts for levels |a〉 and |b〉 are fa(t) and fb(t),
respectively. The Hamiltonian representing the random
energy shifts can be written as

HI = |a〉 〈a|fa(t)+ |b〉 〈b|fb(t) (2)

Without loss of generality, we assume that fa(t) and
fb(t) are twoGaussian stochastic processeswith ensemble
average

〈
fa(t)

〉 = 〈
fb(t)

〉 = 0.
The dynamic evolution of ρac(bc)(t) is

dρac(bc)(t)
dt

= −i
(
ωac(bc) + fa(b)(t)

)
ρac(bc)(t) (3)

Integrating (3) and taking the average over the random
process [13], we have

ρac(bc)(t) =
〈
e−i

(
ωac(bc)t+ψac(bc)(t)

)−i
∫ t
0 fa(b)(t

′)dt′
〉
ρac(bc)(0)

(4)
with 〈•〉 stands for the average, whereψac(bc)(t) is coming
from the Lamb shift resulted by atomic collision [13].
As fa(t) and fb(t) are two Gaussian random stochastic
processes with zero ensemble average, we can obtain

ρac(bc)(t) = e−
1
2
∫ ∫ 〈 fa(b)(t1)fa(b)(t2)〉dt1dt2

e−i
(
ωac(bc)t+ψac(bc)(t)

)
ρac(bc)(0) (5)

Please note that the phase decay in (5) depends on
the time correlation of fa,b(t). If the time correlation
is Markovian,

〈
fa(b)(t1)fa(b)(t2)

〉 = σ 2
ac(bc)δ(t1 − t2), we

obtain

ρac(bc)(t) = eγ
(ph)
ac(bc)(t)e

−i

(
ωac(bc)+

σ2ac(bc)
2

)
t
ρac(bc)(0)

= e−
1
2σ

2
ac(bc)te

−i

(
ωac(bc)+

σ2ac(bc)
2

)
t
ρac(bc)(0) (6)

where ψac(bc)(t) = �ωac(bc)t = σ 2ac(bc)
2 t with the Lamb

shift�ωac(bc) = σ 2ac(bc)
2 . The phase decay is an exponential

one with the decay rate,

γ
ph
ac(bc) = 1

2
σ 2
ac(bc) (7)

For non-Markovian processes, such as
〈
fa(b)(t1)fa(b)

(t2)〉 = σac(bc)
2 1
π

a
a2+(t1−t2)2

, we have

e−
1
2
∫ t
0
∫ t
0 〈 fa(b)(t1)fa(b)(t2)〉dt1dt2

= e
− 1

2
∫ t
0
∫ t
0
σ2ac(bc)
π

a
a2+(t1−t2)2

dt1dt2 = eγ
(ph)
ac(bc)(t) (8)

which is a time dependent function

γ
(ph)
ac(bc)(t) = −σ 2ac(bc)

2π

[
a log

(
a2

a2+t2

)
+ 2ttan−1 ( t

a
)]
(9)

Please note that lim
a→0

〈
fa(b)(t1)fa(b)(t2)

〉 = lim
a→0

σ 2
ac(bc)

1
π

a
a2+(t1−t2)2

= σ 2
ac(bc)δ(t1 − t2), which becomeMarkovian

process. For a �= 0, the non-Markov process gives us the
following: (1) For small t (t � a), we have γ (ph)ac(bc)(t) ≈
−σ 2ac(bc)

πa t2. (2) For large t (t 	 a), we have γ (ph)ac(bc)(t) ≈
−σ 2ac(bc)

2 t, the same result as for the Markovian process.
Generally, a is much smaller than the character time of
the decay, therefore, we can use (6) and (7) as the phase
decay and phase decay rate by neglecting the short time
evolution. Now let us consider the phase decay between
|a〉 and |b〉. With the above same method, we can obtain,

ρab(t) =
〈
e−iωabt−i

∫ t
0 [fa(t′)−fb(t′)]dt′

〉
ρab(0)

=e−
1
2
(
σ 2ac+σ 2bc−2ασacσbc

)
te−i

[
ωab+

(
σ 2ac+σ 2bc−2ασacσbc

)]
tρab(0).

(10)
In the last step, we have e− 1

2
∫ ∫ 〈 fa(t1)fb(t2)〉dt1dt2 =

eασacσbct , where
α = 〈

fa(t1)fb(t2)
〉/√〈

fa(t1)fa(t2)
〉 〈
fb(t1)fb(t2)

〉
∈ [−1, 1] is the Pearson Product-Moment Correlation
Coefficient representing the correlation strength between
fa(t) and fb(t). Here, we assume that the Gaussian ran-
dom process is Markovian

〈
fa(t1)fb(t2)

〉 ∼ δ(t1 − t2). If
fa(t) and fb(t) are independent, we have α = 0. There-
fore, the phase decay rate between |a〉, |b〉 is

γ
(ph)
ab

(
α
) = −1

2
(
σ 2
ab + σ 2

bc + ασacσbc
)

= γ
(ph)
ac + γ

(ph)
bc − 2α

√
γ
(ph)
ac γ

(ph)
bc (11)

The phase decay rate γ
(
ph

)
ab (α) is related on the correla-

tionof energyfluctuationsof fa(t) and fb(t) (
〈
fa(t1), fb(t2)

〉
)

in the phase decay process.
Similar result can be obtained for the V-type three

level atom (Figure 1(b)) by notice that the lowest level is
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Figure 1. Tow Autler-Townes three level schemes. (The colour version of this figure is included in the online version of the journal.)

fb(t). The phase decay rates are

γ
ph
ab(cb) = 1

2
σ 2
ab(cb) (12)

γ
(ph)
ac

(
α
) = −1

2
(
σ 2
ab + σ 2

cb + ασabσcb
)

= γ
(ph)
ab + γ

(ph)
cb − 2α

√
γ
(ph)
ab γ

(ph)
cb (13)

Note that the correlation is at the phase decay of ρac .
Above we used the Gaussian random processes to

derive the phase decay. In the Appendix 1, we derive
the same phase decay equations with the Hamiltonian
interacting with a reservoir composed of phonon modes.
Equations (11) and (12) tell us that the phase decay can
be correlated, and represents the strength of the phase
decay correlation. Nowwe consider the physical origin of
α = 〈

fa(t1)fb(t2)
〉/√〈

fa(t1)fa(t2)
〉 〈
fb(t1)fb(t2)

〉
. When

the two randomenergy fluctuations are independent (not
correlated), we have zero. If the two fluctuations are
synchronized always, we have α = 1 and −1 for same
sign and opposite signs, respectively. If they are not com-
pletely synchronized, we have 0 < |α| < 1. Here we
have also assumed that the fluctuations are Markovian,〈
fi(t1)fj(t2)

〉 ∼ δ(t1 − t2) for any i and j.

3. Interferencemanipulation

Now let us exam the effects of the phase decay correlation,
the interference manipulation. We consider the Aulter-
Townes (AT) three-level atoms, where the lower level |b〉
is coupled resonantly to level |c〉 by a strong field with
Rabi frequency � , and a weak field with frequency ωp
and Rabi frequency �p ( << �) probes the transition
between |a〉 and |b〉, see Figure 1. The population decay
rate from |i〉 to

∣∣j〉 (i, j = a, b, c) is γij. We have AT-
cascade (Figure 1(a)) or AT-V (Figure 1(b)) schemes,
respectively. Usually, we will observe the Autler-Townes
splitting [24–26]. The absorption spectrumof the probe is
split into two peaks (due to the strong coupling field). The
coupling field drives levels |b〉 and |c〉 into two drassed

states, see Figure 1(c). With the resonate coupling field,
the two dressed states are |±〉 = (|b〉 ± |c〉) /√2 with
a separation of a�. In the dressed state, the evolution
equations for the AT-V and AT-cascade schemes are
[27,28],

dρa+(t)
dt

= [
i
(−δ −�

) − X
]
ρa+

− Yρa− + i�∗
p
(
ρ++ + ρ−+ − ρaa

)
/
√
2
(14)

dρa−(t)
dt

= [
i
(−δ +�

) − X
]
ρa−

− Yρa+ + i�∗
p
(
ρ−− + ρ+− − ρaa

)
/
√
2
(15)

with δ = ωab − ωp the probe detuning and

X = (
�ab + �ac

)
/2 (16)

Y = (
�ab − �ac

)
/2 (17)

where �ij = �ji is the decay rate of the off-diagonal
element (ρij), which are related to the phase decay rates.
The linear susceptibility for the probe field is χ(1) ∝
ρ
(1)
ab /�p = 1√

2�p

(
ρ
(1)
a+ + ρ

(1)
a−

)
with Imχ(1) responsible

for the absorption of the probe field. Here ρ(1)a+ and ρ(1)a−
are the first-order solution of (14) and (15).

Equations (14) and (15) clearly show that, for Y = 0,
the absorption spectrum is a sum of two Lorentzian (no
interference between two absorption channels |+〉 and
|−〉 to |a〉 ). If Y �= 0, we have quantum interference
for the absorption spectrum (that is to say quantum in-
terference for the Autler-Townes splitting) [19]. Y is
responsible for the interference. For Y < 0 (Y > 0), we
have destructive (constructive) interference, respectively.
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Figure 2. (a) AT-cascade scheme, the interference in absorption when coherence between the dressed states is negligible, red curve

is no interference (Y = 0). Here the population decay rates are γab = 2γ0, γbc = 0.02γ0, the phase decay rates are γ
(
ph

)
bc = 1.2γ0,

γ

(
ph

)
ac = 4γ

(
ph

)
bc , and Rabi frequency is� = 1.2γ0 with γ0 the unit and be set to one. (b) Y value vs. α. (The colour version of this figure

is included in the online version of the journal.)

Figure 3. (a) AT-V scheme, the interference in absorption when coherence between the dressed states is negligible, red curve is no

interference (Y = 0). Here the population decay γab = 2γ0, γbc = 0.02γ0, the phase decay γ
(
ph

)
cb = 1.2γ0, γ

(
ph

)
ab = 4γ

(
ph

)
cb , and Rabi

frequency� = 1.2γ0. (b) Y value vs. α. (The colour version of this figure is included in the online version of the journal.)

The solutions of Equations (14) and (15) are,

(√
2ρ(1)a−
i�∗

p

)
V

=
[
i
(−δ−�)−X

]( 1
2+ρ(0)+−

)
+Y

(
1
2+ρ(0)−+

)
Y2−[

i
(−δ+�)−X

][
i
(−δ−�)−X

] ,(√
2ρ(1)a+
i�∗

p

)
V

=
[
i
(−δ+�)−X

]( 1
2+ρ(0)−+

)
+Y

(
1
2+ρ(0)+−

)
Y2−[

i
(−δ−�)−X

][
i
(−δ+�)−X

] .

(18)

where ρ(0)aa = 0 has been used.
First, we examY in details for the AT-cascade scheme,

�ac = γab/2 + γ

(
ph

)
ac (19)

�ab
(
α
) = (

γab + γcb
)
/2 + γ

(
ph

)
ab (α) (20)

Substituting the two above equations into (17), we
have

YAT−C(α) = (
�ab − �ac

)
/2

= γcb/4 + γ

(
ph

)
bc − 2α

√
γ

(
ph

)
ac γ

(
ph

)
bc (21)

Here we emphasize that the correlation coefficient α
indicates the correlation strength of energy fluctuations
in |a〉 and |b〉 respective to |c〉. Without the phase decay
correlation (α = 0), YAT−C(α = 0) is always positive,
which means we only have destructive inference for the
absorption spectrum [19].With α �= 0, YAT−C(α) can be
negative and positive, see Figure 2(b), which means we
can have both constructive and destructive interference
due to different α. For α < 0, we have enhancement of
the destructive interference. For α > 0, as α increases, we
have no interference and then constructive interference.
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That is to say, we can manipulate the interference from
destructive to constructive. In Figure 2(a), we plot the
absorption spectra for different α. The red curve is a
sum of two Lorentzians (no interference). Curves above
the red curve represent constructive interference, while
curves below the red one represents destructive interfer-
ence. In Figure 2(b), we plot the Y value for different α.

Secondly, we consider the V scheme, and we have

�ab = γab/2 + γ

(
ph

)
ab (22)

�ac = (γab + γcb)/2 + γ
(ph)
ab + γ

(ph)
cb

− 2α
√
γ
(ph)
ab γ

(ph)
cb (23)

YAT−V = (
�ab − �ac

)
/2 = −γcb/2 − γ

(ph)
cb

+ 2α
√
γ
(ph)
ab γ

(ph)
cb (24)

Without the phase decay correlation (α = 0), we have
YAT−V (α = 0) is always negative, which means we only
have constructive inference for the absorption spectrum
[19]. With α �= 0, YAT−V (α) can be negative and pos-
itive, see Figure 3(b), which means we can have both
constructive and destructive interference by changing the
phase decay correlation α. For α < 0, we have enhance-
ment of the constructive interference. For α > 0, as α
increases, we have no interference and then destructive
interference. Here we see the change of the interference
nature from constructive to destructive. In Figure 3(a),
weplot the absorption spectra for different . The red curve
is a sum of two Lorentzians (no interference). Curves
above and below the red curve represent constructive
and destructive interference, respectively.

4. Discussion and conclusion

The dephasing decay can be correlated when the fluc-
tuations on the transition frequencies are not indepen-
dent. Collision with other particles (such as buffer gas
or phonons) can lead to dephasing. The dephasing cor-
relation is dependent on the atoms level structure. For
example, two levels with the same magnetic number will
have the positive correlation (positive α, even α = 1),
while two levels with the opposite magnetic numbers will
have the negative correlation (negative α, even α = −1).
The dephasing can also be introduced by using oscillating
static magnetic field, if the levels are magnetic sublevels
or the levels are composed of several magnetic sublevels,
such as fine structure states. Therefore, the quantum
correlation effect can be observed by using collision or
artificially generated static magnetic field with certain
property.

To illustrate the interference manipulation of the cor-
relation in the dephasing decay, we plot the dependence

of the absorption spectra for the AT-cascade and
AT-V three-level atoms on the correlation coefficient
α. For different α, we have different nature of the in-
terference, constructive, no and destructive interference.
Without the correlation, the AT-cascade atom can only
destructive interference and AT-V three-level atom can
only have the constructive interference. The effect of the
correlation coefficient α can be observed by examining
the resonant absorption. Increasing α will result in in-
crease of the resonant absorption in AT cascade three-
level atoms, while it will decrease the resonant absorption
in the AT-V three-level atom.
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Appendix 1. Dephasing decay rates by using
atom-phonon interaction Hamiltonian

TheHamiltonian of the phonon reservoir, with frequency νk of the
kth mode, is

HR =
∑
k
νkc

+
k ck (A1)

The interactionHamiltonian for the collisions can be presented
as [11] for the cascade scheme,

HI =
∑
k

(
f ak e

iνkt c+i + f ak
∗e−iνkt ck

)
|a〉 〈a|

+
∑
i

(
f bk e

iνkt c+k + f bk
∗
e−iνkt ck

)
|b〉 〈b| (A2)

The dynamic equation for the density matrix element of the
total system (atom+phonons), ρ(sys)ac (t)

dρ(sys)ac(bc)(t)

dt

= − i

⎛
⎝ωac +

∑
k

(
f a(b)k eiνkt c+k + f a(b)k

∗
e−iνkt ck

)⎞⎠ ρ(sys)ac (t)

(A3)

Assume initially the system is at ρ(atom)(0) ⊗ ρ(phonon)(0).
Integrate (A3) and take trace over the reservoir, we obtain the
matrix element of the atom, ρac(bc)(t) [13],

ρac(bc)(t) = eiψac(bc)

〈
e
−i

∑
k

t∫
0

(
f a(b)k eiνkt

′
c+k +f a(b)k

∗
e−iνkt

′
ck
)
dt′

〉

e−iωac(bc)tρac(bc)(0)

= eiψac(bc)

〈
e

∑
k

(
η
a(b)
k

(
t
)
c+k −ηa(b)k

∗(
t
)
ck
)〉
ρac(bc)(0)

= eiψac(bc)eγ
(ph)
ac(bc)(t)ρac(bc)(0), (A4)

whereψac(bc) =
t∫
0
ds

t∫
0
ds′ϕac(bc)(s − s′)θ(s − s′) and ηa(b)k

(
t
) =

2f a(b)k
1−eiνkt
νk

[11]. The 〈•〉 stands for the trace over the phonon
reservoir, which can be calculated as the follows.

For the thermal bath, we have ρth = Exp[−H/kBT]
Tr†Exp[−H/kBT]‡ =∑

n
〈N〉n

(1+〈N〉)n+1 |n〉 〈n|. In the coherent presentation, P
(
β ,β∗) =

1
π〈Nk〉 e

−|β|2/〈Nk〉 with
〈
Nk

〉 = Tr
[
a†aρth

]=[
Exp

(
νk
kBT

)
− 1

]−1
.

For single mode, we have

〈
e
(
ηk

(
t
)
c+k −η∗

k
(
t
)
ck
)〉

=
〈
e−

∣∣ηk(t)∣∣2/2eηk(t)c+k e−η∗
k
(
t
)
ck
〉

=
∫

e−
∣∣ηk(t)∣∣2/2eηk(t)β∗

e−η∗
k
(
t
)
βP

(
β ,β∗) dβ2

= e−
∣∣ηk(t)∣∣2/2 ∫ eηk

(
t
)
β∗
e−η∗

k
(
t
)
β 1
π

〈
Nk

〉 e−|β|2/〈Nk〉dβ2

= e−
∣∣ηk(t)∣∣2/2 ∫ eηk

(
t
)(
x−iy

)
e−η∗

k
(
t
)(
x+iy

)

× 1
π

〈
Nk

〉 e−(
x2+y2

)
/〈Ni〉dxdy

= e
−∣∣ηk(t)∣∣2(〈Nk〉+ 1

2

)
. (A5)

For multi-modes, we have

〈
e
∑(

ηk
(
t
)
c+k −η∗

k
(
t
)
ck
)〉

= e
−∑∣∣ηk(t)∣∣2(〈Nk〉+ 1

2

)
(A6)

Finally, we have the phase decay

γ
(ph)
ac(bc) = ln

〈
e

∑
k

(
ηk

(
t
)
c+k −η∗

k
(
t
)
ck
)〉

= −∑∣∣ηk (t)∣∣2 (〈Nk
〉 + 1

2

)

= −∑
k

4
∣∣∣f a(b)k

∣∣∣2
ν2k

[
1 − cos

(
νkt

)]
coth

(
νk/2kBT

)
,

(A7)
and the imaginary part

ψac(bc) =
t∫

0

ds
t∫

0

ds′
∑
k

∣∣∣f a(b)k

∣∣∣2 sin (
νk

(
s − s′

))
θ(s − s′)

(A8)
Now we replace the summation by an integration by multiply-

ing themode density. Here we assume thatD(ν) = constant = ∂k
∂ν

,
k = ν/A.

γ
(ph)
ac(bc)(t) = − V4π

(2π)3

∫ ∞
0

4
∣∣∣f a(b)ν

∣∣∣2
A3 e−ν/�D

[
1 − cos

(
νt

)]
coth

(
ν/2kBT

)
dν

(A9)

and ψac(bc) = V4π
(2π)3

t∫
0
ds

t∫
0
ds′

+∞∫
0

∑
k

∣∣∣f a(b)ν

∣∣∣2
A3 sin

(
ν
(
s − s′

))
θ(s− s′)dν Here the cutoff frequency�D is added by e−ν/�D . For

phonons, we can set
∣∣∣f a(b)(ν)∣∣∣2 ∝

∣∣∣Fa(b)∣∣∣2 1
ν
√
V
,

with F1,2 dimensionless constant.
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For kBT � �D [11], we obtain

γ
(ph)
ac(bc)(t) ∝ −

∣∣∣Fa(b)∣∣∣2 1
2πA3

(
1
2
ln

(
1 +�D

2t2
)

+ ln

[
sinh

(
t/τB

)
t/τB

])
(A10)

and ψac(bc) ∝
∣∣∣Fa(b)∣∣∣2

1
2πA3

(
1−t2�D

2) arctan[t�D]+t�D
(−1+log

[
1+t2�D

2])
2�D

2 . with

τB = β
π ≈ 2.43 ∗ 10−12 1

T[K] ( sec ). For short time, t � �D
−1

γ
(ph)
ac(bc)(t) ∝ −

∣∣∣Fa(b)∣∣∣2
4πA3 �D

2t2 (A11)

For the thermal regime τB � t,

γ
(ph)
ac(bc)(t) ∝ −

∣∣∣Fa(b)∣∣∣2
2πA3τB

t (A12)

Please note that phase decay behaviours of (A11) and (A12) are
the same as the equation in the text after (11). For ρab(t), we have

ρab(t) =
〈
e
−iωabt−i

∫ t
0

[∑
k

(
f 1k e

iνkt
′
c+k +f 1k

∗e−iνkt
′
ck
)
−∑

i

(
f 2k e

iνkt
′
c+k +f 2k

∗e−iνkt
′
ck
)]

dt′〉
ρab(0)

So the phase decay is

γ
(ph)
ab (t) ∝ −

∑
k

4
∣∣∣f ak − f bk

∣∣∣2
ν2k

[
1 − cos

(
νkt

)]
coth

(
νk/2kBT

)

= γ
(ph)
ac (t)+ γ

(ph)
bc (t)− 2α

√
γ
(ph)
ac (t)γ (ph)bc (t)

In summary, the same results are obtained from both the random
process method or through the phonon-interaction Hamiltonian.
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